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Introdution
One of the hallenges of the next several years in the area of partile theory will be the searh for
onrmation of the Standard Model (SM) at the Large Hadron Collider, whih has provided so far
the fundamental sheme within whih to explain a large part of the eletroweak phenomenology and
the physis of the strong interations. Based on a Yang-Mills theory and inorporating the mehanism
of spontaneous symmetry breaking in order to give mass to the eletroweak gauge bosons, this theory
remains, however, still to be proven to be orret in all of its setors. For instane, the mehanism of
spontaneous symmetry breaking itself, whih is a strutural part of the theory, while elegant and so
far unhallenged as a theoretial model for the breaking of the gauge symmetry -while preserving the
renormalizability and the unitarity of the theory- involves a salar eld, the Higgs eld, whih has not
been found yet. Whether the mehanism is orret or not, at least experimentally, remains to be seen,
although there are reasonable hopes to believe that the Higgs eld will be found. Naturally, even the
disovery of the Higgs and the onrmation of the orretness of the salar setor of the model does not
stop the hopes that in the next deade we will be able to enlarge quite substantially our knowledge of
the physis of the fundamental interations at the energy sale of several TeV's. One among the many
possibilities is to look for minimal extensions of the SM whih are haraterized by modest departures
from the SU(3)×SU(2)×U(1)Y gauge struture and whih an be more easily tested at the Large Hadron
Collider (LHC). Naturally, there are plenty of options and roads that one an take, from supersymmetry
to extra dimensions to brane onstrutions.
Many senarios have been put forward in the last few years in whih many of these ideas have been
blended and synthesized in new ways, providing a fertile ground for further elaborations and modeling of
the fundamental interations with a substantial enrihment of the spetrum of the physial possibilities.
It is lear, at this point, that, given all these new developements, the seletion of the most promising
diretions to follow and on whih ontribute is not an issue with a straight "yes or not" answer, sine
there are personal tastes and motivations of dierent nature, some of them soiologial, that motivate
the pattern to follow, the theory to develope and to believe in, and the answer to give to these questions.
If one assumes that uniation is for sure an important issue in urrent and future elementary partile
theory, then for sure, the simplest answer is provided within the ontext of Grand Unied theories (GUT),
the most impressive result in favour of it being the uniation of the gauge oupling in a supersymmetri
extension of the SM. In all these senarios, string theory has played a onsiderable role, espeially after
the disovery that speial vaua of string/brane theory may show up in some way at future ollider
experiments. While string theory has always been onneted with physis at the Plank sale, with the
advent of brane theory and extra dimensional models, strings are expeted to play a role also at rather
modest energies, suh as at the TeV sale. The study of this energy range will be at the enter of the
two major experiments planned at the LHC, that is ATLAS and CMS. In fat, a large eort has gone
into the lassiation of these vaua of string theory, espeially in the theoretial analysis of models of
11
12 Introdution
interseting branes whih are at the root of the lass of theories that we are going to investigate in this
thesis work.
In our study we will start with an analysis of these models in a rather simplied ontext, fousing on
their basi struture and studying the lass of eetive ations wih are at the origins of these senarios.
Being the gauge struture of these gauge theories rather simple, we will be able to go quite far in the
developement of the orresponding eld theory and we will provide aurate preditions at the LHC for
these models, having identied the key parameters whih haraterize them and whih are the objets of
experimental veriation.
Our work is not a work in string theory, but is a study of what string theory may imply at eld theory
level in a speial lass of its vaua. One of the key disoveries of these lass of vaua is the presene of
a physial axion in the spetrum of this lass of theories. The axion, termed the "axi-Higgs" in [1℄, is
a natural by-produt of the presene of anomalous symmetries in the gauge struture of these theories.
The eetive ations of these models, whih ontain several extra anomalous U(1)'s, have their anomaly
anelled by a Green-Shwarz mehanism, whih involves an axion. At the same time, the axion appears
in the form of a ombination of Stükelberg elds and CP -odd ontributions of an extended Higgs setor,
haraterized by two Higgs doublets, with the possibility of some "phases" (Peei-Quinn breaking terms)
added to its anonial struture.
In our analysis we will haraterize these models from the ground up, working out at a very ne level
of detail the eetive ation of these models, starting from the simplest ones and moving towards more
general and omplex analysis of them. The objetive of these studies is to provide a rm haraterization
of the eld theory and the phenomenology of these models, stressing on the various mehanisms of
anellation of the anomalies whih are allowed in these types of onstrutions. A key role, in these
senarios, is played by the anomaly, and several of its properties are analyzed under a new light. One
important point of our study onerns the disovery of a unitarity bound for this lass of theories, whih
appears when a mehanism of anomaly anellation involves a loal ounterterm of Wess-Zumino type.
Other mehanisms are proposed and analyzed as well, one of them being the subtration of the anomaly
pole and its formulation in terms of an axion and a ghost.
As we have mentioned, our analysis stresses mostly the role of the physial (Stükelberg) axion, that
survives after eletroweak symmetry breaking as a physial eld, and its potential signiane as a new
weakly interating pseudosalar whih might play a role as a omponent of dark matter.
Chapter 1
Stükelberg Axions and the Eetive
Ation of Anomalous Abelian Models 1.
A unitarity analysis of the Higgs-axion
mixing
1.1 Introdution to the hapter
The searh for the identiation of possible extensions of the Standard Model (SM) is a hallenging area
both from the theoretial and the experimental perspetives. It is even more so with the upoming
experiments at the LHC, where the hopes are that at least some among the many phenomenologial
senarios that have been formulated in the last three deades an nally be tested. The presene of so
many wide and diverse possibilities ertainly render these studies very hallenging. Surely, among these,
the hoie of simple Abelian extension of the basi gauge struture of the SM is one of the simplest
to take into onsideration. These extensions will probably be the easiest to test and be also the rst
to be onrmed or ruled out. Though U(1) extensions are ubiquitous, they are far from being trivial.
These theories predit new gauge bosons, the extra Z ′, with masses that are likely to be deteted if
they are up to 4 ÷ 5 TeV (see for instane [2, 3, 4, 5, 6℄ for an overview and topial studies). These
extensions are formulated, with a variety of motivations, within a well-dened theoretial framework and
involve phenomenologial studies whih are far simpler than those required, for instane, in the ase of
supersymmetry, where a large set of parameters and soft-breaking terms learly render the theoretial
desription muh more involved.
On the other hand, simple Abelian extensions are also quite numerous, sine new neutral urrents are
predited both by Grand Unied Theories (GUT's) and/or by superstring inspired models based on E6
and SO(10) (see [7, 8, 9℄ for instane). One of the ommon features of these models is the absene of an
anomalous fermion spetrum, as for the SM, with the anomaly anellation mehanism playing a key role
in xing the ouplings of the fermions to the gauge elds and in guaranteeing their inner onsisteny. In
this respet, unitarity and renormalizability, tenets of the eetive theory, are preserved.
When we move to enlarge the gauge symmetry of the SM, the unitarity has to be preserved, but not
neessarily the renormalizability of the model. In fat, operators of dimension-5 and higher whih may
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appear at higher energies have been studied and lassied under quite general assumptions [10℄.
Anomalous Abelian models, dierently from the non-anomalous ones, show some striking features,
whih have been exploited in various ways, for example in the generation of realisti hierarhies among
the Yukawa ouplings [11, 12℄ and to analyze neutrino mixing. There are obvious reasons that justify
these studies: the mehanism of anomaly anellation that Nature selets may not just be based on an
anomaly-free spetrum, but may require a more omplex pattern, similar to the Green-Shwarz (GS)
anomaly anellation mehanism of string theory, that invokes an axion. Interestingly enough, the same
pattern appears if, for a ompletely dierent and purely dynamial reason, part of the fermion spetrum
of an anomaly free theory is integrated out, together with part of the Higgs setor [13℄. In both ases,
the result is a theory that shows the features disussed in this work, though some dierenes between the
two dierent realizations may remain in the eetive theory. For instane, it has been suggested that the
PVLAS result an be easily explained within this lass of models inorporating a single anomalous U(1).
The anomaly an be real (due to anomaly inow from extra dimensions, (see [14, 15℄ as an example), or
eetive, due to the partial deoupling of a heavy Higgs, and the Stükelberg eld is the remnant phase
of this partial deoupling. The result is a gauging of the PQ axion [13℄.
1.1.1 The quantization of anomalous Abelian models and the axion
The interest on the quantization of anomalous models and their proper eld theoretial desription has
beeen a key topi for a long period, in an attempt to larify under whih onditions an anomalous
gauge theory may be improved by the introdution of suitable interations so to beome unitary and
renormalizable. The introdution of the Wess-Zumino term (WZ), a θF ∧ F term, whih involves a
pseudosalar θ times the divergene of a topologial urrent, has been proposed as a ommon ure
in order to restore the gauge invariane of the theory [16, 17℄. Issues related to the unitarity of models
inorporating Chern-Simons (CS) and anomalous interations in lower dimensions have also been analyzed
in the past [18, 19℄.
Along the same lines of thought, also non-loal ounterterms have been proposed as a way to ahieve
the same objetive [20℄. The gauge dependene of the WZ term and its introdution into the spetrum
so to improve the power ounting in the loop expansion of the theory has also been a matter of debate
[21℄. Either with or without a WZ term, renormalizability is learly lost, while unitarity, in priniple,
an be maintained. As we are going to illustrate in spei and realisti examples, gauge invariane and
anomaly anellation play a subtle role in guaranteeing the gauge independene of matrix elements in
the presene of symmetry breaking.
So far, the most interesting appliation of this line of reasoning in whih the Wess-Zumino term
aquires a physial meaning is in the Peei-Quinn solution of the strong CP -problem of QCD [22℄,
where the SM Lagrangian is augmented by a global anomalous U(1) and involves an axion.
The PQ symmetry, in its original form, is a global symmetry broken only by instanton eets. The
orresponding axion, whih in the absene of non perturbative eets would be the massless Nambu-
Goldstone boson of the global (hiral) symmetry, aquires a tiny mass. In the PQ ase the mass of the
axion and its oupling to the gauge eld are orrelated, sine both quantities are dened in terms of the
same fator 1/fa, with fa being the PQ-breaking sale, whih is urrently bounded, by terrestrial and
astrophysial searhes, to be very large (≈ 109 GeV) [23, 24℄.
This tight relation between the axion mass and the oupling is a spei feature of models of PQ
type where a global symmetry is invoked and, as we are going to see, it an be relaxed if the anomalous
interation is gauged. The axion disussed in the thesis and its eetive ation has some speial features
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that render it an interesting physial state, quite distint from the PQ axion. The term gauged axion
or Stükelberg axion or axi-Higgs all apture some of its main properties. Depending on the size of
the PQ-breaking potential, the value of the axion mass gets orreted in the form of additional fators
whih are absent in the standard PQ axion.
Although some of the motivations to investigate this lass of models ome from the interest toward
speial vaua of string theory [1℄, the study of anomalous Abelian interations, in the partiular onstru-
tion that we are going to disuss in this work, are appliable to a wide variety of models whih share the
typial features of those studied here.
1.1.2 The Case of String/Branes Inspired Models
As we have mentioned, we work under quite general assumptions that apply to Abelian anomalous models
that ombine both the Higgs and the Stükelberg mehanisms [25℄ in order to give mass to the extra
(anomalous) gauge bosons. There are various low-energy eetive theories whih an be inluded into this
framework, one example being low energy orientifold models, but we will try to stress on the generality
of the onstrution rather than on its stringy motivations, whih, from this perspetive, are truly just
optional.
These models have been proposed as a possible senario for physis beyond the Standard Model, with
motivations that have been presented in [1℄. Certain features of these models have been studied in some
generality [26℄, and their formulation relies on the Green-Shwarz mehanism of anomaly anellation
that inorporates axioni and Chern-Simons interations. At low energy, the Green-Shwarz term is
nothing but the long known Wess-Zumino term. In partiular, the mehanism of spontaneous symmetry
breaking, that now involves both the Stükelberg eld (the axion) and the Standard Model Higgs, has
been eluidated [1℄. While the general features of the theory have been presented before, the seletion
of a spei gauge struture (the number of anomalous U(1)'s in [1℄ was generi), in our ase of a
single additional anomalous U(1), allows us to speify the model in muh more detail and disuss the
struture of the eetive ation to a larger extent. This study is needed and provides a new step toward
a phenomenologial analysis for the LHC that we will present in the following hapters.
This requires the hoie of a spei and simplied gauge struture whih an be amenable to exper-
imental testing. While in the minimal formulation of the models derived from interseting branes the
number of anomalous Abelian gauge groups is larger or equal to three, the simplest ase (and the one for
whih a quantitative phenomenologial analysis is possible) is the one in whih a single anomalous U(1)
is present. This simplied struture appears one we make the assumption that the masses of the new
Abelian gauge interations are widely (but not too widely) separated so to guarantee an eetive deou-
pling of the heavier Z ′s. Clearly, in this simplied setting, the analysis of [1℄ an be further speialized
and, even more interestingly, one an try to formulate possible experimental preditions.
1.1.3 The ontent of this hapter
This hapter and the following address the onstrution of anomalous Abelian models in the presene
of an extra anomalous U(1), alled U(1)B. This extra gauge boson beomes massive via a ombined
Higgs-Stükelberg mehanism and is aompanied by one axion, b. We illustrate the physial role played
by the axion when both the Higgs and the Stükelberg mehanisms are present. The physial axion, that
emerges in the salar setor when b is rotated into its physial omponent (the axi-Higgs, denoted by
χ) interats with the gauge bosons with dimension-5 operators (the WZ terms). The presene of these
interations renders the theory non-renormalizable and one needs a serious study of its unitarity in order
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to make sense of it, whih is the objetive of these two hapters. Here the analysis is exemplied in
the ase of two simple models (the A-B and Y-B Models) where the non-Abelian setor is removed. A
omplete model will be studied in Chap. 2. Beside the WZ term the theory learly shows that additional
Chern-Simons interations beome integral part of the eetive ation.
1.1.4 The role of the Chern-Simons interations
There are some very interesting features of these models whih deserve a areful study, and whih dier
from the ase of the Standard Model (SM). In this last ase the anellation of the anomalies is enfored by
harge assignments. As a result of this, before eletroweak symmetry breaking, all the anomalous trilinear
gauge interations vanish. This anellation ontinues to hold also after symmetry breaking if all the
fermions of eah generation are mass degenerate. Therefore, trilinear gauge interations ontaining axial
ouplings are only sensitive to the mass dierenes among the fermions. In the ase of extensions of the
SM whih inlude an anomalous U(1) this pattern hanges onsiderably, sine the massless ontributions
in anomalous diagrams do not vanish. In fat, these theories beome onsistent only if a suitable set of
axions and Chern-Simons (CS) interations are inluded as ounterterms in the dening Lagrangian. The
role of the CS interations is to re-distribute the partial anomalies among the verties of a triangle in order
to restaure the gauge invariane of the one-loop eetive ation before symmetry breaking. For instane, a
hyperharge urrent involving a generator Y ,would be anomalous at one-loop level in a trilinear interation
of the form Y BB or Y Y B, if B is an anomalous gauge boson. In fat, while anomalous diagrams of
the form Y Y Y are automatially vanishing by harge assignment, the former ones are not. The theory
requires that in these anomalous interations the CS ounterterm moves the partial anomaly from the
Y vertex to the B vertex, rendering in these diagrams the hyperharge urrent eetively vetor-like.
The B vertex then arries all the anomaly of the trilinear interation, but B is aompanied by a Green-
Shwarz axion b and its anomalous gauge variation is aneled by the GS ounterterm. It is then obvious
that these theories show some new features whih have never fully disussed in the past and require a
very areful study. In partiular, one is naturally fored to develope a regularization sheme that allows
to keep trak orretly of the distribution of the anomalies on the various verties of the theory. This
problem is absent in the ase of the SM sine the vanishing of the anomalous verties in the massless
phase renders any momentum parameterization of the diagrams aeptable. We desribe in detail some
of these more tehnial points in the appendies, where we illustrate how these theories an be treated
onsistently in dimensional regularization but with the addition of suitable shifts that take the form of
CS ounterterms.
1.2 Massive U(1)'s à la Stükelberg
One of the ways to render an Abelian U(1) gauge theory massive is by the mehanism proposed by Stük-
elberg [25℄ and extensively studied in the past. Before that another mehanism, the Higgs mehanism,
was proposed as a viable and renormalizable method to give mass both to Abelian and to non-Abelian
gauge theories. There are various ways in whih, nowadays, this mehanism is implemented, and Stük-
elberg elds appear quite naturally in the form of ompensator elds in many supergravity and string
models. On the phenomenologial side, one of the rst suessful investigations of this mehanism for
model building has been presented in [27℄, while, rather reently, supersymmetri extensions of this meh-
anism have been investigated [28, 29, 30℄. In other reent work some of its perturbative aspets have also
been addressed, in the ase of non anomalous Abelian models.
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In the seventies, the Stükelberg eld (also alled the Stükelberg ghost) re-appared in the analysis
of the properties of renormalization of Abelian massive Yang-Mills theory by Salam and Strathdee [31℄,
Delbourgo [32℄ and others [33℄, while Gross and Jakiw [34℄ introdued it in their analysis of the role of
the anomaly in the same theory. Aording to these analysis the perturbative properties of a massive
Yang-Mills theory, whih is not renormalizable in its diret formulation, an be ameliorated by the
introdution of this eld. Eetive ations in massive Yang-Mills theory have been also investigated in
the past, and shown to have some preditivity also without the use of the Stükelberg variables [35, 36℄,
but learly the advantages of the Higgs mehanism and its elegane remains a rm result of the urrent
formulation of the Standard Model. We briey review these points to make our treatment self-ontained
but also to show that the role of this eld ompletely hanges in the presene of an anomalous fermion
spetrum, when the need to render the theory unitary requires the introdution of an interation bF F˜ ,
spoiling renormalizability, but leaving the resulting theory well dened as an eetive theory. For this
to happen one needs to hek expliitly the unitarity of the theory, whih is not obvious, espeially if
the Higgs and Stükelberg mehanisms are ombined. This study is the main objetive of the rst part
of this investigation, whih is foused on the issues of unitarity of simple models whih inlude both
mehanisms. Various tehnial aspets of this analysis are important for the study of realisti models,
as disussed in Chap. 2, where we move toward the study of an extension of the SM with two Abelian
fators U(1)Y × U(1)B, one of them being the standard hyperharge Y . The harge assignments for
the anomalous diagrams involving a ombinations of both gauge bosons are suh that additional Ward
Identities are needed to render the theory unitary, starting from gauge invariane. We study most of the
features of this model in depth, and show how the neutral verties of the model are aeted by the new
anomaly anellation mehanism. We will work out an appliation of the theory in the proess Z → γγ,
whih an be tested at forthoming experiments at the LHC.
1.2.1 The Stükelberg ation from a eld-enlarging transformation
We start with a brief introdution on the derivation of an ation of Stükelberg type to set the stage for
further elaborations.
A massive Yang-Mills theory an be viewed as a gauge-xed version of a more general ation involving
the Stükelberg salar. A way to reognize this is to start from the standard Lagrangian
L = −1
4
FµνF
µν +
1
2
M21 (Bµ)
2
(1.1)
with Fµν = ∂µBν − ∂νBµ and perform a eld-enlarging transformation (see the general disussion pre-
sented in [37℄)
Bµ = B
′
µ −
1
M1
∂µb, (1.2)
that brings the original (gauge-xed) theory (1.1) into the new form
L = −1
4
FµνF
µν +
1
2
M21 (Bµ)
2 +
1
2
(∂µb)
2 −M1Bµ∂µb (1.3)
whih now reveals a peuliar gauge symmetry. It is invariant under the transformation
b → b′ = b−M1θ
Bµ → B′µ = Bµ + ∂µθ. (1.4)
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We an trae bak our steps and gauge-x this Lagrangian in order to obtain a new version of the original
Lagrangian that now ontains a salar. One an hoose to remove the mixing between Bµ and b by the
gauge-xing ondition
Lgf = −ξ
(
∂ ·B + M1
2ξ
b
)2
(1.5)
giving the gauge-xed Lagrangian
L = −1
4
FµνF
µν +
1
2
M21 (Bµ)
2 +
1
2
(∂µb)
2 − ξ(∂B)2 − M
2
1
4ξ
b2. (1.6)
It is easy to show that the BRST harge of this model generates exatly the Stükelberg ondition on
the physial subspae, deoupling the unphysial Faddeev-Popov ghosts from the physial spetrum.
Dierent gauge hoies are possible. The hoie of a unitary gauge (b = 0) in the Lagrangian (1.3)
brings us bak to the original massive Yang-Mills model (1.1). In the presene of a hiral fermion, the
same eld-enlarging transformation trik goes through, though this time we have to take into aount
the ontribution of the anomaly
L = −1
4
F 2B +
M21
2
(Bµ +
1
M1
∂µb)
2 + iψLγ
µ(∂µ + igBµ + ig∂µb)ψL, (1.7)
where ψL =
1
2 (1− γ5) is the left-handed anomalous fermion. The Fujikawa method an be used to derive
from the anomalous variation of the measure the relation
gψLγ
µ∂µbψL =
g3
32π2
ǫµνρσFµνFρσ (1.8)
thereby obtaining the nal anomalous ation
L = −1
4
F 2B +
M21
2
(Bµ +
1
M1
∂µb)
2 + iψLγ
µ(∂µ + igBµ)ψL − g
3
32π2
b ǫµνρσFµνFρσ. (1.9)
Notie that the b eld an be integrated out [34℄. In this ase one obtains an alternative eetive
ation of the form
L = −1
4
F 2B +
M21
2
(Bµ)
2 + iψLγ
µ(∂µ + igBµ)ψL
− g
3
96π2
∫
d4yFαβB F˜Bαβ(x)D(x − y|M21 ξ)Fµν(y)F˜µν (y) (1.10)
with ( +M21 ξ
2)D(x|M21 ) = −δ4(x). The loality of the desription is learly lost. It is also obvious
that the role of the axion, in this ase, is to be an unphysial eld. However, in the ase of a model
inorporating both spontaneous symmetry breaking and the Stükelberg mehanism, the axion plays a
physial role and an be massless or massive depending whether it is part of the salar potential or not.
Our interest, in this hapter, is to analyze in detail the ontribution to the one-loop eetive ation of
anomalous Abelian models, here dened as the lassial Lagrangian plus its anomalous trilinear fermioni
interations. Anomalous Ward Identities in these eetive ations are eliminated one the divergenes
from the triangles are removed either by 1) suitable harge assignments for some of generators, or by 2)
shifting axions or by 3) a distribution of the partial anomalies on eah vertex.
Sine this approah of anomaly anellations is more involved than in the SM ase, we have deided
to analyze it using some simple (purely Abelian) models as working examples, before onsidering a
realisti extension of the Standard Model whih will be developed in Chap. 2. There, all the methodology
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Figure 1.1: The AVV diagrams.
developed in this hapter will be widely applied to the analysis of a string-inspired model derived from
the orientifold onstrution [1℄. In fat, this analysis tries to larify some unobvious issues that naturally
appear one an eetive anomaly-free gauge theory is generated at lower energies from an underlying
renormalizable theory at a higher energy. For this purpose we will use a simple approah based on
s-hannel unitarity, inspired by the lassi work of Bouhiat, Iliopoulos and Meyer [38℄.
1.2.2 Impliations at the LHC
A seond omment onerns the possible prospets for the disovery of a Z ′ of anomalous origin. Clearly
Z ′ bosons being ubiquitous in GUT's and other SM extensions, diserning an anomalous Z ′ from a non-
anomalous one is subtle, but possible. In Chap. 2 we propose the Drell-Yan mehanism as a possible way
to make this distintion, sine some new eets related to the treatment of the anomalies are already
apparent near the Z resonane in this proess. The numerial results for the anomalous orretions to
Drell-Yan will be presented in Chap. 5. Anomalous verties involving the Z gauge boson appear both
in the prodution mehanism and in its deay into two gluons or two photons. In the usual Drell-Yan
proess of the SM, these ontributions, beause of anomaly anellations, are sensitive only to the mass
dierene between the fermion of a given generation and are usually omitted in NNLO omputations.
If these resonanes, predited by theories with extra Abelian gauge strutures, are very weakly oupled,
then a preise determination of the QCD bakground is neessary to detet them (see [39℄ for details).
1.3 The Eetive Ation in the A-B Model
As we have already mentioned, we will fous our analysis on the anomalous eetive ations of simple
Abelian theories. We will analyze two models: a rst one alled A-B, with a A vetor-like (anomaly-free)
and B axial-vetor-like (anomalous) and a seond model alled the Y-B Model where B is anomalous
and Y is anomaly-free with both vetor and axial-vetor interations. We start dening the so alled
A-B Model by the Lagrangian
L0 = |(∂µ + igBqBBµ)φ|2 −
1
4
F 2A −
1
4
F 2B +
1
2
(∂µb+M1 Bµ)
2 − λ(|φ|2 − v
2
2
)2
+ψiγµ(∂µ + ieAµ + igBγ
5Bµ)ψ − λ1ψLφψR − λ1ψRφ∗ψL (1.11)
whih exhibits a non anomalous (A) and an anomalous (B) gauge interation. Its ouplings are summa-
rized in Tabs. 1.1 and 1.2, where S refers to the presene of a Stükelberg mass term for the orresponding
gauge boson, if present. We have indiated with a small lowerase b the orresponding axion. The U(1)A
symmetry is unbroken while B gets its mass by the ombined Higgs-Stükelberg mehanism. Another
feature of the model, as we are going to see, is the presene of an Higgs-axion mixing generated not by
a salar potential (suh as V (φ, b)), as we will show in Se. 1.4.1, but by the fat that both mehanisms
20 1.3. The Eetive Ation in the A-B Model
= +
A 55
k2
k
k1
k
k1
k2
5
5
5
5A
A
Figure 1.2: The AAA diagrams.
ommuniate their mass to the same gauge boson B. The axion remains a massless eld in this ase. Our
A B
ψ qAL = q
A
R = 1 q
B
R = −qBL = 1
Table 1.1: Fermion assignments, A-B Model.
φ S
A qA = 0 0
B qB = −2 b
Table 1.2: Gauge struture, A-B Model.
disussion relies on the formalism of the one-loop eetive ation, whih is the generating funtional of
the one-partile irreduible (1PI) orrelation funtions of a given model. The orrelators are multiplied by
external lassial elds and the formalism allows to derive quite diretly the anomalous Ward Identities
of the theory. The reader an nd a disussion of the formalism in the appendix, where we study the
properties of the Chern-Simons and Wess-Zumino verties of the model and their gauge variations.
In the A-B Model, this will involve the lassial dening ation plus the anomaly diagrams with
fermioni loops and we will require its invariane under gauge transformations. The struture of the
(total) eetive ation is summarized, in the ase of one vetor (A) and one axial-vetor (B) interation
by an expansion of the form
W [A,B] =
∞∑
n1=1
∞∑
n2=1
in1+n2
n1!n2!
∫
dx1...dxn1dy1...dyn2T
λ1...λn1µ1...µn2 (x1...xn1 , y1...yn2)
Bλ1(x1)...B
λn1 (xn1)Aµ1 (y1)...Aµn2 (yn2), (1.12)
orresponding to the diagrams in Fig. 1.3 where we sum, for eah diagram, over the symmetri exhanges
A
+
A A
+
A B
+
B
B
A
+ ......... +
A
B
.
.
.
.
.
.
Figure 1.3: Expansion of the eetive ation.
of all the indies (inluding the momentum) of the idential gauge bosons (see also Fig. 1.4). As we are
going to disuss next, also higher-order diagrams of the form, for instane, AVVV will be aeted by the
presene of an undetermined shift in the triangle amplitudes, amounting to Chern-Simons interations
(CS). They turn to be well-dened one the distribution of the anomaly on three-point funtions is
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performed aording to the orret Bose symmetries of these orrelators of lower order. Computing the
B
B
A =
B
B
A
B
B
A+
Figure 1.4: Triangle diagrams with permutations.
A
B
B = A + perm.B
B
BB
Figure 1.5: Symmetri expansion.
variation of the generating funtional we obtain
δBW
an[A,B] =
1
2!
∫
dx dy dz T λµν(z, x, y) δBλ(z)Aµ(x)Aν(y)
+
1
3!
∫
dx dy dz dw T λµνρ(z, x, y, w)Bλ(z)Aµ(x)Aν (y)Aρ(w), (1.13)
using δBλ(z) = ∂µθB(z) and integrating by parts we get
δBW
an[A,B] = − 1
2!
∫
dx dy dz
∂
∂zλ
T λµν(z, x, y) θB(z)Aµ(x)Aν (y)
− 1
3!
∫
dx dy dz dw
∂
∂zλ
T λµνρ(z, x, y, w) θB(z)Aµ(x)Aν (y)Aρ(w).
(1.14)
Notie that in onguration spae the four- and the three- point funtion orrelators are related by
∂
∂zλ
T
λµνρ
(z, x, y, w) = δ(z − w)T ρµν(w, x, y)− δ(z − x)T µνρ(x, y, w)+ perm. (1.15)
For T we will be using the same onventions as for ∆, with T
λµν
indiating a single diagram with non-
permuted external gauge lines, while T λµν will denote the symmetrized one (in µν). Clearly, the one-loop
eetive theory of this model ontains anomalous interations that need to be ured by the introdution
of suitable ompensator elds. The role of the axion b is to remove the anomalies assoiated to the
triangle diagrams whih are orrelators of one and three hiral urrents respetively
T
(AVV)
λµν (x, y, z) = 〈0|T
(
Jµ(x)Jν(y)J
5
λ(z)
) |0〉 (1.16)
and
T
(AAA)
λµν (x, y, z) = 〈0|T
(
J5µ(x)J
5
ν (y)J
5
λ(z)
) |0〉, (1.17)
where
Jµ = −ψγµψ J5µ = −ψγµγ5ψ. (1.18)
We denote by ∆(k1, k2) and ∆3(k1, k2) their orresponding expressions in momentum spae
(2π)4δ(k − k1 − k2)∆λµν (k1, k2) =
∫
dx dy dz eik1·x+ik2·y−ik·z T λµν(AVV)(x, y, z) (1.19)
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(2π)4δ(k − k1 − k2)∆λµν3 (k1, k2) =
∫
dx dy dz eik1·x+ik2·y−ik·z T λµν(AAA)(x, y, z). (1.20)
Another point to remark is that the invariant amplitudes linear in momenta in the denition of the AVV
triangle diagram orrespond, in onguration spae, to Chern-Simons interations. In momentum spae
these are proportional to
V λµνCS (k1, k2) = −iǫλµνσ(k1 − k2)σ (1.21)
and we denote with T λµνCS the orresponding ontribution to the eetive Lagrangian in Minkowski spae
(see App. 1.16 for an expliit omputation)
LCS,ABA =
∫
dxAµ(x)Bν(x)F ρσA (x)ǫµνρσ . (1.22)
Moving to the anomalous part of the eetive ation, this takes the form, for generi gauge bosons Ai
Seff = S0 + S1, (1.23)
where
S1 =
∑
i j k
1
ni!nj !nk!
gijk
∫
dx dy dz Aλi (x)A
µ
j (y)A
ν
k(z)T
λµν
AiAjAk
(x, y, z) (1.24)
and where Ai indiates an A or a B gauge boson, while gijk is the produt of the three oupling onstants
gAigAjgAk , with an additional normalization due to a ounting of idential external gauge bosons (ni!).
All the anomalous ontributions are inluded in the denition. In order to derive its expliit struture
in our simplied ases, we onsider the ase of the BAA vertex, the other examples being similar. We
have, for instane, the partial ontribution
SBAA = gB
∫
dx dy dz Bλ(z)〈Jλ5 (z)eigA
R
d4xJµ(x)Aµ(x)〉, (1.25)
where the gauge elds are treated as lassial elds and 〈, 〉 indiate the vauum expetation value.
Expanding to seond order, we keep only the onneted ontributions obtaining for instane
SBAA = i
2
2!
gBg
2
A
∫
dx dy dz Bλ(z)Aµ(x)Aν (y)〈Jλ5 (z)Jµ(x)Jν(y)〉. (1.26)
This expression is our starting point for all the further analysis. Most of the manipulations onerning
the proof of gauge-invariane of the eetive ation are more easily worked out in this formalism. Moving
from momentum spae to onguration spae and bak, may also be quite useful in order to detail the
Ward Identities of a given anomalous eetive ation.
In the presene of spontaneous symmetry breaking and of Stükelberg mass terms one has to deide
whether the linear mixing between the Stükelberg eld and the gauge boson is kept or not. One an keep
the mixing and derive ordinary Ward Identities for a given model. This is a possibility whih is learly at
hand and an be useful. The disadvantage of this approah is that there is no gauge-xing parameter that
an be used to analyze the gauge dependene of a given set of amplitudes and their anellation. When
the mixing is removed by going to a Rξ gauge, one an identify the set of gauge-invariant ontributions
to a given amplitude and identify more easily the onditions under whih a given model beomes unitary.
We follow this seond approah. We are then able to ombine gauge-dependent ontributions in suh a
way that the unphysial poles of a given amplitude anel. The analysis that we perform is limited to
the s-hannel, but the results are easily generalizable to the t and u hannels as well. From this simple
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analysis one an easily extrat information on the perturbative expansion of the eetive ation.
1.3.1 The anomalous eetive ation of the A-B Model
In the A-B Model, dened in Eq. (1.11), the ontribution to the anomalous eetive ation is given by
San = S1 + S3
S1 =
∫
dx dy dz
(
gB g
2
A
2!
T λµν
AVV
(x, y, z)Bλ(z)Aµ(x)Aν(y)
)
,
S3 =
∫
dx dy dz
(
g3B
3!
T λµν
AAA
(x, y, z)Bλ(z)Bµ(x)Bν (y)
)
, (1.27)
where we have olleted all the anomalous diagrams of the form AVV and AAA. We an easily express
the gauge transformations of A and B in the form
1
2!
δB〈TAVVBAA〉 = i
2!
a3(β)
1
4
〈FA ∧ FAθB〉,
1
3!
δB〈TAAABBB〉 = i
3!
an
3
3
4
〈FB ∧ FBθB〉, (1.28)
where we have left open the hoie over the parameterization of the loop momentum, denoted by the
presene of the arbitrary parameter β with
a3(β) = − i
4π2
+
i
2π2
β a3 ≡ an
3
= − i
6π2
, (1.29)
while
1
2!
δA〈TAVVBAA〉 = i
2!
a1(β)
2
4
〈FB ∧ FAθA〉. (1.30)
We have the following equations for the anomalous variations of the eetive Lagrangian
δBLan = igBg
2
A
2!
a3(β)
1
4
FA ∧ FAθB + ig
3
B
3!
an
3
3
4
FB ∧ FBθB
δALan = igBg
2
A
2!
a1(β)
2
4
FB ∧ FAθA, (1.31)
while the axioni ontributions Lb (Wess-Zumino ounterterms), needed to restore the gauge symmetry
violated at one-loop level, are given by
Lb = CAA
M
bFA ∧ FA + CBB
M
bFB ∧ FB. (1.32)
Notie that sine the axion shifts only under a gauge variation of the anomalous U(1) gauge eld B (and
not under A), gauge invariane of the eetive ation under a gauge transformation of the gauge eld A
requires that
δALan = 0. (1.33)
Clearly, this ondition xes β = −1/2 ≡ β0 and is equivalent to the CVC ondition on A that we had
relaxed at the beginning. Imposing gauge invariane under B gauge transformations, on the other hand,
we obtain
δB (Lb + Lan) = 0 (1.34)
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whih implies
CAA =
i gBg
2
A
2!
1
4
a3(β0)
M
M1
, CBB =
ig 3B
3!
1
4
an
M
M1
. (1.35)
These onditions on the oeients C are suient to render gauge-invariant the total Lagrangian. We
observe that the presene of an Abelian symmetry whih has to remain exat and is not aompanied by
a shifting axion has important impliations on the onsisteny of the theory. We have brought up this
example beause in more omplex situations in whih a given gauge symmetry is broken and the pattern
of breakings is suh to preserve a nal symmetry (for instane U(1)em), the struture of the anomalous
orrelators, in some ase, is drastially onstrained to assume the CVC form. However this is not a
general result.
Under a more general assumption, we ould have allowed some Chern-Simons ontributions in the
ounterterm Lagrangian. This is an interesting variation that an be worked out at a diagrammati level
in order to identify the role played by the CS interations. We will get bak to this point one we start
our diagrammati analysis of these simple models.
1.4 Higgs-Axion Mixing in U(1) Models: massless axi-Higgs
Having disussed the onsisteny to all orders of the eetive ation, we need to disuss the role played
by the shifting axions in the spetrum of the theory. We have already pointed out that the axion will
mix with the remaining salars of the model. In the presene of a Higgs setor suh a mixing an take
plae at the level of the salar potential, with impliations on the mass and the oupling of the axion to
the remaining partiles of the model. In order to understand how this mixing ours, we onsider the
ase of the A-B Model.
This model has two salars: the Higgs and the Stükelberg elds. We assume that the Higgs eld
takes a non-zero v.e.v. and, as usual, the salar eld is expanded around the minimum < φ >= v
φ =
1√
2
(v + φ1 + iφ2) , (1.36)
while from the quadrati part of the Lagrangian we an easily read out the mass terms and the Goldstone
mode present in the spetrum in the broken phase. This is given by
Lq = 1
2
(∂µφ1)
2
+
1
2
(∂µφ2)
2
+
1
2
(∂µb)
2
+
1
2
(
M21 + (qBgBv)
2
)
BµB
µ − 1
2
m21φ
2
1
+Bµ∂
µ (M1b+ vgBqBφ2) , (1.37)
from whih, after diagonalization of the mass terms, we obtain
Lq = 1
2
(
∂µχ
)2
+
1
2
(∂µGB)
2 +
1
2
(∂µh1)
2 +
1
2
M2BBµB
µ − 1
2
m21h
2
1
+MBB
µ∂µGB (1.38)
where we have redened φ1(x) = h1(x) and m1 = v
√
2λ, for the Higgs eld and its mass. We have
identied the linear ombinations
χ =
1
MB
(−M1 φ2 + qBgBv b) ,
GB =
1
MB
(qBgBv φ2 +M1 b) , (1.39)
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orresponding to a massless partile, the axi-Higgs χ, and a massless Goldstone mode GB . The rotation
matrix that allows the hange of elds (φ2, b)→ (χ,GB) is given by
U =
(
− cos θB sin θB
sin θB cos θB
)
(1.40)
with θB = arccos(M1/MB) = arcsin(qBgBv/MB). The axion b an be expressed as linear ombination of
the rotated elds χ,GB as
b = α1χ+ α2GB =
qBgBv
MB
χ+
M1
MB
GB, (1.41)
while the gauge eld Bµ gets its mass MB through the ombined Higgs-Stükelberg mehanism
MB =
√
M21 + (qBgBv)
2. (1.42)
To remove the mixing between the gauge eld and the Goldstone mode we work in the Rξ gauge. The
gauge-xing Lagrangian is given by
Lgf = −1
2
G2B (1.43)
where
GB = 1√
ξB
(∂ ·B − ξBMBGB) , (1.44)
and the orresponding ghost Lagrangian
LB gh = c¯B
(−− ξBv(h1 + v)− ξBM21 ) cB. (1.45)
The full Lagrangian in the physial basis after diagonalization of the mass matrix beomes
L = −1
4
F 2A −
1
4
F 2B + LBgh + Lf + LB (1.46)
where Lf denotes the fermion ontribution. Its expression an be found in [40℄.
At this stage there are some observations to be made. In the Stükelberg phase the axion b is a
Goldstone mode, sine it an be set to vanish by a gauge transformation on the B gauge boson, while B
is massive (with a mass M1) and has 3 degrees of freedom (d.o.f.). Therefore in this phase the number of
physial d.o.f.'s is 3 for B, 2 for A, 2 for the omplex salar Higgs φ, for a total of 7. After eletroweak
symmetry breaking we have 3 d.o.f.'s for B, 2 for A whih remains massless, 1 real Higgs eld h1 and
1 physial axion χ, for a total of 7. The axion, in this ase, on the ontrary of what happens in the
ase of ordinary symmetry breaking is a massless physial salar, being not part of the salar potential.
Not muh surprise so far. Let's now move to the analysis of the ase when the axion is part of the
salar potential. In this seond ase the physial axion (the axi-Higgs) gets its mass by the ombined
Higgs-Stükelberg mehanism.
1.4.1 Higgs-Axion Mixing in U(1) Models: massive axi-Higgs
We now illustrate the mehanism of mass generation for the physial axion χ. We fous on the breaking
of the U(1)B gauge symmetry of the A-B Model. We have a gauge-invariant Higgs potential given by
VPQ(φ) = µ
2φ∗φ+ λ (φ∗φ)
2
(1.47)
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plus the new PQ-breaking terms, allowed by the symmetry [1℄
V
P/Q/
(φ, b) = b1
(
φ e
−iqBgB
b
M
1
)
+ λ1
(
φ e
−iqBgB
b
M
1
)2
+ 2λ2 (φ
∗φ)
(
φ e
−iqBgB
b
M
1
)
(1.48)
so that the omplete potential onsidered is given by
V (φ, b) = VPQ + VP/ Q/ + V
∗
P/ Q/ . (1.49)
We require that the minima of the potential are loated at
〈b〉 = 0 〈φ〉 = v, (1.50)
whih imply that the mass parameter satises
µ2 = −b1
v
− 2v2λ− 2λ1 − 6vλ2. (1.51)
We are interested in the matrix desribing the mixing of the CP -odd Higgs setor with the axion eld b,
given by
( φ2, b )M2
(
φ2
b
)
(1.52)
where M2 is a symmetri matrix
M2 = −1
2
cχv
2
(
1 −v qBgBM
1
−v qBgBM
1
v2
q2Bg
2
B
M2
1
)
(1.53)
and where the dimensionless oeient multiplied in front is given by
cχ = 4
(
b1
v3
+
4λ1
v2
+
2λ2
v
)
. (1.54)
Notie that this parameter plays an important role in establishing the size of the mass of the physial
axion, after diagonalization. It enloses all the dependene of the mass from the PQ orretions to the
standard Higgs potential. They an be regarded as orretions of order p/v, with p being any parameter
of the PQ potential. If p is very small, whih is the ase if the V
P/Q/
term of the potential is generated
non-perturbatively (for instane by instanton eets in the ase of QCD), the mass of the axi-Higgs an
be pushed far below the typial mass of the eletroweak breaking senario (the Higgs mass), as disussed
in [13℄.
The mass matrix has 1 zero eigenvalue orresponding to the Goldstone boson GB and 1 non-zero eigen-
value orresponding to a physial axion eld −χ− with mass
m2χ = −
1
2
cχv
2
[
1 +
q2Bg
2
Bv
2
M21
]
= −1
2
cχ v
2 M
2
B
M21
. (1.55)
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The mass of this state is positive if cχ < 0. The rotation matrix that takes from the interation eigenstates
to the mass eigenstates is denoted by Oχ(
χ
GB
)
= Oχ
(
φ2
b
)
(1.56)
so that we obtain the rotations
φ2 =
1
MB
(−M1 χ+ qBgB v GB) (1.57)
b =
1
MB
(qBgB v χ+M1GB). (1.58)
The mass squared matrix an be diagonalized as
( χ, GB )O
χM2(Oχ)T
(
χ
GB
)
= ( χ, GB )
(
m2χ 0
0 0
)(
χ
GB
)
(1.59)
so that GB is a massless Goldstone mode and mχ is the mass of the physial axion. In [13℄ one an nd a
disussion of some physial impliations of this eld when its mass is driven to be small in the instanton
vauum, similarly to the Peei-Quinn axion of a global symmetry. However, given the presene of both
mehanisms, the Stükelberg and the Higgs, it is not possible to deide whether this axion an be a valid
dark-matter andidate. In the same work it is shown that the entire Stükelberg mehanism an be the
result of a partial deoupling of a hiral fermion.
1.5 Unitarity issues in the A-B Model in the exat phase
In this setion we start disussing the issue of unitarity of the model that we have introdued. This is
a rather involved topi that an be addressed by a diagrammati analysis of those amplitudes with s-
hannel exhanges of the gauge bosons, the axi-Higgs and the NG modes generated in the various phases
of the theory (before and after symmetry breaking, with/without Yukawa ouplings). The analysis ould,
of ourse, be repeated in the other hannels (t, u) as well, but no further ondition would be obtained.
We will gather all the information oming from the study of the S-matrix amplitudes to set onstraints
on the parameters of the model. We have organized our analysis as a ase-by-ase study verifying the
anellation of the unphysial singularities in the amplitude in all the phases of the theory, establishing
also their gauge independene. This is worked out in the Rξ gauge so to make evident the disappearane of
the gauge-xing parameter in eah amplitude. The sattering amplitudes are built out of two anomalous
diagrams with s-hannel exhanges of gauge dependent propagators, and in all the ases we are brought
bak to the analysis of a set of anomalous Ward Identities to establish our results.
1.5.1 Unitarity and CS interations in the A-B Model
The rst point that we address in this setion onerns the role played by the CS interations in the
unitarity analysis of simple s-hannel amplitudes. This analysis laries that CS interations an be
inluded or kept separately from the anomalous verties with no onsequene. To show this, we onsider
the following modiation on the A-B Model, where the CS interations are generially introdued as
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Figure 1.6: Diagrams involved in the unitarity analysis with external CS interations.
possible ounterterms in the one-loop eetive ation, whih is given by
L = L0 + LGS + LCS , (1.60)
where L0 is already known from the previous setions, but in partiular we fous on the omponents
LGS = CAA
M
bFA ∧ FA +
CBB
M
bFB ∧ FB (1.61)
and
LCS = d1BµAνF ρσA ǫµνρσ ≡ d1BA ∧ FA. (1.62)
Under an A-gauge transformation we have 1
δAL =
d1
2
θAFB ∧ FA +
i
2!
a1(β)
2
4
θAFB ∧ FA, (1.63)
so that we obtain
d1
2
+
ia1(β)
4
= 0 ↔ d1 = −
i
2
a1(β). (1.64)
Analogously, under a B-gauge transformation we have
δBL = −
d1
2
θBFA ∧ FA +
i
2!
a3(β)
1
4
FA ∧ FAθB − CAA
M1θB
M
FA ∧ FA
−CBB
M1θB
M
FB ∧ FB +
i
3!
an
3
3
4
θBFB ∧ FB, (1.65)
to obtain
− d1
2
− CAA
M1
M
+
i
2!
a3(β)
1
4
= 0 ↔ CAA =
(
−d1
2
+
i
2!
a3(β)
1
4
)
M
M1
. (1.66)
We refer the reader to one of the appendies where the omputation is performed in detail. We have
shown that the presene of external Ward Identities foring the invariant amplitudes of a given anomalous
triangle diagram to assume a spei form, allow to re-absorb the CS oeients inside the triangle,
thereby simplifyig the omputations. In this spei ase the CVC ondition for A is a property of the
1
In the language of the eetive ation the multipliity fators are proportional to the number (n!) of external gauge
lines of a given type. We keep these fators expliitly to baktrak their origin.
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Figure 1.7: Unitarity issue for the A-B Model in the broken phase.
theory. In other ases this does not take plae. For instane, instead of the ondition a1(β) = 0, a less
familiar ondition suh as a3(β) = 0 (onserved axial urrent, CAC) may be needed. In this sense, if we
dene the CVC ondition to be the standard ase, the CAC ondition points toward a new anomalous
interation. We remark one more that β remains free in the SM, sine the anomaly traes anel for
all the generators, dierently from this new situation. The theory allows new CS interations, with the
understanding that, at least in these ases, these interations an be absorbed into a redenition of the
vertex. However, the presene of a WI, that allows us to re-express a1 and a2 in terms of a3 . . . a6 in
dierent ways (see Eq. (1.120) for the struture of the triangle diagram), at the same time allows us
to ome up with dierent gauge invariant expressions of the same vertex funtion (xed by a CVC or
a CAC ondition, depending on the ase). These dierent versions of these AVV three-point funtions
are haraterized by dierent (gauge-variant) ontat interations sine a1 and a2 in Minkowski spae
ontain, indeed, CS interations. We will elaborate on this point in a following setion where we disuss
the struture of the eetive ation in Minkowski spae.
The extension of this pattern to the broken Higgs phase an be understood from Fig. 1.7 where
the additional ontributions have been expliitly inluded. We have depited the CS terms as separate
ontributions and shown perfet anellation also in this ase. The omplete set of diagrams is
Sξ = Aξ +Bξ + Cξ +Dξ + Eξ + Fξ +Gξ +Hξ (1.67)
and the total gauge dependene vanishes. Details on the alulation an be found in the App. 1.13.1.
1.6 Gauge independene of the A self-energy to higher orders and
the loop ounting
In this setion we move to an analysis performed to higher orders that illustrates how the loop expansion
and the ounterterms get organized so to have a onsistent gauge independent theory.
For this purpose, let's onsider the diagrams in Fig. 1.8, whih are relevant in order to verify this
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Figure 1.8: Three-loop anellations of the gauge dependene.
anellation in the massless fermion ase. It shows the self-energy of the A gauge boson. From now
on we are dropping all the oupling onstants to simplify the notation, whih an be re-inserted at the
end. We have omitted diagrams whih are symmetri with respet to the two intermediate lines of the B
and A gauge bosons, for simpliity. This symmetrization is responsible for the anellation of the gauge
dependene of the propagator of A and the vetor interation of B, while the gauge dependene of the
axial-vetor ontribution of B is aneled by the orresponding Goldstone (shown). Diagram (A) involves
three loops and therefore we need to look for anellations indued by a diagram involving the s-hannel
exhange both of an A and of a B gauge boson plus the one-loop interations involving the relevant
ounterterms. In this ase one easily identies diagram (B) as the only possible additional ontribution.
To proeed with the demonstration we rst isolate the gauge dependene in the propagator for the
gauge boson exhanged in the s-hannel
−i
k2 −M21
[
g λλ
′ − k
λ kλ
′
k2 − ξBM21
(1 − ξB)
]
=
− i
k2 −M21
(
g λλ
′ − k
λ kλ
′
M21
)
+
− i
k2 − ξBM21
(
kλkλ
′
M21
)
= Pλλ
′
0 + P
λλ′
ξ . (1.68)
and, using this separation, the sum involving the two diagrams gives
S =
∫
d4k2
(2π)4
(A+ B), (1.69)
with the gauge-dependent ontributions being given by
Aξ0 = ∆λµν(−k1,−k2)Pλλ
′
ξ ∆
λ′µ′ν′(k1, k2)P
νν′
o
= ∆λµν(−k1,−k2)
[
−i
k2 − ξBM21
(
kλkλ
′
M21
)]
∆λ
′µ′ν′(k1, k2)
[
−igνν′
k22
]
Bξ0 = 4×
(
4
M
CAA
)2
ǫµνρσk1ρk2σ
i
k2 − ξBM21
ǫµ
′ν′ρ′σ′k1ρ′k2σ′P
νν′
o . (1.70)
Using the anomaly equations and substituting the appropriate value already obtained for the WZ-
oeient, we obtain a vanishing expression
Aξ0 + Bξ0 = (−a3(β)ǫµνρσk1ρk2σ)
[ −i
k2 − ξBM21
1
M21
]
(a3(β)ǫ
µ′ν′ρ′σ′k1ρ′k2σ′ )P
νν′
o
+ 4
16
M2
(
i
2!
1
4
a3(β)
M
M1
)2
ǫµνρσk1ρk2σ
i
k2 − ξBM21
ǫµ
′ν′ρ′σ′k1ρ′k2σ′P
νν′
o = 0. (1.71)
After symmetry breaking, with massive fermions, the pattern gets far more involved and is desribed in
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Fig. 1.9. In this ase we have the sum
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Figure 1.9: The omplete set of diagrams in the broken phase.
S =
∫
d4k2
(2π)4
(A+ B + C +D + E) (1.72)
and it an be shown by diret omputation that the gauge dependenes anel in this ombination. The
details about this anellation are given in App. 1.13.3. Notie that the pattern to follow in order to
identify the relevant diagrams is quite lear, and it is not diult to identify at eah order of the loop
expansion ontributions with the appropriate s-hannel exhanges that ombine into gauge invariant
amplitudes. These are built identifying diret ontributions and ounterterms in an appropriate fashion,
ounting the ounterterms at their appropriate order in Plank's onstant (h).
1.7 Unitarity Analysis of the A-B Model in the broken phase
In the broken phase and in the presene of Yukawa ouplings there are some modiations that take plae,
sine the s-hannel exhange of the b axion is rotated on the two omponents (the Goldstone and physial
axion χ) as shown later in Fig. 1.11. The introdution of the Yukawa interation and the presene of
a symmetry breaking phase determines an interation of the axion with the fermions. Therefore, let's
onsider the Yukawa Lagrangian
LY uk = −λ1 ψLφψR − λ1 ψRφ∗ψL, (1.73)
whih is needed to extrat the oupling between the axi-Higgs and the fermions. We fous on the term
LY uk(φ2) = −
λ1
2
[
ψ(1 + γ5)ψ
iφ2√
2
− ψ(1− γ5)ψ iφ2√
2
]
, (1.74)
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having expanded around the Higgs vauum. Performing a rotation to express the pseudosalar Higgs
phase φ2 in terms of the physial axion and the NG boson
φ2 = −
M1
MB
χ+
qBgBv
MB
GB,
one extrats a χψψ oupling of the kind
LY uk(χ) =
λ1√
2
M1
MB
i ψχγ5ψ =
mf
v
M1
MB
i ψχγ5ψ, (1.75)
and a oupling Gψψ for the Goldstone mode
LY uk(GB) = −
λ1√
2
qBgBv
MB
i ψ GBγ
5ψ = 2gB
mf
MB
iψγ5ψGB . (1.76)
Having xed the Yukawa ouplings of the model, we move to the analysis of the same diagrams of the
previous setion in the broken phase. Preliminarily, we need to identify the struture of the anomaly
equation for the fermioni three-point funtions with their omplete mass dependene. In the ase of
massive fermions the anomalous Ward Identities for an AVV triangle are of the form
k1µ∆
λµν (β, k1, k2) = a1(β)ǫ
λναβkα1 k
β
2 ,
k2ν∆
λµν (β, k1, k2) = a1(β)ǫ
λµαβkα2 k
β
1 ,
kλ∆
λµν (β, k1, k2) = a3(β)ǫ
µναβkα1 k
β
2 + 2mf∆
µν , (1.77)
and in the ase of AAA triangle ∆λµν3 (β, k1, k2) = ∆
λµν
3 (k1, k2), with Bose symmetry providing a fator
1/3 for the distribution of the anomalies among the 3 verties
k1µ∆
λµν
3 (k1, k2) =
an
3
ǫλναβkα1 k
β
2 + 2mf∆
λν ,
k2ν∆
λµν
3 (k1, k2) =
an
3
ǫλµαβkα2 k
β
1 + 2mf∆
λµ,
kλ∆
λµν
3 (k1, k2) =
an
3
ǫµναβkα1 k
β
2 + 2mf∆
µν , (1.78)
where we have dropped the appropriate oupling onstants ommon to both sides. The amplitude ∆µν
is given by
∆µν =
∫
d4q
(2π)4
Tr
[
γ5(q/ − k/ +mf )γνγ5(q/ − k/1 +mf )γµγ5(q/ +mf )
]
[q2 −m2f ][(q − k)2 −m2f ][(q − k1)2 −m2f ]
+ exh. (1.79)
and an be expressed as a two-dimensional integral using the Feynman parameterization. We nd
∆µν = ǫαβµνkα1 k
β
2mf
(
1
2π2
)
I, (1.80)
with I denoting the formal expression of the integral
I ≡
∫ 1
0
dx
∫ 1−x
0
dy
1
∆(x, y,mf ,mχ,MB)
. (1.81)
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Figure 1.10: Deay amplitude for χ→ BB.
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Figure 1.11: Diagrams from the Green-Shwarz oupling after symmetry breaking.
We have dropped the harge dependene sine we have normalized the harges to unity and we have
dened
∆(x, y,mf ,mχ,MB) = Σ
2 −D = m2f − x ym2χ +M2B(x + y)2 − xM2B − yM2B ≡ ∆(x, y). (1.82)
We an use this amplitude to ompute the one-loop deay of the axi-Higgs in this simple model, shown
in Fig. 1.10, whih is given by
Mµν(χ→ BB) = A+ B
= i
mf
v
M1
MB
∆µν(k1, k2) + α1
4
M
CBBǫ
αβµνkα1 k
β
2
= i
mf
v
M1
MB
∆µν(k1, k2)−
2gBv
MB
(
4
M
i
3!
1
4
an
M
M1
)
ǫαβµνkα1 k
β
2 , (1.83)
where α1 is the oeient that rotates the axion b on the axi-Higgs partile χ.
1.7.1 A-B Model: BB → BB mediated by a B gauge boson in the broken
phase
A seond lass of ontributions that require a dierent distribution of the partial anomalies are those
involving BBB diagrams. They appear in the BB → BB amplitude, mediated by the exhange of a
B gauge boson of mass MB =
√
M21 + (2gBv)
2
. Notie that MB gets its mass both from the Higgs
and the Stükelberg setors. The relevant diagrams for this hek are shown in Fig. 1.12. We have not
inluded the exhange of the physial axion, sine this is not gauge-dependent. We have only left the
gauge-dependent ontributions. Notie that the expansion is valid at two-loop level and involves two-loop
diagrams built as ombinations of the original diagrams and of the one-loop ounterterms. There are
some omments that are due in order to appreiate the way the anellations take plae. If we neglet
the Yukawa ouplings the diagrams (B), (C) and (D) are absent, sine the Goldstone does not ouple
to a massless fermion. In this ase, the axion b is rotated, as in the previous setions, into a Goldstone
mode GB and a physial axion χ (see Fig. 1.11). On the other hand, if we inlude the Yukawa ouplings
then the entire set of diagrams is needed. From diagram (E) we obtain the partial ontribution
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ellation of the gauge dependene after spontaneous symmetry breaking.
Eξ = 4×
(
4
M
α2CBB
)2
ǫµνρσkρ1k
σ
2
(
i
k2 − ξBM2B
)
ǫµ
′ν′ρ′σ′kρ
′
1 k
σ′
2 , (1.84)
where the overall fator of 4 in front is a symmetry fator, the oeient α2 omes from the rotation of the
b axion over the Goldstone boson (α2 =
M1
MB
), and the oeient CBB has already been determined from
the ondition of gauge invariane of the anomalous eetive ation before symmetry breaking. Similarly,
from diagram (B) we get the term
Bξ = (gB)3∆µν(−k1,−k2)
(
2i
mf
MB
)
i
k2 − ξBM2B
(
2i
mf
MB
)
(gB)
3∆µ
′ν′(k1, k2), (1.85)
while diagram (C) gives
Cξ = 2× (gB)3∆µν(−k1,−k2)
(
2 i
mf
MB
)
i
k2 − ξBM2B
(
4
M
α2CBB ǫ
µ′ν′ρ′σ′kρ
′
1 k
σ′
2
)
, (1.86)
having introdued also in this ase a symmetry fator. Finally (D) gives
Dξ = 2×
(
4
M
α2CBBǫ
µνρσkρ1k
σ
2
)
i
k2 − ξBM2B
(
2 i
mf
MB
)
∆µ
′ν′(k1, k2)(gB)
3. (1.87)
We will be using the anomaly equation in the massive fermion ase, having distributed the anomaly
equally among the three B verties
kλ∆λµν =
an
3
ǫµναβkα1 k
β
2 + 2mf∆
µν . (1.88)
Separating in diagram (A) the gauge dependent part of the propagator of the boson B from the rest we
obtain
Aξ = ∆λµν
−i
k2 − ξBM2B
(
kλkλ
′
M2B
)
∆λ
′µ′ν′
=
(an
3
ǫµναβkα1 k
β
2 + 2mf∆
µν
)
(gB)
3 i
k2 − ξBM2B
1
M2B
(an
3
ǫµ
′ν′α′β′kα
′
1 k
β′
2 + 2mf∆
µ′ν′
)
(gB)
3
=
i
k2 − ξBM2B
g 6B
M2B
[(an
3
)2
ǫµναβǫµ
′ν′α′β′kα1 k
β
2 k
α′
1 k
β′
2
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+
an
3
ǫµναβkα1 k
β
2 2mf∆
µ′ν′ + 2mf∆
µν an
3
ǫµ
′ν′α′β′kα
′
1 k
β′
2
+
(
2mf∆
µν
)
(2mf∆
µ′ν′)
]
. (1.89)
The rst term in (1.89) is exatly aneled by the ontribution from diagram (E). The last ontribution
anels by the ontribution from diagram (B). Finally diagrams (C) and (D) anel against the seond
and third ontributions from diagram (A).
1.8 The Eetive Ation in the Y-B Model
We antiipate in this setion some of the methods that will be used in the next hapter for the analysis of
a realisti model. In the A-B Model, in order to simplify the analysis, we have assumed that the oupling
of the B gauge boson was purely axial-vetor-like while A was purely vetor-like. Here we disuss a gauge
struture whih allows both gauge bosons to have ombined vetor and axial-vetor ouplings. We will
show that the external Ward Identities of the model involve a spei denition of the shift parameter in
one of the triangle diagrams that fores the axial-vetor urrent to be onserved (a3(β) = 0). This result,
new ompared to the ase of the SM, shows the presene of an eetive CS term in some amplitudes.
The Lagrangian that we hoose to exemplify this new situation is given by
L0 = |(∂µ + igY qYu Yµ + igBqBu Bµ)φu|2 + |(∂µ + igY qYd Yµ + igBqBd Bµ)φd|2 −
1
4
F 2Y −
1
4
F 2B
+
1
2
(∂µb+M1Bµ)
2 − λu
(
|φu|2 −
vu
2
)2
− λd
(
|φd|2 −
vd
2
)2
+ Lf + LY uk, (1.90)
where the Yukawa ouplings are given by
LY uk = −λ1ψ1Lφuψ1R − λ1ψ1Rφ∗uψ1L − λ2ψ2Lφdψ2R − λ2ψ2Rφ∗dψ2L, (1.91)
with L and R denoting left- and right- handed fermions. The fermion urrents are
Lf = ψ1Liγµ
[
∂µ + igY q
Y
1LYµ + igBq
B
1LBµ
]
ψ1L + ψ1Riγ
µ
[
∂µ + igY q
Y
1RYµ + igBq
B
1RBµ
]
ψ1R
+ ψ2Liγ
µ
[
∂µ + igY q
Y
2LYµ + igBq
B
2LBµ
]
ψ2L + ψ2Riγ
µ
[
∂µ + igY q
Y
2RYµ + igBq
B
2RBµ
]
ψ2R
(1.92)
so that, in general, without any partiular harge assignment, both gauge bosons show vetor and axial-
vetor ouplings. In this ase we realize an anomaly-free harge assignment for the hyperharge by
requiring that qY2L = −qY1L, qY2R = −qY1R, whih anels the anomaly for a Y Y Y triangle sine∑
f=1,2
(qYf )
3 = (qY1R)
3 − (qY1L)3 + (qY2R)3 − (qY2L)3 = (qY1R)3 − (qY1L)3 − (qY1R)3 + (qY1L)3 = 0. (1.93)
This ondition is similar to the vanishing of the Y Y Y anomaly for the hyperharge in the SM, and for
this reason we will assume that it holds also in our simplied model. Before symmetry breaking the B
gauge boson has a Goldstone oupling oming from the Stükelberg mass term due to the presene of a
Higgs eld. The eetive ation for this model is given by
Seff = San + SWZ , (1.94)
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whih reads
San =
1
3!
〈T λµνBBB(z, x, y)BλBµBν〉+
1
2!
〈T λµνBY Y (z, x, y)BλY µY ν〉+
1
2!
〈T λµνY BB(z, x, y)Y λBµBν〉
(1.95)
with
SWZ =
CY Y
M
〈b FY ∧ FY 〉+ CBB
M
〈b FB ∧ FB〉+ CBY
M
〈b FB ∧ FY 〉 (1.96)
denoting the WZ ounterterms. Only for the triangle BBB we have assumed an anomaly symmetrially
distributed, all the other anomalous diagrams having an AVV anomalous struture, given in momentum
spae by
∆λµνijk =
i3
2
∑
f
[
qifq
j
fq
k
f
] ∫ d4p
(2π)4
Tr[γλγ5p/ γµ(p/ − k/1)γν(p/ − k/)]
p2(p− k1)2(p− k)2
+ {µ, k1 ↔ ν, k2}, (1.97)
with indies running over i, j, k =Y, B. The sum over the fermioni spetrum involves the harge operators
in the hiral basis
Dijk =
1
2
∑
f=1,2
[
qifq
j
fq
k
f
]
≡ 1
2
∑
f
(
qifRq
j
fRq
k
fR − qifLqjfLqkfL
)
. (1.98)
Computing the Y -gauge variation for the eetive one-loop anomalous ation under the trasformations
Yµ → Yµ + ∂µθY we obtain
δY San = i
2!
a1(β1)
2
4
θY FB ∧ FYDBY Y +
i
2!
a3(β2)
1
4
θY FB ∧ FBDY BB, (1.99)
and, similarly, for B-gauge transformations Bµ → Bµ + ∂µθB we obtain
δBSan = i
3!
an
3
3
4
θBFB ∧ FBDBBB +
i
2!
a3(β1)
1
4
θBFY ∧ FYDBY Y
+
i
2!
a1(β2)
2
4
θBFB ∧ FYDY BB , (1.100)
so that to get rid of the anomalous ontributions due to gauge variane we have to x the parameterization
of the loop momenta with parameters
β1 = β1 = −
1
2
, β2 = β2 = +
1
2
. (1.101)
Notie that while β1 orresponds to a anonial hoie (CVC ondition), the seond amounts to a on-
dition for a onserved axial-vetor urrent, whih an be interpreted as a ondition that fores a CS
ounterterm in the parameterization of the triangle amplitude. Having imposed these onditions to
anel the anomalous variations for the Y gauge boson, we an determine the WZ oeients as
CBB =
M
M1
i
3!
an
1
4
DBBB, CY Y =
M
M1
i
2!
a3(β1)
1
4
DBY Y , CBY =
M
M1
i
2!
a1(β2)
2
4
DY BB. (1.102)
Having determined all the parameters in front of the ounterterms we an test the unitarity of the model.
Consider the proess Y Y → Y Y mediated by an B gauge boson depited in Fig. 1.13, one an easily
hek that the gauge dependene vanishes. In fat we obtain
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Figure 1.13: Unitarity diagrams in the Y-B Model.
Sξ = Aξ + Bξ
= ∆λµν(−k1,−k2)
[
−i
k2 − ξBM21
(
kλkλ
′
M21
)]
∆λ
′µ′ν′(k1, k2)(DBY Y )
2
+4
(
4
M
CY Y
)2
ǫµνρσkρ1k
σ
2
(
i
k2 − ξBM21
)
ǫµ
′ν′ρ′σ′kρ
′
1 k
σ′
2
=
−i
k2 − ξBM21
1
M21
(−a3(β1)ǫµνρσkρ1kσ2 ) (a3(β1)ǫµ′ν′ρ′σ′kρ′1 kσ′2 ) (DBY Y )2
+ 4
16
M2
(
M
M1
i
2!
a3(β1)
1
4
DBY Y
)2
ǫµνρσkρ1k
σ
2
(
i
k2 − ξBM21
)
ǫµ
′ν′ρ′σ′kρ
′
1 k
σ′
2 = 0 (1.103)
where we have inluded the orresponding symmetry fators. There are some omments that are in
order. In the basis of the interation eigenstates, haraterized by Y and B before symmetry breaking,
the CS ounterterms an be absorbed into the diagrams, thereby obtaining a re-distribution of the
partial anomalies on eah anomalous gauge interation. As we have already mentioned, the role of the
CS terms is to render vetor-like an axial-vetor urrent at one-loop level in an anomalous trilinear
oupling. The anomaly is moved from the Y vertex to the B vertex, and then aneled by a WZ
ounterterm. However, after symmetry breaking, in whih Y and B undergo mixing, the best way to
treat these anomalous interations is to keep the CS term, rotated into the physial basis, separate from
the triangular ontribution. This separation is sheme dependent, being the CS term gauge variant.
These theories are learly haraterized by diret interations whih are absent in the SM whih an be
eventually tested in suitable proesses at the LHC (as suggested in Chap. 2 and developed in Chap. 5).
1.9 The fermion setor
Moving to analyze the gauge onsisteny of the fermion setor, we summarize some of the features of
the organization of some typial fermioni amplitudes. These onsiderations, naturally, an also be
generalized to more omplex ases. For our disussion we work diretly in the A-B Model for simpliity.
Appliations of this analysis an be found in the next hapter.
We start from Fig. 1.14 that desribes the t-hannel exhange of A-gauge bosons. We have expliitly
shown the indies (λµν) over whih we perform permutations. In the absene of axial-vetor interations
the gauge independene of diagrams of these types is obtained just with the symmetrization of the A-lines,
both in the massive and in the massless fermion (mf=0) ase. When, instead, we allow for a B exhange
in diagrams of the same topology, the ases mf = 0 and mf 6= 0 involve a dierent (see Fig. 1.15)
organization of the expansion. In the rst ase, the derivation of the gauge independene in this lass
of diagrams is obtained again just by a permutation of the attahments of the gauge boson lines. In the
massive fermion ase, instead, we need to add to this lass of diagrams also the orresponding Goldstone
exhanges together with their similar symmetrizations (Fig. 1.16). We illustrate in Figs. 1.17 and
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A A A
+ permutations
m f
Figure 1.14: The massive fermion setor with massive vetor exhanges in the t-hannel.
A A
+ permutations
B
m f =  0
Figure 1.15: t-hannel exhanges with vetor and axial-vetor interations of massive gauge bosons. Being the
fermion massless, permutation of the exhanges is suient to generate a gauge invariant result.
1.18 the organization of the expansion to lowest order for a proess of the type f f¯ → AA whih is the
analogous of qq¯ → γγ in this simple model. The presene of a Goldstone exhange takes plae, obviously,
only in the massive ase. Finally, we have inluded the set of gauge-invariant diagrams desribing the
exhange of A and B gauge bosons in the t-hannel and with an intermediate triangle anomaly diagram
(BAA) (Figs. 1.19 and 1.20). In the massless fermion ase gauge invariane is obtained simply by
adding to the basi diagram all the similar ones obtained by permuting the attahments of the gauge
lines (this involves both the lines at the top and at the bottom) and summing only over the topologially
independent ongurations. In the massive ase one needs to add to this set of diagrams 2 additional
sets: those ontaining a Goldstone exhange and those involving a WZ interation. The ontributions
of these additional diagrams have to be symmetrized as well, by moving the attahments of the gauge
boson/salar lines.
1.10 The Eetive Ation in onguration spae
Hidden inside the anomalous three-point funtions are some Chern-Simons interations. Their extra-
tion an be done quite easily if we try to integrate out ompletely a given diagram and look at the
struture of the eetive ation that is so generated diretly in onguration spae. The resulting a-
tion is non-loal but ontains a ontat term that is present independently from the type of external
Ward Identities that need to be imposed on the external verties. This ontat term is a dimension-4
ontribution that is identied with a CS interation, while the higher dimensional ontributions have a
non-trivial struture. The variation of both the loal and the non-loal eetive vertex is still a loal
operator, proportional to F ∧ F . The oeient in front of the loal CS interation hanges, depending
on the external onditions imposed on the diagram (the external Ward Identities). In this sense, dierent
A A
+
B
perm. +
A
+ perm. B
m f
A
(A) (B)
GB
Figure 1.16: As in Fig. 1.15 but in the massive ase and with a Goldstone.
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A
A
m f =  0
B
Figure 1.17: ff annihilation in the massless ase.
A
A A
A
+
m fm f
B
(A)
GB
(B)
Figure 1.18: ff in the massive ase.
verties may arry dierent CS terms.
To illustrate this issue in a simple way, we proeed as follows. Consider the speial ase in whih the
two lines µν are on-shell, so that k21 = k
2
2 = 0. This simplies our derivation, though a more general
analysis an also be onsidered. We work in the spei parameterization in whih the vertex satises
the vetor WI on the µν lines, with the anomaly brought entirely on the λ line.
In this ase we have
A1(k1, k2) = k1 · k2A3(k1, k2)
A2(k1, k2) = −A1(k2, k1)
A5(k1, k2) = −A4(k2, k1)
A6(k1, k2) = −A3(k2, k1),
(1.104)
and dening s = 2k1 · k2 = k2, the expliit expressions of A1 and A2 are summarized in the form
A1(k
2) = −i 1
4π2
+ iC0(m
2
f , s) (1.105)
with C0 a given funtion of the ratio m
2
f/s that we redene as R(m
2
f/s). The typial expression of these
funtions an be found in the appendix. Here we assume that s > 4m2f , but other regions an be reahed
by suitable analyti ontinuations. The important point to be appreiated is the presene of a onstant
term in this invariant amplitude. Notie that the remaining amplitudes do not share this property. If we
A
B
AA A
m f = 0
perm.+
Figure 1.19: Anomaly in the t-hannel.
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A
B
AA A
(A)
+
GB
A A A A
(B)
+ perm.
m f
Figure 1.20: The WZ ounterterm for the restauration of gauge invariane.
denote as Tc the vertex in onguration spae, the ontribution to the eetive ation beomes
〈T λµνc (z, x, y)Bλ(z)Aµ(x)Aν(y)〉
=
1
4π2
〈ǫµνρσBλAµF ρσA 〉+ 〈R
(−m2f/z)) [δ(x− z)δ(y − z)]Bλ(z)Aµ(x)Aν (y)〉 (1.106)
where the 1/z operator ats only on the distributions inside the squared brakets ([ ]). It is not diult
to show that if we perform a gauge variation, say under B, of the vertex written in this form, then the
rst term trivially gives the FA ∧ FA ontribution, while the seond (non-loal) expression summarized
in R, vanishes identially after an integration by parts. For this one needs to use the Bianhi identities
of the A,B gauge bosons.
A similar omputation on A3, A4 et, an be arried out, but this time these ontributions do not
have a ontat interation as A1 and A2, but they are, exatly as the R() term, purely non-loal. Their
gauge variations are also vanishing. When we impose a parameterization of the triangle diagram that
redistributes the anomaly in suh a way that some axial interations are onserved or, for that reason, any
other distribution of the partial anomalies on the single verties, than we are atually introduing into
the theory some spei CS interations. We should think of these verties as new eetive verties, xed
by the Ward Identities imposed on them. Their form is ditated by the onditions of gauge invariane.
These onditions may appear with an axion term if the orresponding gauge boson, suh as B in this
ase, is anomalous. Instead, if the gauge boson is not paired to a shifting axion, suh as for Y , then gauge
invariane under Y is restaured by suitable CS terms. The disussion of the phenomenologial relevane
of these verties will be addressed in the next hapters.
1.11 Conlusions
We have analyzed in some detail unitarity issues that emerge in the ontext of anomalous Abelian models
when the anomaly anellation mehanism involves a WZ term, CS interations and traeless onditions
on some of the generators. We have investigated the features of these types of theories both in their exat
and in their broken phases, and we have used s-hannel unitarity as a simple strategy to ahieve this. We
have illustrated in a simple model (the A-B Model) how the axion b is deomposed into a physial eld
χ and a Goldstone mode GB (see Eq. (1.41)), and how the anellation of the gauge dependenes in the
S-matrix involves either b or GB , in the Stükelberg or the Higgs-Stükelberg phase respetively. In the
Stükelberg phase the axion is a Goldstone mode. The physial omponent of the eld, χ, appears after
spontaneous symmetry breaking, and beomes massive via a ombination of both the Stükelberg and
the Higgs mehanism. Its mass an be driven to be light if the Peei-Quinn breaking ontributions in the
salar potential (see Eq. (1.49)) appear with small parameters (b1, λ1, λ2) ompared to the Higgs v.e.v.
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(see Eq. (1.54)). Then we have performed a unitarity analysis of this model rst in the Stükelberg phase
and then in the Higgs-Stükelberg phase, summarized in the set of diagrams olleted in Figs. 1.6 and 1.7.
A similar analysis has been presented for self-energy like diagrams, and is summarized in Figs. 1.8 and
1.9 respetively. In the broken phase, the most demanding pattern of anellation is the one involving
several anomalous interations (BBB), and the analysis is summarized in Fig. 1.12. We have also shown
that in the simple models disussed in this hapter, Chern-Simons interations an be absorbed into the
triangle diagrams by a re-denition of the momentum parameterization, if one rewrites a given amplitude
in the basis of the interation eigenstates. Isolation of the Chern-Simons terms may however help in the
omputation of trilinear gauge interations in realisti extensions of the SM and an be kept separate
from the fermioni triangles. Their presene is the indiation that the theory requires external Ward
Identities to be orretly dened at one-loop. Our results will be generalized in the following hapter and
applied to the analysis of eetive string models derived from the orientifold onstrution in the following
hapters.
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1.12 Appendix. The triangle diagrams and their ambiguities
We have olleted in this and in the following appendies some of the more tehnial material whih
is summarized in the main setions. We present also a rather general analysis of the main features of
anomalous diagrams, some of whih are not available in the similar literature on the Standard Model, for
instane due to the dierent pattern of anellations of the anomalies required in our ase study.
The onsisteny of these models, in fat, requires spei realizations of the vetor WI for gauge
trasformations involving the vetor urrents, whih implies a spei parameterization of the fermioni
triangle diagrams. While the analysis of these triangles is well known in the massless fermion ase,
for massive fermions it is slightly more involved. We have gathered here some results onerning these
diagrams.
The typial AVV diagram with two vetors and one axial-vetor urrent (see Fig. 1.1) is desribed
here using a spei parameterization of the loop momenta given by
∆λµν
AVV
= ∆λµν = i3
∫
d4q
(2π)4
Tr
[
γµ(q/+m)γλγ5(q/− k/+m)γν(q/− k/1 +m)
]
(q2 −m2)[(q − k1)2 −m2][(q − k)2 −m2] + exh. (1.107)
Similarly, for the AAA diagram we will use the parameterization
∆λµν
AAA
= ∆λµν3 = i
3
∫
d4q
(2π)4
Tr
[
γµγ5(q/+m)γλγ5(q/− k/+m)γνγ5(q/− k/1 +m)
]
(q2 −m2)[(q − k1)2 −m2][(q − k)2 −m2] + exh. (1.108)
In both ases we have inluded both the diret and the exhanged ontributions
2
.
In our notation ∆
λµν
denotes a single diagram while we will use the symbol ∆ to denote the Bose
symmetri expression
∆λµν = ∆
λµν
(k1, k2) + exhange of {(k1, µ), (k2, ν)}. (1.109)
To be notied that the exhanged diagram is equally desribed by a diagram equal to the rst diagram
but with a reversed fermion ow. Reversing the fermion ow is suient to guarantee Bose symmetry of
the two V lines. Similarly, for an AAA diagram, the exhange of any two A lines is suient to render
the entire diagram ompletely symmetri under yli permutations of the three AAA lines.
Let's now onsider the AVV ontribution and work out some preliminaries. It is a simple exerise to
show that the parameterization that we have used above indeed violates the vetor WI on the µν vetor
lines giving
k1µ∆
λµν (k1, k2) = a1ǫ
λναβkα1 k
β
2
k2ν∆
λµν(k1, k2) = a2ǫ
λµαβkα2 k
β
1
kλ∆
λµν (k1, k2) = a3ǫ
µναβkα1 k
β
2 ,
(1.110)
where
a1 = − i
8π2
a2 = − i
8π2
a3 = − i
4π2
. (1.111)
Notie that a1 = a2, as expeted from the Bose symmetry of the two V lines. It is also well known that
the total anomaly a1 + a2 + a3 ≡ an is regularization sheme independent (an = − i2π2 ). We do not
2
Our onventions dier from [41℄ by an overall (-1) sine our urrents are dened as jBµ = −qBgBψγµψ
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impose any WI on the V lines, onditions whih would bring the anomaly only to the axial vertex, as
done for the SM ase, but we will determine onsistently the value of the three anomalies at a later stage
from the requirement of gauge invariane of the eetive ation, with the inlusion of the axion terms.
To render our disussion self-ontained, and dene our notations, we briey review the issue of the shift
dependene of these diagrams.
We reall that a shift of the momentum in the integrand (p → p + a) where a is the most general
momentum written in terms of the two independent external momenta of the triangle diagram (a =
α(k1+ k2) + β(k1− k2)) indues on ∆ hanges that appear only through a dependene on one of the two
parameters haraterizing a, that is
∆λµν (β, k1, k2) = ∆
λµν(k1, k2)− i
4π2
βǫλµνσ (k1σ − k2σ) . (1.112)
We have introdued the notation∆λµν(β, k1, k2) to denote the shifted three-point funtion, while∆
λµν(k1, k2)
denotes the original one, with a vanishing shift. In our parameterization, the hoie β = − 12 orresponds
to onservation of the vetor urrent and brings the anomaly to the axial vertex
k1µ∆
λµν(a, k1, k2) = 0,
k2ν∆
λµν(a, k1, k2) = 0,
kλ∆
λµν(a, k1, k2) = − i
2π2
ǫµναβkα1 k
β
2 (1.113)
with an = a1+a2+a3 = − i2π2 still equal to the total anomaly. Therefore, starting from generi values of
(a1 = a2, a3), for instane from the values dedued from the basi parameterization (1.111), an additional
shift with parameter β′ gives
∆λµν(β′, k1, k2) = ∆
λµν(β, k1, k2)− iβ
′
4π2
ǫλµνσ(k1 − k2)σ (1.114)
and will hange the Ward Identities into the form
k1µ∆
λµν (β′, k1, k2) = (a1 − iβ
′
4π2
)ǫλναβkα1 k
β
2 ,
k2ν∆
λµν (β′, k1, k2) = (a2 − iβ
′
4π2
)ǫλµαβkα2 k
β
1 ,
kλ∆
λµν (β′, k1, k2) = (a3 +
iβ′
2π2
)ǫµναβkα1 k
β
2 , (1.115)
where a2 = a1. There is an intrinsi ambiguity in the denition of the amplitude, whih an be removed
by imposing CVC on the vetor verties, as done, for instane, in Rosenberg's original paper [42℄ and
disussed later. We remark one more that, in our ase, this ondition is not automatially required. The
distribution of the anomaly may, in general, be dierent and we are dening, in this way, new eetive
parameterizations of the three-point anomalous verties.
It is therefore onvenient to introdue a notation that makes expliit this dependene and for this
reason we dene
a1(β) = a2(β) = − i
8π2
− i
4π2
β, a3(β) = − i
4π2
+
i
2π2
β, (1.116)
with
a1(β) + a2(β) + a3(β) = an = − i
2π2
. (1.117)
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Figure 1.21: Distribution of the axial anomaly for the AAA diagram.
Notie that the additional β-dependent ontribution amounts to a Chern-Simons interation. Clearly,
this ontribution an be moved around at will and is related to the presene of two divergent terms in
the general triangle diagram that need to be xed appropriately using the underlying Bose symmetries
of the three-point funtions. The regularization of the AAA vertex, instead, has to respet the omplete
Bose symmetry of the diagram and this an be ahieved with the symmetri expression
∆λµν3 (k1, k2) =
1
3
[∆λµν(k1, k2) + ∆
µνλ(k2,−k) + ∆νλµ(−k, k1)]. (1.118)
It is an easy exerise to show that this symmetri hoie is independent from the momentum shift
∆λµν3 (β, k1, k2) = ∆
λµν
3 (k1, k2) (1.119)
and that the anomaly is equally distributed among the 3 verties, a1 = a2 = a3 = an/3, as shown in
Fig. 1.21. We onlude this setion with some omments regarding the kind of invariant amplitudes
appearing in the denition of ∆ whih help to larify the role of the CS terms in the parameterization
of these diagrams in momentum spae. For ∆
(AVV)
λµν , expressed using Rosenberg's parametrization, one
obtains
∆λµν = aˆ1ǫ[k1, µ, ν, λ] + aˆ2ǫ[k2, µ, ν, λ] + aˆ3ǫ[k1, k2, µ, λ]k1
ν
+aˆ4ǫ[k1, k2, µ, λ]k
ν
2 + aˆ5ǫ[k1, k2, ν, λ]k
µ
1 + aˆ6ǫ[k1, k2, ν, λ]k
µ
2 , (1.120)
originally given in [42℄, with λ being the axial-vetor vertex. By power-ounting, two invariant amplitudes
are divergent, a1 and a2, while the ai with i ≥ 3 are nite3.
Instead, for the diret plus the exhanged diagrams we use the expression
∆λµν +∆λνµ = (aˆ1 − aˆ2)ǫ[k1, µ, ν, λ] + (a2 − a1)ǫ[k2, µ, ν, λ]
+(aˆ3 − aˆ6)ǫ[k1, k2, µ, λ]k1ν + (aˆ4 − aˆ5)ǫ[k1, k2, µ, λ]kν2
+(aˆ5 − aˆ4)ǫ[k1, k2, ν, λ]kµ1 + (aˆ6 − aˆ3)ǫ[k1, k2, ν, λ]kµ2
= a1ǫ[k1, µ, ν, λ] + a2ǫ[k2, µ, ν, λ] + a3ǫ[k1, k2, µ, λ]k1
ν
+a4ǫ[k1, k2, µ, λ]k2
ν + a5ǫ[k1, k2, ν, λ]k
µ
1 + a6ǫ[k1, k2, ν, λ]k
µ
2 (1.121)
where learly a2 = −a1, a3 = −a6 and a4 = −a5. The CS ontributions are those proportional to
the two terms linear in the external momenta. We reall that, in Rosenberg, these linear terms are
re-expressed in terms of the remaining ones by imposing the vetor Ward Identities on the V-lines. As
already explained, we will instead assume, in our ase, that the distribution of the anomaly among the
3 verties of all the anomalous diagrams of the theory respets the requirement of Bose symmetry, with
no additional onstraint. A disussion of some tehnial points onerning the regularization of this and
3
We will be using the notation ǫ[a, b, µ, ν] ≡ ǫαβµνaαbβ to denote the strutures in the expansion of the anomalous
triangle diagrams.
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other diagrams both in 4 dimensions and in other shemes, suh as Dimensional Regularization (DR) an
be found below. For instane, one an nd there the proof of the idential vanishing of ∆VVV worked
out in both shemes. In this last ase this result is obtained after removing the so alled hat-momenta of
the t'Hooft-Veltman sheme on the external lines. In this sheme this is possible sine one an hoose the
external momenta to lay on a four-dimensional subspae (see [43, 44℄ for a disussion of these methods).
We remark also that it is also quite useful to be able to swith from momentum spae to onguration
spae with ease, and for this purpose we introdue the Fourier transforms of (1.19) and (1.20) in the
anomaly equations, obtaining their expressions in onguration spae
∂
∂xµ
T λµν
AVV
(x, y, z) = ia1(β)ǫ
λναβ ∂
∂xα
∂
∂yβ
(
δ4(x− z)δ4(y − z)) ,
∂
∂yν
T λµν
AVV
(x, y, z) = ia2(β)ǫ
λµαβ ∂
∂yα
∂
∂xβ
(
δ4(x − z)δ4(y − z)) ,
∂
∂zλ
T λµν
AVV
(x, y, z) = ia3(β)ǫ
µναβ ∂
∂xα
∂
∂yβ
(
δ4(x− z)δ4(y − z)) , (1.122)
with a1, a2 and a3 as in (1.116), for the AVV ase and
∂
∂xµ
T λµν
AAA
(x, y, z) = i
an
3
ǫλναβ
∂
∂xα
∂
∂yβ
(
δ4(x− z)δ4(y − z)) ,
∂
∂yν
T λµν
AAA
(x, y, z) = i
an
3
ǫλµαβ
∂
∂yα
∂
∂xβ
(
δ4(x− z)δ4(y − z)) ,
∂
∂zλ
T λµν
AAA
(x, y, z) = i
an
3
ǫµναβ
∂
∂xα
∂
∂yβ
(
δ4(x− z)δ4(y − z)) , (1.123)
for the AAA ase. Notie that in this last ase we have distributed the anomaly equally among the three
verties. These relations will be needed when we derive the anomalous variation of the eetive ation
diretly in onguration spae.
1.13 Appendix. Chern-Simons anellations
Having isolated the CS ontributions, as shown in Fig. 1.6, the anellation of the gauge dependene an
be obtained ombining all these terms so to obtain
4
Sξ = ∆
λµν(−k1,−k2)
[
−i
k2 − ξBM21
kλkλ
′
M21
]
∆λ
′µ′ν′(k1, k2)
+ 4×
(
4
M
CAA
)2
ǫµνρσk1ρk2σ
[
i
k2 − ξBM21
]
ǫµ
′ν′ρ′σ′k1ρ′k2σ′
+ 4× (id1ǫµνλσ(k1 − k2)σ)
[
−i
k2 − ξBM21
kλkλ
′
M21
]
(−id1ǫµ
′ν′λ′σ′(k1 − k2)σ′ )
+ 2×∆λµν(−k1,−k2)
[
−i
k2 − ξBM21
kλkλ
′
M21
]
(−id1ǫµ
′ν′λ′σ′(k1 − k2)σ′)
+ 2× (id1ǫµνλσ(k1 − k2)σ)
[
−i
k2 − ξBM21
kλkλ
′
M21
]
∆λ
′µ′ν′(k1, k2), (1.124)
4
The symmetry fator of eah onguration is easily identied as the rst fator in eah separate ontribution.
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and using the relevant Ward Identities these simply to
Sξ = (−a3(β)ǫµνρσk1ρk2σ)
[ −i
k2 − ξBM21
1
M21
]
(a3(β)ǫ
µ′ν′ρ′σ′k1ρ′k2σ′ )
+ 4× 16
M2
[(
−d1
2
+
i
2
a3(β)
1
4
)2
M2
M21
]
ǫµνρσk1ρk2σ
[
i
k2 − ξBM21
]
ǫµ
′ν′ρ′σ′k1ρ′k2σ′
+ 4× d21
[ −i
k2 − ξBM21
1
M21
]
4ǫµνρσk1ρk2σǫ
µ′ν′ρ′σ′k1ρ′k2σ′
+ 2× (−a3(β)ǫµνρσk1ρk2σ)
[ −i
k2 − ξBM21
1
M21
]
(+id12ǫ
µ′ν′λ′σ′kλ
′
1 k
σ′
2 )
+ 2× (−id12ǫµνλσkλ1kσ2 )
[ −i
k2 − ξBM21
1
M21
]
(a3(β)ǫ
µ′ν′ρ′σ′k1ρ′k2σ′) = 0. (1.125)
Having shown the anellation of the gauge-dependent terms, the gauge independent ontribution beomes
S0 = ∆
λµν(−k1,−k2)
[
−i
k2 −M21
(
gλλ
′ − k
λkλ
′
M21
)]
∆λ
′µ′ν′(k1, k2)
+ 4× (id1ǫµνλσ(k1 − k2)σ)
[
−i
k2 −M21
(
gλλ
′ − k
λkλ
′
M21
)]
(−id1ǫµ
′ν′λ′σ′(k1 − k2)σ′)
+ 2×∆λµν(−k1,−k2)
[
−i
k2 −M21
(
gλλ
′ − k
λkλ
′
M21
)]
(−id1ǫµ
′ν′λ′σ′(k1 − k2)σ′ )
+ 2× (id1ǫµνλσ(k1 − k2)σ)
[
−i
k2 −M21
(
gλλ
′ − k
λkλ
′
M21
)]
∆λ
′µ′ν′(k1, k2). (1.126)
At this point we need to express the triangle diagrams in terms of their shifting parameter β using the
shift-relations
∆λµν(β, k1, k2) = ∆
λµν(k1, k2)−
i
4π2
βǫλµνσ(k1 − k2)σ, (1.127)
∆λµν(β,−k1,−k2) = ∆λµν(−k1,−k2) +
i
4π2
βǫλµνσ(k1 − k2)σ, (1.128)
and with the substitution d1 = −ia1(β)/2 we obtain
S0 =
(
∆λµν (−k1,−k2) +
i
4π2
βǫλµνσ(k1 − k2)σ
)
Pλλ
′
0
(
∆λ
′µ′ν′(k1, k2)−
i
4π2
βǫλ
′µ′ν′σ′(k1 − k2)σ′
)
+ 4×
(
1
2
a1(β)ǫ
µνλσ(k1 − k2)σ
)
Pλλ
′
0
(
−1
2
a1(β)ǫ
µ′ν′λ′σ′(k1 − k2)σ′
)
+ 2×
(
∆λµν (−k1,−k2) +
i
4π2
βǫλµνσ(k1 − k2)σ
)
Pλλ
′
0
(
−1
2
a1(β)ǫ
µ′ν′λ′σ′(k1 − k2)σ′
)
+ 2×
(
1
2
a1(β)ǫ
µνλσ(k1 − k2)σ
)
Pλλ
′
0
(
∆λ
′µ′ν′(k1, k2)−
i
4π2
βǫλ
′µ′ν′σ′ (k1 − k2)σ′
)
. (1.129)
Introduing the expliit expression for a1(β), it is an easy exerise to show the equivalene between S0 and
diagram (A) of Fig. 1.6, with a hoie of the shifting parameter that orresponds to the CVC ondition
(β = −1/2)
S0 ≡
(
∆λµν(−k1,−k2)−
i
8π2
ǫλµνσ(k1 − k2)σ
)
Pλλ
′
0
(
∆λ
′µ′ν′(k1, k2) +
i
8π2
βǫλ
′µ′ν′σ′ (k1 − k2)σ′
)
.
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Figure 1.22: Relevant diagrams for the unitarity hek before symmetry breaking.
(1.130)
1.13.1 Canellation of gauge dependenes in the broken Higgs phase
In this ase we have (see Fig. 1.7)
Sξ = Aξ +Bξ + Cξ +Dξ + Eξ + Fξ +Gξ +Hξ
= ∆λµν(−k1,−k2)
[
−i
k2 − ξBM2B
kλkλ
′
M2B
]
∆λ
′µ′ν′(k1, k2)
+ 4×
(
4
M
α2CAA
)2
ǫµνρσk1ρk2σ
[
i
k2 − ξBM2B
]
ǫµ
′ν′ρ′σ′k1ρ′k2σ′
+ 4× (id1ǫµνλσ(k1 − k2)σ)
[
−i
k2 − ξBM2B
kλkλ
′
M2B
]
(−id1ǫµ
′ν′λ′σ′(k1 − k2)σ′)
+ 2×∆λµν(−k1,−k2)
[
−i
k2 − ξBM2B
kλkλ
′
M2B
]
(−id1ǫµ
′ν′λ′σ′(k1 − k2)σ′)
+ 2× (id1ǫµνλσ(k1 − k2)σ)
[
−i
k2 − ξBM2B
kλkλ
′
M2B
]
∆λ
′µ′ν′(k1, k2)
+ 2×∆µν(−k1,−k2)
(
2i
mf
MB
)[
i
k2 − ξBM2B
](
4
M
α2CAAǫ
µ′ν′ρ′σ′k1ρ′k2σ′
)
+ ∆µν(−k1,−k2)
(
2i
mf
MB
)[
i
k2 − ξBM2B
](
2i
mf
MB
)
∆µ
′ν′(k1, k2)
+ 2×
(
4
M
α2CAAǫ
µνρσk1ρk2σ
)[
i
k2 − ξBM2B
](
2i
mf
MB
)
∆µν(k1, k2). (1.131)
The vanishing of this expression an be heked as in the previous ase, using the massive version of the
anomalous Ward Identities in the triangular graphs involving ∆.
1.13.2 Canellations in the A-B Model: BB → BB mediated by a B gauge
boson
Let's now disuss the exhange of a B gauge boson in the s-hannel before spontaneous symmetry
breaking. The relevant diagrams are shown in Fig. 1.22. We remark, obviously, that eah diagram has
to be inserted with the orret multipliity fator in order to obtain the anellation of the unphysial
poles. In this ase, from Bose-symmetry, the anomaly is equally distributed among the 3 verties,
a1 = a2 = a3 = an/3, as we have disussed above. We reall that from the variations δBLan and δBLb
the relevant terms are
1
3!
δB〈T λµνBBBBλ(z)Bµ(x)Bν(y)〉 =
ig 3B
3!
an〈θB F
B ∧ FB
4
〉
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δB〈CBB
M
bFB ∧ FB〉 = −CBB
M1
M
〈θBFB ∧ FB〉 from δBb = −M1θB ,
(1.132)
so that from the ondition of anomaly anellation we obtain
− CBB
M1
M
+
ig 3B
3!
1
4
an = 0 ⇐⇒ CBB =
ig 3B
3!
1
4
an
M
M1
, (1.133)
whih xes the appropriate value of the oeient of the WZ term. One an easily show the orre-
spondene between a Green-Shwarz term
CBB
M b F
B ∧ FB and a vertex 4CBBM ǫµνρσkρ1kσ2 in momentum
representation, as will be shown in App. 1.16. Taking into aount only the gauge-dependent parts of
the two diagrams, we have that the diagram with the exhange of the gauge boson B an be written as
Aξ = ∆λµ ν(−k1,−k2)
[
− i
k2 − ξBM21
(
kλ kλ
′
M21
)]
∆λ
′ µ′ ν′(k1, k2) (1.134)
and the diagram with the exhange of the axion b is
Bξ = 4×
(
4
M
CBB
)2
ǫµνρσkρ1k
σ
2
(
i
k2 − ξBM21
)
ǫµ
′ν′ρ′σ′kρ
′
1 k
σ′
2 . (1.135)
Using the anomaly equations for the AAA vertex we an evaluate the rst diagram
Aξ =
− i
k2 − ξBM21
1
M21
(
kλ∆λµν
) (
kλ
′
∆λ
′µ′ν′
)
=
− i
k2 − ξBM21
1
M21
(
−( gB)3
an
3
ǫµναβkα1 k
β
2
)(
( gB)
3 an
3
ǫµ
′ν′α′β′kα
′
1 k
β′
2
)
=
i
k2 − ξBM21
1
M21
(an
3
g 3B
)2
ǫµναβ ǫµ
′ν′α′β′ kα1 k
β
2 k
α′
1 k
β′
2 , (1.136)
while the axion exhange diagram gives
Bξ = 4×
(
4CBB
M
)2(
i
k2 − ξBM21
)
ǫµναβ ǫµ
′ν′α′β′ kα1 k
β
2 k
α′
1 k
β′
2
=
64 C 2BB
M2
i
k2 − ξBM21
ǫµναβ ǫµ
′ν′α′β′ kα1 k
β
2 k
α′
1 k
β′
2 . (1.137)
Adding the ontributions from the two diagrams we obtain
Aξ + Bξ = 0 ⇐⇒
1
M21
(an
3
g 3B
)2
+
64 C 2BB
M2
= 0, (1.138)
in fat substituting the proper value for the oeient CBB we obtain an identity
1
M21
a2n
9
g 6B +
64
M2
[
ig 3B
3!
1
4
an
M
M1
]2
=
1
M21
a2n
9
g 6B −
64
M21
1
64
a2n
9
g 6B = 0. (1.139)
This pattern of anellations holds for a massless fermion (mf = 0).
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1.13.3 Gauge anellations in the self-energy diagrams
In this ase, following Fig. 1.9, we isolate the following gauge-dependent amplitudes
Aξ0 = ∆λµν(−k1,−k2)
[
−i
k2 − ξBM2B
(
kλkλ
′
M2B
)]
∆λ
′µ′ν′(k1, k2)P
νν′
o ,
Bξ0 = 4×
(
4
M
α2CAA
)2
ǫµνρσk1ρk2σ
i
k2 − ξBM2B
ǫµ
′ν′ρ′σ′k1ρ′k2σ′ P
νν′
o ,
Cξ0 = ∆µν(−k1,−k2)
(
2i
mf
MB
)
i
k2 − ξBM2B
(
2i
mf
MB
)
∆µ
′ν′(k1, k2)P
νν′
o ,
Dξ0 = 2×
(
4
M
α2CAAǫ
µνρσk1ρk2σ
)
i
k2 − ξBM2B
(
2i
mf
MB
)
∆µ
′ν′(k1, k2)P
νν′
o ,
Eξ0 = 2×∆µν(−k1,−k2)
(
2i
mf
MB
)
i
k2 − ξBM2B
(
4
M
α2CAAǫ
µ′ν′ρ′σ′k1ρ′k2σ′
)
P νν
′
o ,
(1.140)
so that using the anomaly equations for the triangles
kλ
′
∆λ
′µ′ν′(k1, k2) = a3(β)ǫ
µ′ν′ρ′σ′k1ρ′k2σ′ + 2mf∆
µ′ν′ ,
kλ∆λµν (−k1,−k2) = −a3(β)ǫµνρσk1ρk2σ − 2mf∆µν ,
and substituting the appropriate value for the WZ oeient, with the rotation oeient of the axion
b to the Goldstone boson given by α2 = M1/MB, one obtains quite straightforwardly that the ondition
of gauge independene is satised
Aξ0 + Bξ0 + Cξ0 +Dξ0 + Eξ0 = 0. (1.141)
1.14 Appendix. Ward Identities on the tetragon
As we have seen in the previous setions, the shift dependene from the anomaly on eah vertex, pa-
rameterized by β, β1, β2, drops in the atual omputation of the unitarity onditions on the s-hannel
amplitudes, whih learly signals the irrelevane of these shifts in the atual omputation, as far as the
Bose symmetry of the orresponding amplitudes that assign the anomaly on eah vertex onsistently, are
respeted. It is well known that all the ontribution of the anomaly in orrelators with more external
legs is taken are of by the orret anomaly anellation in three-point funtion. It is instrutive to
illustrate, for generi shifts, hosen so to respet the symmetries of the higher point funtions, how a
similar patterns holds. This takes plae sine anomalous Ward Identities for higher-order orrelators are
expressed in terms of standard triangle anomalies. This analysis and a similar analysis of other diagrams
of this type, whih we have inluded in an appendix, is useful for the investigation of some rare Z deays
(suh as Z → γγγ) whih takes plae with an on-shell Z boson.
Then let's onsider the tetragon diagram BAAA shown in Fig. 1.23, where B, being haraterized by
an axial-vetor oupling, generates an anomaly in the related WI. We have the fermioni trae
∆λµνρ(k1, k2, k3) = ∆
λµνρ
(k1, k2, k3) + perm. (1.142)
where perm. means permutations of {(k1, µ), (k2, ν), (k3, ρ)}. One ontribution to the axial WI omes
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Figure 1.23: The tetragon ontribution.
= − +
5 5
p − k1
p − k
p − k1 p − k1 − k2
k3
k1 k2
k2
p
p−k1−k2
k1+ k2 k2 +  k3
(A) (B)
Figure 1.24: Momenta distribution for the external lines in a WI.
for instane from
kλTr
[
γλγ5
1
p/ − k/ γ
ρ 1
p/ − k/1 − k/2
γν
1
p/ − k/1
γµ
1
p/
]
= Tr
[
k/ γ5
1
p/ − k/ γ
ρ 1
p/ − k/1 − k/2
γν
1
p/ − k/1
γµ
1
p/
]
= −Tr
[
γ5
1
p/
γρ
1
p/ − k/1 − k/2
γν
1
p/ − k/1
γµ
]
+Tr
[
γ5
1
p/ − k/ γ
ρ 1
p/ − k/1 − k/2
γν
1
p/ − k/1
γµ
]
, (1.143)
whih has been rearranged in terms of triangle anomalies using
1
p/
k/ γ5
1
p/ − k/ = γ
5 1
p/ − k/ − γ
5 1
p/
. (1.144)
Relation (1.143) is diagrammatially shown in Fig. 1.24. Expliitly these diagrammati equations beome
kλ∆
λµνρ
= −∆ ρµν(k1, k2) + ∆µνρ(β1, k2, k3),
kλ∆
λµρν
= −∆ νµρ(k1, k3) + ∆µρν(β2, k3, k2),
kλ∆
λνρµ
= −∆µνρ(k2, k3) + ∆ νρµ(β3, k3, k1),
kλ∆
λνµρ
= −∆ ρνµ(k2, k1) + ∆ νµρ(β4, k1, k3),
kλ∆
λρµν
= −∆ νρµ(k3, k1) + ∆ ρµν(β5, k1, k2),
kλ∆
λρνµ
= −∆µρν(k3, k2) + ∆ ρνµ(β6, k2, k1),
(1.145)
where the usual (diret) triangle diagram is given for instane by
∆
µνρ
=
∫
d4p
(2π)4
Tr
[
γµγ5
1
p/ − k/ γ
ρ 1
p/ − k/1 − k/2
γν
1
p/ − k/1
]
. (1.146)
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Figure 1.25: The tetragon diagram in the non-Abelian ase.
Adding all the ontributions we have
kλ∆λµνρ(k1, k2, k3) = [∆
ρµν (β5, β6, k1, k2) + ∆
νµρ(β3, β4, k1, k3) + ∆
µνρ(β1, β2, k2, k3)]
− [∆ρµν(k1, k2) + ∆νµρ(k1, k3) + ∆µνρ(k2, k3)] . (1.147)
At this point, to show the validity of the WI independently of the hosen value of the CS shifts, we reall
that under some shifts
∆µνρ(β1, β2, k2, k3) = ∆
µνρ(k2, k3)− i(β1 + β2)
4π2
ǫµνρσ(kσ2 − kσ3 )
∆νµρ(β3, β4, k2, k3) = ∆
νµρ(k1, k3)− i(β3 + β4)
4π2
ǫνµρσ(kσ1 − kσ3 )
∆ρµν(β5, β6, k1, k2) = ∆
ρµν (k1, k2)− i(β5 + β6)
4π2
ǫρµνσ(kσ1 − kσ2 ),
(1.148)
and redening the shifts by setting
β5 + β6 = β1 β1 + β2 = β3 β3 + β4 = β2 (1.149)
we obtain
kλ∆λµνρ(k1, k2, k3) = − i
4π2
[
β1ǫ
ρµνσ(kσ1 − kσ2 ) + β2ǫνµρσ(kσ1 − kσ3 ) + β3ǫµνρσ(kσ2 − kσ3 )
]
. (1.150)
Finally, using the Bose symmetry on the r.h.s. (indies µ, ν, ρ) of the original diagram we obtain
β1 = β2 = β3, (1.151)
whih is the orret WI: kλ∆λµνρ = 0. We have shown that the orret hoie of the CS shifts in
tetragon diagrams, xed by the requirements of Bose symmetries of the orresponding amplitude and of
the underlying three-point funtions, gives the orret Ward Identities for these orrelators. This is not
unexpeted, sine the anomaly appears only at the level of three-point funtions, but shows how one an
work in full generality with these amplitudes and determine their orret struture. It is also interesting
to underline the modiations that take plae one this study is extended to the non-Abelian ase. In
this ase (shown in Fig. 1.25) one obtains the same result already shown for the axial Abelian WI, but
modied by olor fators. We obtain
Tr({T a, T b}T c) [−∆ρµν +∆ρµν(β)] + Tr({T c, T b}T a) [−∆µνρ +∆µνρ(β)]
+Tr({T a, T c}T b) [−∆νµρ +∆νµρ(β)]
= dabc [−∆ρµν +∆ρµν(β)] + dcba [−∆µνρ +∆µνρ(β)] + dacb [−∆νµρ +∆νµρ(β)], (1.152)
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where we have used the usual denition of the symmetri d-tensor
dabc = Tr(
{
T a, T b
}
T c). (1.153)
Simple manipulations give a result whih is proportional to the result of the Abelian ase
dabc([−∆ρµν +∆ρµν(β)] + [−∆µνρ +∆µνρ(β)] + [−∆νµρ +∆νµρ(β)]). (1.154)
The vanishing of the shift-dependene is related to the Bose symmetry under exhange of the indies
{(a, µ, k1), (b, ν, k2), (c, ρ, k3)}.
This result is learly expeted, sine the gauge urrent of B is Abelian and behaves as a gauge-singlet
urrent under the gauge interation of A, the latter having been promoted to a non-Abelian urrent.
1.15 Appendix. DR-HVBM
In this appendix we give some of the details for the omputation of the diret plus exhanged diagrams
in Dimensional Regularization using the HVBM sheme for a partially antiommuting γ5 [45, 46℄. There
are various results presented in the previous literature on the omputation of these diagrams, most of
them using a momentum shift without atually enforing a regularization, shift that brings the anomaly
ontribution to the axial-vetor vertex of the triangle diagram, keeping the vetorWard Identities satised,
whih takes to Rosenberg's parameterization (1.120). We ll this gap by showing how the regularization
works using an arbitrary tensor struture T λµν rather than salar amplitudes. We also keep the mass of
the fermion arbitrary, so to obtain a general result onerning the mass dependene of the orretions
to the anomaly ontributions. We remind that momentum shift are allowed in DR-HVBM, one the
integration measure is extended from 4 to n = 4− ǫ dimensions and the Feynman parametrization an be
used to redue the integrals into symmetri forms. Symmetri integration an then be used exatly as in
the standard DR ase, but with some attention on how to treat the Lorentz indies in the two subspaes
of dimensions 4 and n− 4, introdued by the regularization. These points are illustrated below.
In the following we will use the notation Ixy to denote the parametri integration after performing
the loop integral
Ixy [...] ≡ 2
∫ 1
0
∫ 1−x
0
dy [...] . (1.155)
There are various ways to implement γ5 in D-dimensions, but the presription that works best and
is not so diult to implement is the t'Hooft-Veltman-Breitenlohner-Maison (simply denoted as HVBM)
presription. In the HVBM presription γ5 is only partially antiommuting. The gamma algebra in this
ase is split into n = 4+ (n− 4), and the indies of the matries are split aordingly: µ = (µ˜, µˆ). There
are now two subspaes, and the indies arrying a˜are the 4-dimensional ones. The 4-dimensional part
of the algebra is the same as usual, but now
[
γµˆ, γ5
]
+
= 0, (1.156)
where the ommutators have been replaed by antiommutators. It is important to larify some points
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regarding the use of symmetri integration. We reall that in DR the use of symmetri integration gives∫
dnq
qαˆ, qα˜
(q2 −∆)L = 0, (1.157)
and ∫
dnq
qµˆqνˆ
(q2 −∆)L = g
µˆνˆ
∫
dnq
q2/n
(q2 −∆)L
,∫
dnq
qµ˜qν˜
(q2 −∆)L = g
µ˜ν˜
∫
dnq
q2/n
(q2 −∆)L . (1.158)
Integrals involving mixed indies are set to vanish. We now summarize other properties of this regular-
ization. We denote by
gµν , g˜µν , gˆµν (1.159)
respetively the n -, 4 - and (n-4) -dimensional parts of the metri tensor. An equivalent notation is to
set gˆµν = gµˆνˆ and g˜µν = gµ˜ν˜ , γ
µˆ = γˆµ, et. The ontration rules are
gµµ = n, gµλg
λ
ν = gµν , gˆ
µ
µ = n− 4, g˜µµ = 4, g˜µλgˆλν = 0. (1.160)
Other properties of this regularization follow quite easily. For instane, from
γ˜µ = γ
σ g˜σµ, γˆ
µ = γλgˆ
λµ, (1.161)
using (1.160) it follows straightforwardly that
γ˜µγa1γa2 ...γaD γˆ
µ = 0,
γµγa1γa2 ...γaD γˆ
µ = γˆµγa1γa2 ...γaD γˆ
µ. (1.162)
The denition of γ5 involves an antisymmetrization over the basi gamma matries
γ5 ≡ i
4!
ǫµνρσγ
µγνγργσ. (1.163)
The denition is equivalent to the standard one γ5 = iγ0γ1γ2γ3. The ǫ-tensor is a 4-dimensional projetor
that selets only the˜indies of a ontration,
ǫµνρσγ
µγνγργσ = ǫµ˜ν˜ρ˜σ˜γ
µ˜γ ν˜γρ˜γσ˜. (1.164)
It is then easy to show that with this denition
{γ5, γ˜µ} = 0, [γ5, γˆµ] = 0. (1.165)
These two relations an be summarized in the statement
{γ5, γµ} = 2γˆµγ5. (1.166)
We ompute the traes and remove the hat-momenta of the two external vetor urrents. We illustrate
some steps of the omputation. We denote by I[...] a typial momentum integral that appears in the
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omputation
I[...] ≡
∫
dnq
(2π)n
[...]
(q2 −∆)3 , (1.167)
setting n = 4− ǫ, for instane we get
I [ǫ[k1, k2, µ, ν]] qˆλ = 0,
I [ǫ[k2, λ, µ, ν]] qˆ · qˆ = ǫ[k2, λ, µ, ν](n− 4)I2,
I [ǫ[k2, q, µ, ν]] qˆλ = 0,
I [ǫ[k1, q, µ, ν]] q˜λ = ǫ[k1, λ, µ, ν]I2,
I [ǫ[k2, q, µ, ν]] qλ = ǫ[k2, λ, µ, ν]I2. (1.168)
Denoting by D and E the diret and the exhanged diagram (before the integration over the Feynman
parameters x,y), we obtain
D + E = −iIxy [a1c1 + a2c2 + a3c3 + a4c4 + a5c5] , (1.169)
where
c1 = −4iI2[n(−2 + x+ y) + 2(2 + x+ y)]
+4iI1[m
2
f (−2 + x+ y) + sx(1 − x+ xy − y + y2)],
c2 = −c1,
c3 = 8iI1x(x − y − 1)(k1λ + k2λ),
c4 = 8iI1(x + y − 1)(yk1µ − xk2µ),
c5 = 8iI1(x + y − 1)(xk1ν − yk2ν),
a1 = ǫ[k1, λ, µ, ν],
a2 = ǫ[k2, λ, µ, ν],
a3 = ǫ[k1, k2, µ, ν],
a4 = ǫ[k1, k2, λ, ν],
a5 = ǫ[k1, k2, λ, µ],
(1.170)
and introduing the dimensionally regulated expressions of I1 and I2 and expanding in ǫ we obtain
c1 =
1
ǫ
3x+ 3y − 2
4π2
+
x(x+ y − 1)(2y − 1)s+ (3x+ 3y − 2)
(
sxy −m2f
)
log
(
m2f−sxy
µ2
)
8π2
(
m2f − sxy
) ,
c3 = − x(x − y − 1)
4π2(sxy −m2f )
(k1λ + k2λ) ,
c4 =
(x+ y − 1)(k2µx− k1µy)
4π2
(
sxy −m2f
) ,
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c5 = − (x+ y − 1)(k1νx− k2νy)
4π2
(
sxy −m2f
) , (1.171)
where µ is the renormalization sale in theMS sheme with µ 2 = µ2eγ/(4π) and γ is the Euler-Masheroni
onstant. The pole singularity is related to tensor strutures whih have a lower mass dependene on k1
and k2 (a1 and a2) whih involve loop integrations with an additional powers of q and are, therefore, UV
divergent. However, the pole ontributions vanish after integration over the Feynman parameter, sine
Ixy [3x+ 3y − 2] = 0. (1.172)
Performing the integration over the Feynman parameters we obtain the result reported below in Eq. (1.181).
1.15.1 The vanishing of a massive AAV/VVV
The vanishing of AAV in DR in the general ase (with non-vanishing fermion masses) an be established
by a diret omputation, beside using C-invariane (Furry's theorem). The vanishing of this diagram is
due to the spei form of all the Feynman parameters whih multiply every ovariant struture in
the orresponding tensor amplitude. Denoting by Xλµν any of these generi strutures, the parametri
integral is of the form
∆λµνAAV = X
λµν
∫ 1
0
dx
∫ 1−x
0
dy
f(x, y)
∆(x, y)
+ . . . (1.173)
with f(x, y) antisymmetri in x, y and ∆(x, y) symmetri, giving a vanishing result. For VVV the result
is analogous.
1.15.2 AVV and shifts
If we deide to use a shift parameterization of the diagrams then the two values of the amplitudes a1
and a2, are arbitrary. This point has been disussed in the previous setions, although here we need to
disuss with further detail and inlude in our analysis fermion mass eets as well. However, the use of
Dimensional Regularization is suh to determine an equal distribution of the anomaly among diagrams of
the form AAA, no matter whih parameterization of the momentum we hoose in the graph. Therefore,
in this ase, if a urrent is onserved, there is no need to add CS interations or, equivalently, perform a
shift in order to remove the anomaly from verties whih are vetor-like.
The rst signiant parameterization of the anomalus diagram an be found in Rosenberg's paper,
later used by Adler in his work on the axial anomaly. The shift is xed by requiring CVC, whih is
pratial matter rather than a fundamental issue. We will show that this method an be mapped into
the DR-HVBM result using the Shouten identity. We start from Rosenberg's parameterization
T λµν = A1ǫ[k1, µ, ν, λ] +A2ǫ[k2, µ, ν, λ] +A3ǫ[k1, k2, µ, λ]k1
ν +A4ǫ[k1, k2, µ, λ]k
ν
2
+A5ǫ[k1, k2, ν, λ]k
µ
1 +A6ǫ[k1, k2, ν, λ]k
µ
2 (1.174)
given in [42℄. By power-ounting, two invariant amplitudes are divergent, A1 and A2, while the Ai with
i ≥ 3 are nite5. In general A1 and A2 are given by parametri integrals whih are divergent and there
are two free parameters in these integrals, amounting to momentum shifts, that an be hosen to render
5
We will be using the notation ǫ[a, b, µ, ν] ≡ ǫαβµνaαbβ to denote the strutures in the expansion of the anomalous
triangle diagrams
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A1 and A2 nite. It is possible to redene the momentum shifts so that the divergenes are removed, and
this an be obtained by imposing the dening Ward Identities (onservation of the two vetor urrents)
in the diagrams
k1µT
λµν = k2νT
λµν = 0. (1.175)
This gives A1 = s/2 A3 and A2 = s/2 A6. The expressions of the invariant amplitudes Ai are given in
Rosenberg as impliit parametri integrals. They an be arranged in the form
A1 = − i
4π2
+ iC0(m
2
f , s)
A2 =
i
4π2
− iC0(m2f , s)
A3 = − i
2sπ2
+
2i
s
C0(m
2
f , s)
A4 =
i
sπ2
− if(m2f , s)
A5 = −A4
A6 = −A3 (1.176)
where we have isolated the mass-independent ontributions, whih will appear in the anomaly, from the
mass orretions dependent on the fermion mass (mf ), and we have dened
C0(m
2
f , s) =
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2sπ2
+
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2sπ2
, (1.177)
f(m2f , s) =
√
1− 4m2f/s tanh−1
(
1√
1−4m2
f
/s
)
sπ2
. (1.178)
Eqs. (1.177) and (1.178) have been obtained integrating the parametri expressions of Rosenberg.
The axial vetor WI is obtained from the ontration
(k1λ + k2λ)T
λµν
=
(
− i
2π2
+
iLi2
(
2
1−
√
1−4m2
f
/s
)
m2f
sπ2
+
iLi2
(
2
1+
√
1−4m2
f
/s
)
m2f
sπ2
)
ǫ[k1, k2, µ, ν]
=
(
− i
2π2
+ 2 i C0(m
2
f , s)
)
× ǫ[k1, k2, µ, ν] (1.179)
where the rst ontribution is the orret value of the anomaly. The remaining term, expressed in terms
of dilogarithmi funtions, is related to the salar three-point funtion, as shown below.
1.15.3 DR-HVBM sheme
1.15.3.1 The AVV diagram
In this ase if we use DR we obtain
Tλµν = −iτ1
(
ǫ[k1, λ, µ, ν]− ǫ[k2, λ, µ, ν]
)
− iτ2 (k1λ + k2λ) ǫ[k1, k2, µ, ν]
−iτ3 (k1µ − k2µ) ǫ[k1, k2, λ, ν]− iτ3 (k1ν − k2ν) ǫ[k1, k2, λ, µ] (1.180)
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τ1 = −
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
4sπ2
−
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
4sπ2
+
3
8π2
−
√
4m2f/s− 1 tan−1
(
1√
4m2
f
/s−1
)
4π2
τ2 = −
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2s2π2
−
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2s2π2
+
√
4m2f/s− 1 tan−1
(
1√
4m2
f
/s−1
)
2sπ2
− 1
4sπ2
τ3 =
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2s2π2
+
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2s2π2
+
√
4m2f/s− 1 tan−1
(
1√
4m2
f
/s−1
)
2sπ2
− 3
4sπ2
. (1.181)
The expressions above require a suitable analyti ontinuation in order to over all the kinemati range of
the external invariant (virtuality) s. The position of the branh ut in the physial region is at
√
s = 2m,
orresponding to an s-hannel ut, where the virtual axial-vetor line an produe two on-shell ollinear
massive fermions.
It is interesting to see how the vetor and the axial-vetor Ward Identities are satised for a generi
fermion mass m. For the vetor WI we get
k1µT
µνλ =
i
2
(τ3s+ 2τ1) ǫ[k1, k2, λ, ν]
k2νT
µνλ = − i
2
(τ3s+ 2τ1) ǫ[k1, k2, λ, ν]. (1.182)
One an hek diretly that the ombination (τ3s+ 2τ1) vanishes so that k1µT
µνλ = k2νT
µνλ = 0.
The seond and third term in (1.179) are related to the salar three-point funtion
C00(k
2, k21 , k
2
2 ,m
2
f ,m
2
f ,m
2
f ) =
∫
d4q
1(
q2 −m2f
)(
(q + k1)2 −m2f
)(
(q + k1 + k2)2 −m2f
)
(1.183)
C00(k
2, 0, 0,m2f ,m
2
f ,m
2
f ) = −
1
k2
(
Li2
(
1
r1
)
+ Li2
(
1
r2
))
r1,2 =
1
2
1±
√
1− 4m
2
f
k2

(1.184)
giving the equivalent relation
(k1λ + k2λ)T
λµν =
− i2π2 +
iLi2
(
2
1−
√
1−4m2
f
/s
)
m2f
sπ2
+
iLi2
(
2
1+
√
1−4m2
f
/s
)
m2f
sπ2
 ǫ[k1, k2, µ, ν].
(1.185)
Our result for T λµν an be easily mathed to other parameterizations obtained by a shift of the momentum
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in the loop integral performed in 4 dimensions. We reall that in this ase one needs to impose the dening
Ward Identities on the amplitude, rather than obtaining them from a regularization, as in the ase of the
HVBM sheme. Before doing this, we present the analytially ontinued expressions of (1.181) whih are
valid for
√
s > 2mf and are given by
τ1 = −1
2
C0(s,m
2
f ) +
3
8π2
− 1
4π2
√
1− 4m2f/s tanh−1
 1√
1− 4m2f/s

= −1
2
C0(s,m
2
f ) +
3
8π2
− s
4
f(m2f , s),
τ2 = −1
s
C0(s,m
2
f )−
1
4sπ2
+
1
2sπ2
√
1− 4m2f/s tanh−1
 1√
1− 4m2f/s

= −1
s
C0(s,m
2
f )−
1
4sπ2
+
1
2
f(m2f , s),
τ3 =
1
s
C0(s,m
2
f )−
3
4sπ2
+
1
2sπ2
√
1− 4m2f/s tanh−1
 1√
1− 4m2f/s

=
1
s
C0(s,m
2
f )−
3
4sπ2
+
1
2
f(m2f , s). (1.186)
1.15.3.2 The AAA diagram
The seond ase that needs to be worked out in DR is that of a triangle diagram ontaining three axial-
vetor urrents. We use the HVBM sheme for γ5. The analysis is pretty similar to the ase of a single
γ5. In this ase we obtain
T λµν3 = −i
(
Ixy[c1]ǫ[k1, λ, µ, ν] + Ixy[c2]ǫ[k2, λ, µ, ν] + Ixy[c3]ǫ[k1, k2, µ, ν]
(
kλ1 + k
λ
2
)
+Ixy[c
µ
4 ]ǫ[k1, k2, λ, ν] + Ixy[c
ν
5 ]ǫ[k1, k2, λ, µ]) (1.187)
where Ixy is the integration over the Feynman parameters. Also in this ase the oeients c1 and c2 are
divergent and are regulated in DR. We obtain
c1 = 4i
(
I2(n− 6)(3x+ 3y − 2) + I1
(
(−3x− 3y + 2)m2f + sx
(
y2 − y + x(y − 1) + 1)))
c2 = −c1
c3 = 8iI1x(x − y − 1)
c4 = −8iI1(x+ y − 1)(xk2µ − yk1µ)
c5 = 8iI1(x+ y − 1)(xk1ν − yk2ν), (1.188)
whih in DR beome
c1 =
3x+ 3y − 2
4π2ǫ
+
(3x+ 3y − 2)
(
sxy −m2f
)
log
(
m2f−sxy
µ2
)
− sx(x+ y − 1)(2y + 1)
8π2
(
m2f − sxy
)
c3 =
x(x − y − 1)
4π2
(
m2f − sxy
)
c4 = − (x+ y − 1)(k2
µx− k1µy)
4π2
(
m2f − sxy
)
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c5 =
(x+ y − 1)(k1νx− k2νy)
4π2
(
m2f − sxy
) . (1.189)
After integration over x and y the pole ontribution vanishes. We obtain
T
(3)
λµν = −i
(
τ
(3)
1 (ǫ[k1, λ, µ, ν]− ǫ[k2, λ, µ, ν]) + τ (3)2 (k1λ + k2λ) ǫ[k1, k2, µ, ν]
+τ
(3)
3 (k1µ − k2µ) ǫ[k1, k2, λ, ν] + τ (3)3 (k1ν − k2ν) ǫ[k1, k2, λ, µ]
)
, (1.190)
τ
(3)
1 =
3Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
4sπ2
+
3Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
4sπ2
+
(
64m4f/s
2 − 20m2f/s+ 1
)
tan−1
(
1√
4m2
f
/s−1
)
4π2
√
4m2f/s− 1
− 4m
2
f
sπ2
+
5
24π2
, (1.191)
τ
(3)
2 = −
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2s2π2
−
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2s2π2
+
√
4m2f/s− 1 tan−1
(
1√
4m2
f
/s−1
)
2sπ2
− 1
4sπ2
, (1.192)
τ
(3)
3 =
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2s2π2
+
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2s2π2
+
√
4m2f/s− 1 tan−1
(
1√
4m2
f
/s−1
)
2sπ2
− 3
4sπ2
. (1.193)
We present the analytially ontinued expressions of relations (1.191, 1.192, 1.193) valid for
√
s > 2mf
τ
(3)
1 =
3Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
4sπ2
+
3Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
4sπ2
−
(
64m4f/s
2 − 20m2f/s+ 1
)
tanh−1
(
1√
1−4m2
f
/s
)
4π2
√
1− 4m2f/s
− 4m
2
f
sπ2
+
5
24π2
, (1.194)
τ
(3)
2 = −
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2s2π2
−
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2s2π2
+
√
1− 4m2f/s tanh−1
(
1√
1−4m2
f
/s
)
2sπ2
− 1
4sπ2
, (1.195)
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τ
(3)
3 =
Li2
(
2
1−
√
1−4m2
f
/s
)
m2f
2s2π2
+
Li2
(
2
1+
√
1−4m2
f
/s
)
m2f
2s2π2
+
√
1− 4m2f/s tanh−1
(
1√
1−4m2
f
/s
)
2sπ2
− 3
4sπ2
. (1.196)
In the massless ase, the ontribution to the WI is given by
kλ3T
AAA
λµν = −
i
6π2
ǫ[k1, k2, µ, ν]
kµ1T
AAA
λµν = −
i
6π2
ǫ[k2, k3, ν, λ]
kν2T
AAA
λµν = −
i
6π2
ǫ[k3, k1, λ, µ] (1.197)
where we have hosen a symmetri distribution of (outgoing) momenta (k1, k2, k3) attahed to verties
(µ, ν, λ), with k3 = −k = −k1 − k2.
1.15.4 Equivalene of the shift-based (CVC) and of DR-HVBM shemes
The equivalene between the HVBM result and the one obtained using the dening Ward Identities
(1.176) an be shown using the Shouten relation
kµ1i ǫ[µ2, µ3, µ4, µ5] + k
µ2
i ǫ[µ3, µ4, µ5, µ1] + k
µ3
i ǫ[µ4, µ5, µ1, µ2]
+kµ4i ǫ[µ5, µ1, µ2, µ3] + k
µ5
i ǫ[µ1, µ2, µ3, µ4] = 0, (1.198)
that allows to remove the kλ1,2 terms in terms of other ontributions
kλ1 ǫ[k1, k2, µ, ν] =
s
2
ǫ[k1, µ, ν, λ]− kµ1 ǫ[k1, k2, ν, λ] + kν1 ǫ[k1, k2, µ, λ]
kλ2 ǫ[k1, k2, µ, ν] = −
s
2
ǫ[k2, µ, ν, λ]− kµ2 ǫ[k1, k2, ν, λ] + kν2 ǫ[k1, k2, µ, λ]. (1.199)
The result in the HBVM sheme then beomes
T λµν = −i
(
τ1 +
s
2
τ2
)
ǫ[k1, µ, ν, λ]− i
(
−τ1 − s
2
τ2
)
ǫ[k2, µ, ν, λ]
−i (τ2 − τ3) ǫ[k1, k2, µ, λ]k1ν − i (τ2 + τ3) ǫ[k1, k2, µ, λ]kν2
−i (−τ2 − τ3) ǫ[k1, k2, ν, λ]kµ1 − i (τ3 − τ2) ǫ[k1, k2, ν, λ]kµ2 (1.200)
and it is easy to hek using (1.176) and (1.186) that the invariant amplitudes given above oinide with
those given by Rosenberg. Therefore we have the orrespondene
A1 = −i(τ1 + s
2
τ2)
A2 = −i(−τ1 − s
2
τ2)
A3 = −i(τ2 − τ3)
A4 = −i(τ2 + τ3)
A5 = −i(−τ2 − τ3)
A6 = −i(τ3 − τ2). (1.201)
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A similar orrespondene holds between the Rosenberg parameterization of AAA and the orresponding
DR-HVBM result
A
(3)
1 = −i(τ (3)1 +
s
2
τ2)
A
(3)
2 = −i(−τ (3)1 −
s
2
τ
(3)
2 )
A
(3)
3 = −i(τ (3)2 − τ (3)3 )
A
(3)
4 = −i(τ (3)2 + τ (3)3 )
A
(3)
5 = −i(−τ (3)2 − τ (3)3 )
A
(3)
6 = −i(τ (3)3 − τ (3)2 ). (1.202)
1.16 Appendix. The Chern-Simons and Wess-Zumino verties
The derivation of the CS vertex is straightforward and is given by∫
dx dy dz T λµνCS (z, x, y)B
λ(z)Aµ(x)Aν (y)
=
∫
dx dy dz
∫
dk1
(2π)4
dk2
(2π)4
e−ik1(x−z)−ik2(y−z) ǫλµνα (kα1 − kα2 )Bλ(z)Aµ(x)Aν (y)
=
∫
dx dy dz i
(
∂
∂xα
− ∂
∂yα
)(∫
dk1
(2π)4
dk2
(2π)4
e−ik1(x−z)−ik2(y−z)
)
Bλ(z)Aµ(x)Aν(y)ǫλµνα
= (−i)
∫
dx dy dz
∫
dk1 dk2
(2π)8
e−ik1(x−z)−ik2(y−z)Bλ(z)
(
∂
∂xα
Aµ(x)Aν (y)− ∂
∂yα
Aν(y)Aµ(x)
)
ǫλµνα
= (−i)
∫
dx dy dz δ(x− z)δ(y − z)Bλ(z)
(
∂
∂xα
Aµ(x)Aν (y)− ∂
∂yα
Aν(y)Aµ(x)
)
ǫλµνα
= i
∫
dxAλ(x)Bν(x)FAρσ(x)ǫ
λνρσ . (1.203)
Proeeding in a similar way we obtain the expression of the Wess-Zumino vertex∫
dx dy dz
∫
d4k1
(2π)4
d4k2
(2π)4
ǫµνρσkρ1k
σ
2 e
−ik1·(x−z)−ik2·(y−z) b(z)Bµ(x)Bν(y)
=
∫
dx dy dz
∫
d4k1
(2π)4
d4k2
(2π)4
ǫµνρσ
(
1
−i
)
∂
∂xρ
e−ik1·(x−z)
(
1
−i
)
∂
∂yσ
e−ik2·(y−z) b(z)Bµ(x)Bν (y)
= (−1)
∫
dx dy dz δ(4)(x− z)δ(4)(y − z) b(z) ∂B
µ
∂xρ
(x)
∂Bν
∂y σ
(y) ǫµνρσ
= −1
4
∫
dx b(x)FBρµ(x)F
B
σν (x) ǫ
µνρσ =
1
4
∫
dx b FBρµ F
B
σν ǫ
ρµσν
(1.204)
so that we nd the following orrespondene between Minkowsky spae and momentum spae for the
Green-Shwarz vertex
4 ǫµνρσ kρ1k
σ
2 ↔ bFB ∧ FB. (1.205)
1.17 Appendix. Computation of the Eetive Ation
In this appendix we illustrate the derivation of the variation of the eetive ation for typial anomalous
ontributions involving AVV and AAA diagrams. We onsider the ase of the A-B Model desribed in
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the rst few setions. We reall that we have the relations
δBµ = ∂µθB δA
µ = ∂µθA. (1.206)
We obtain the following gauge variations
δBSBAA = δB
∫
dx dy dz T λµν
AVV
(z, x, y)Bλ(z)Aµ(x)Aν(y)
= −
∫
dx dy dz ∂zλT
λµν
AVV
(z, x, y)Aµ(x)Aν(y) θB(z)
= −ia3(β)ǫµναβ
∫
dx dy dz ∂xα∂yβ [δ(x − z) δ(y − z)]Aµ(x)Aν(y)θB(z)
= −ia3(β)ǫµναβ
∫
dx ∂xαA
µ(x) ∂xβA
ν(x) θB(x)
= i
a3(β)
4
∫
dx θB F
A
αµF
A
βνǫ
αµβν , (1.207)
δASBAA = δA
∫
dx dy dz T λµν
AVV
(z, x, y)Bλ(z)Aµ(x)Aν(y)
= −
∫
dx dy dz ∂xµT
λµν
AVV
(z, x, y)Bλ(z) θA(x)A
ν(y)
−
∫
dx dy dz ∂y νT
λµν
AVV
(z, x, y)Bλ(z)Aµ(x) θA(y)
= ia1(β)ǫ
λναβ
∫
dx dy dz ∂xα∂y β [δ(x− z) δ(y − z)]Bλ(z) θA(x)Aν(y)
= −ia1(β)ǫλναβ
∫
dx ∂xαB
λ(x) ∂xβA
ν(x) θA(x)
+ia1(β)ǫ
λµαβ
∫
dx ∂xβ B
λ(x) ∂xα A
µ θA(x)
= i
a1(β)
4
2
∫
dx θA F
B
αλF
A
βν ǫ
αλβν . (1.208)
1.18 Appendix. Deay of the axi-Higgs: the pseudosalar trian-
gle χBB
The omputation is standard and the result is nite. There are no problems with the handling of γ5 and
so we an stay in 4 dimensions.
We rst ompute the triangle diagram with the position of zero mass fermion mf = 0∫
d4q
(2π)4
Tr
[
γ5(q/ − k/ )γν(q/ − k1/ )γµq/
]
q2(q − k)2(q − k1)2 + exh. (1.209)
whih trivially vanishes beause of the γ-algebra. Then the relevant ontribution to the diagram omes
to be proportional to the mass mf 6= 0, as we are now going to show.
We set k = k1 + k2 and set on-shell the B-bosons: k
2
1 = k
2
2 = M
2
B, so that k
2 = 2M2B + 2k1 · k2 = m2χ
The diagram now beomes∫
d4q
(2π)4
Tr
[
γ5(q/ − k/ +mf )γν(q/ − k1/ +mf )γµ(q/ +mf )
][
q2 −m2f
] [
(q − k)2 −m2f
] [
(q − k1)2 −m2f
]
+ exh. (1.210)
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Using a Feynman parameterization we obtain
= 2
∫ 1
0
dx
∫ 1−x
0
1[
q2 − 2q[k2y + k1(1− x)] + [ ym2χ −m2f +m2B(1− x− y) ]
]3
= 2
∫ 1
0
dx
∫ 1−x
0
dy
1
[q2 − 2qΣ+D]3 = 2
∫ 1
0
dx
∫ 1−x
0
dy
1
[(q − Σ)2 − (Σ2 −D) ]3
= 2
∫ 1
0
dx
∫ 1−x
0
dy
1
[(q − Σ)2 −∆ ]3 . (1.211)
We dene
Σ = yk2 + k1(1 − x) (1.212)
and
D = ym2χ −m2f +M2B(1− x− y), (1.213)
for the diret diagram and the funtion
∆ = Σ2 −D = m2f − x ym2χ +m2B(x+ y)2 − xM2B − ym2B ≡ ∆(x, y,mf ,mχ,MB) (1.214)
and perform a shift of the loop momentum
q′ = q − Σ (1.215)
obtaining
2
∫ 1
0
dx
∫ 1−x
0
dy
∫
dDq
(2π)D
Tr[γ5(q/ +Σ/ − k/ +mf )γν(q/ +Σ/ − k1/ +mf )γµ(q/ +Σ/ +mf )]
[q2 −∆]3
(1.216)
Using symmetri integration we an drop linear terms in q, together with qµqν = 1D q
2gµν . Adding the
exhanged diagram and after a routine alulation we obtain the amplitude for the deay
∆µν = ǫαβµνkα1 k
β
2mf
(
1
2π2
)
I(mf ,mχ,mB) (1.217)
with
I =
∫ 1
0
dx
∫ 1−x
0
dy
1
∆(x, y,mf ,mχ,mB)
. (1.218)
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Chapter 2
Stükelberg Axions and the Eetive
Ation of Anomalous Abelian Models 2.
A SU(3)C × SU(2)W × U(1)Y × U(1)B
Model and its signature at the LHC
2.1 Introdution to the hapter
Among the possible extensions of the Standard Model (SM), those where the SU(3)C × SU(2)W ×
U(1)Y gauge group is enlarged by a number of extra U(1) symmetries are quite attrative for being
modest enough departures from the SM so that they are omputationally tratable, but at the same
time preditive enough so that they are interesting and even perhaps testable at the LHC. Of partiular
popularity among these have been models where at least one of the extra U(1)'s is "anomalous", that is,
some of the fermion triangle loops with gauge boson external legs are non-vanishing. The existene of
this possibility was notied in the ontext of the (ompatied to four dimensions) heteroti superstring
where the stability of the supersymmetri vauum [47, 48℄ an trigger in the four-dimensional low energy
eetive ation a non-vanishing Fayet-Iliopoulos term proportional to the gravitational anomaly, i.e.
proportional to the anomalous trae of the orresponding U(1). The mehanism was reognized to be the
low energy manifestation of the Green-Shwarz anomaly (GS) anellation mehanism of string theory.
1
Most of the onsequent developments were onentrated around exploiting this idea in onjuntion with
supersymmetry and the Froggatt-Nielsen mehanism [49℄ in order to explain the mass hierarhies in the
Yukawa setor of the SM [50℄, supersymmetry breaking [51, 52℄, ination [53℄ and axion physis [54℄, in
all of whih the presene of the anomalous U(1) is a ruial ingredient. In the ontext of theories with
extra dimensions the analysis of anomaly loalization and of anomaly inow has also been at the enter
of interesting developments [55, 14, 15℄. The reent explosion of string model building, in partiular in
the ontext of orientifold onstrutions and interseting branes [56, 57, 58℄ but also in the ontext of the
heteroti string [59℄, have enhaned even more the interest in anomalous U(1) models. There are a few
universal harateristis that these vaua seem to possess. One is the presene of U(1) gauge symmetries
1
Conventionally in this paper we will use both the term Green-Shwarz (GS) to denote the mehanism of anellation
of the anomalies, to onform to the string ontext, though the term Wess-Zumino (WZ) would probably be more adequate
and suient for our analysis. The orresponding ounterterm will be denoted, GS or WZ, with no distintion.
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that do not appear in the SM [60, 61℄. In realisti 4-dim heteroti string vaua the SM gauge group omes
as a subgroup of the 10-dim SO(32) or E8 × E8 symmetry [62, 63℄, and in pratie there is at least one
anomalous U(1) fator that appears at low energies, tied to the SM setor in a partiular way, whih we
will summarize next. For simpliity and reasons of tratability we onentrate on the simplest non-trivial
ase of a model with gauge group SU(3)C × SU(2)W × U(1)Y × U(1)B where Y is the hyperharge and
B is the anomalous gauge boson and where the fermion spetrum is that of the SM. The mass term for
the anomalous U(1)B appears through a Stükelberg oupling [61, 64, 65, 66, 67℄ and the anellation of
its anomalies is due to axioni and Chern-Simons terms (in the open string ontext see the reent works
[61, 68, 1, 69, 70℄).
Despite of all this theoretial insight both from the top-down and bottom-up approahes, the question
that remains open is how to make onrete ontat with experiment. However, as mentioned above, in
models with anomalous U(1)'s one should quite generally expet the presene of a physial axion-like eld
χ and in fat in any deay that involves a non-vanishing fermion triangle like the deay Z∗, Z
′∗ −→ γγ,
Z,Z ′ −→ Zγ et., one should be able to see traes of the anomalous struture [1, 69, 70, 13, 40℄. In
this hapter we will mostly onentrate on the gauge boson deays whih, even though hard to measure,
ontain lear dierenes with respet to the SM - as is the ase of the Z∗ −→ γγ deay - and in addition
with respet to anomaly free U(1) extensions - like the Z
′∗ −→ γγ deay - for example.
In [1℄ a theory whih extends the SM with this minimal struture (for essentially an arbitrary number
of extra U(1) fators) was alled "Minimal Low Sale Orientifold Model" or mLSOM for short, beause
in orientifold onstrutions one typially nds multiple anomalous U(1)'s. Here, even though we disuss
the ase of a single anomalous U(1) whih ould also originate from heteroti vaua or some eld theory
extension of the SM, we will keep on using the same terminology keeping in mind that the results an
apply to more general ases. We nally mention that other similar onstrutions with emphasis on other
phenomenologial signatures of suh models have appeared before in [68, 71, 27, 28, 72, 73, 29, 74, 27℄.
A perturbative study of the renormalization of these types of models is in [75℄. Other features of these
models, in view of the reent ativity onneted to the laimed PVLAS result [76, 77, 78, 79, 80, 81, 82℄,
have been disussed in [40℄.
The hapter is organized as follows. In the rst setions we will speialize the analysis of [1℄ to the
ase of an extension of the SM that ontains one additional anomalous Abelian U(1), with an Abelian
struture of the form U(1)Y × U(1)B. We will determine the struture of the entire Lagrangian and x
the ounterterms in the one-loop anomalous eetive ation whih are neessary to restore the gauge
invariane of the model at quantum level. The analysis that we provide is the generalization of what is
disussed in Chap. 1 that was devoted primarily to the analysis of anomalous Abelian models and to the
perturbative organization of the orresponding eetive ation. After determining the axion Lagrangian
and after disussing Higgs-axion mixing in this extension of the SM, we will fous our attention on an
analysis of the ontributions to a simple proess (Z → γγ). Our analysis, in this ase, aims to provide
an example of how the new ontributions inluded in the eetive ation - in the form of one-loop
ounterterms that restore unitarity of the eetive ation - modify the perturbative struture of the
proess. A detailed phenomenologial analysis will be performed in the Chap. 5, sine it requires, to be
pratially useful for searhes at the LHC, a very aurate determination of the QCD and eletroweak
bakground around the Z/Z' resonane.
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2.2 Eetive models at low energy: the SU(3)C×SU(2)W×U(1)Y ×
U(1)B ase
We start by briey realling the main features of the mLSOM starting from the expression of the La-
grangian whih is given by
L = − 1
2
Tr [FGµνF
Gµν ]− 1
2
Tr[ FWµνF
Wµν ]− 1
4
FBµνF
Bµν − 1
4
FYµνF
Y µν
+ |(∂µ + ig2
τ j
2
W jµ + igY q
Y
u A
Y
µ + igB
qBu
2
Bµ)Hu|2
+ |(∂µ + ig2
τ j
2
W jµ + igY q
Y
d A
Y
µ + igB
qBd
2
Bµ)Hd|2
+ QLi iγ
µ
(
∂µ + ig3
λa
2
Gaµ + ig2
τ j
2
W jµ + igY q
(QL)
Y A
Y
µ + igBq
(QL)
B Bµ
)
QLi
+ uRi iγ
µ
(
∂µ + igY q
(uR)
Y A
Y
µ + igBq
(uR)
B Bµ
)
uRi + dRi iγ
µ
(
∂µ + igY q
(dR)
Y A
Y
µ + igBq
(dR)
B Bµ
)
dRi
+ Li iγ
µ
(
∂µ + ig2
τ j
2
W jµ + igY q
(L)
Y A
Y
µ + igBq
(L)
B Bµ
)
Li
+ eRi iγ
µ
(
∂µ + igY q
(eR)
Y A
Y
µ + igBq
(eR)
B Bµ
)
eRi + νRi iγ
µ
(
∂µ + igY q
(νR)
Y A
Y
µ + igBq
(νR)
B Bµ
)
νRi
− ΓdQLHddR − ΓuQL(iσ2H∗u)uR + c.c.
− Γe LHdeR − Γν L(iσ2H∗u)νR + c.c.
+
1
2
(∂µb+M1Bµ)
2
+
CBB
M
bFB ∧ FB + CY Y
M
bFY ∧ FY + CY B
M
bFY ∧ FB
+
F
M
bTr[FW ∧ FW ] + D
M
bTr[FG ∧ FG]
+ d1BY ∧ FY + d2Y B ∧ FB + c1ǫµνρσBµCSU(2)νρσ + c2ǫµνρσBµCSU(3)νρσ
+ V (Hu, Hd, b), (2.1)
where we have summed over the SU(3) index a = 1, 2, ..., 8, over the SU(2) index j = 1, 2, 3 and over
the fermion index i = 1, 2, 3 denoting a given generation. We have denoted with FGµν the eld-strength
for the gluons and with FWµν the eld-strength of the weak gauge bosons Wµ. F
Y
µν and F
B
µν are the eld-
strengths related to the Abelian hyperharge and the extra Abelian gauge boson B, whih has anomalous
interations with a typial generation of the Standard Model. The fermions in Eq. (2.1) are either left-
or right-handed Dira spinors fL, fR and they fall in the usual SU(3)C and SU(2)W representations of
the Standard Model. The additional anomalous U(1)B is aompanied by a shifting Stükelberg axion
b. The ci, i = 1, 2, are the oeients of the Chern-Simons trilinear interations [1, 69, 70℄ and we
have also introdued a mass term M1 at tree level for the B gauge boson, by means of the Stükelberg
term. As usual, the hyperharge is anomaly-free and its embedding in the so alled D-brane basis
has been disussed extensively in the previous literature [60, 71, 64, 65℄. Most of the features of the
orientifold onstrution are preserved, but we don't work with the more general multiple U(1) struture
sine our goal is to analyze as lose as possible this model making ontat with diret phenomenologial
appliations, although our results and methods an be promptly generalized to more omplex situations.
Before moving to the spei analysis presented in this hapter, some omments are in order onerning
the possible range of validity of eetive ations of this type and the relation between the value of the uto
parameter Λ and the Stükelberg mass M1. This point has been addressed before in great detail in [21℄
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Figure 2.1: Anomalous triangle diagrams for the mLSOM.
and we omit any further elaboration, quoting the result. Lagrangians ontaining dimension-5 operators
in the form of a Wess-Zumino term may have a range of validity onstrained by M1 ≥ g1g2/(64π3)anΛ,
where g1 is the oupling at the hiral vertex where the anomaly an is assigned and g is the oupling
onstant of the other two vetor-like urrents in a typial AVV diagram. More quantitatively, this bound
an be reasonably assumed to be of the order of 105 GeV, by a power-ounting analysis. Notie that the
arguments of [21℄, though based on the piture of partial deoupling of the fermion spetrum, in whih
the pseudosalar eld is the phase of a heavier Higgs, remain fully valid in this ontext (see [21℄ for more
details). The atual value of M1 is left undetermined, although in the ontext of string model building
there are suggestions to relate them to spei properties of the ompatied extra dimensions (see for
instane [60, 64, 65℄).
2.3 The Eetive Ation of the mLSOM with a single anomalous
U(1)
Having derived the essential omponents of the lassial Lagrangian of the model, now we try to extend
our study to the quantum level, determining the anomalous eetive ation both for the Abelian and the
non-Abelian setors, xing the D, F and C oeients in front of the Green-Shwarz terms in Eq. (2.1).
Notie that the only anomalous ontributions to San in the Y -basis before symmetry breaking ome
from the triangle diagrams depited in Fig. 2.1. Sine hyperharge is anomaly-free, the only relevant
non-Abelian anomalies to be aneled are those involving one boson B with two SU(2)W bosons, or two
SU(3)C bosons, while the Abelian anomalies are those ontaining three U(1) bosons, with the Y
3
triangle
exluded by the hyperharge assignment. These (BSU(2)SU(2)) and (BSU(3)SU(3)) anomalies must
be aneled respetively by Green-Shwarz terms of the kind
F b Tr[FW ∧ FW ], D b T r[FG ∧ FG],
with F and D to be xed by the onditions of gauge invariane. In the Abelian setor we have to fous on
the BBB,BY Y and Y BB triangles whih generate anomalous ontributions that need to be aneled,
respetively, by the Green-Shwarz terms CBB b F
B ∧FB, CY Y b FY ∧FY and CY B b FY ∧FB . Denoting
by SYM the anomalous eetive ation involving the lassial non-Abelian terms plus the non-Abelian
anomalous diagrams, and with Sab the analogous Abelian one, the omplete anomalous eetive ation
is given by
Seff = S0 + SYM + Sab (2.2)
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Figure 2.2: Contributions to a three Abelian gauge boson amplitude before the removal of the B − ∂b gauge
boson- Stükelberg mixing.
with S0 being the lassial Lagrangian and
SYM =
∫
dx dy dz
(
1
2!
T λµν,ijBWW (z, x, y)B
λ(z)Wµi (x)W
ν
j (y) +
1
2!
T λµν,abBGG (z, x, y)B
λ(z)Gµa(x)G
ν
b (y)
)
,
(2.3)
Sab =
∫
dx dy dz
(
1
3!
T λµνBBB(z, x, y)B
λ(z)Bµ(x)Bν(y) +
1
2!
T λµνBY Y (z, x, y)B
λ(z)Y µ(x)Y ν(y)
+
1
2!
T λµνY BB(z, x, y)Y
λ(z)Bµ(x)Bν (y)
)
. (2.4)
The orresponding three-point funtions, for instane, are given by
T λµν, ijBWW B
λWµi W
ν
j = 〈0|T (Jλ, fB Jµ, fWi Jν, fWj )|0〉BλWµi W νj
≡ 〈0|T (Jλ, fLB Jµ, fLWi Jν, fLWj )|0〉BλWµi W νj , (2.5)
and similarly for the others. Here we have dened the hiral urrents
Jλ,fB = J
λ,fR
B + J
λ,fL
B = −gBq fRB ψfγλPRψf − gBq fLB ψfγλPLψf . (2.6)
The non-Abelian W -urrent being hiral
Jµ,fWi ≡ Jµ,fLWi = −g2ψfγµτ iPLψf , (2.7)
it fores the other urrents in the triangle diagram to be of the same hirality, as shown in Fig. 2.7.
2.4 Three gauge boson amplitudes and gauge-xing
2.4.1 The non-Abelian setor before symmetry breaking
Before we get into the disussion of the gauge invariane of the model, it is onvenient to elaborate on
the anellations of the spurious s-hannel poles oming from the gauge-xing onditions. These are
imposed to remove the ∂b − B mixing in the eetive ation. We will perform our analysis in the basis
of the interation eigenstates sine in this basis reovering gauge independene is more straightforward,
at least before we enfore symmetry breaking via the Higgs mehanism. The proedure that we follow
is to gauge x the B gauge boson in the symmetri phase by removing the B − ∂b mixing (see Fig. 2.2
(C)), so to derive simple Ward Identities involving only fermioni triangle diagrams and ontat trilinear
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Figure 2.3: Unitarity hek in the SU(2) setor for the mLSOM.
interations with gauge bosons. For this purpose to the Stükelberg term
1
2
(∂µb+M1Bµ)
2
(2.8)
we add the gauge-xing term
Lgf = −1
2
G2B (2.9)
to remove the bilinear mixing, where
GB = 1√
ξB
(∂ ·B − ξBM1b) , (2.10)
with a propagator for the massive B gauge boson separated in a gauge independent part P0 and a gauge
dependent one Pξ:
− i
k2 −M21
(
g λλ
′ − k
λ kλ
′
M21
)
+
− i
k2 − ξBM21
(
kλkλ
′
M21
)
= Pλλ
′
0 + P
λλ′
ξ . (2.11)
We will briey illustrate here how the anellation of the gauge dependene due to b and B exhanges
in the s-hannel goes in this (minimally) gauge-xed theory. In the exat phase we have no mixing
between all the Y,B,W gauge bosons and the gauge dependene of the B propagator is aneled by the
Stükelberg axion. In the broken phase things get more involved, but essentially the pattern ontinues
to hold. In that ase the Stükelberg salar has to be rotated into its physial omponent χ and the two
Goldstones GZ and GZ′ whih are linear ombinations of G
0
1 and G
0
2. The anellation of the spurious
s-hannel poles takes plae, in this ase, via the ombined exhange of the Z propagator and of the
orresponding Goldstone mode GZ . Naturally the GS interation will be essential for this to happen.
For the moment we simply work in the exat symmetry phase and in the basis of the interation
eigenstates. We gauge x the ation to remove the B−∂b mixing, but for the rest we set the v.e.v. of the
salars to zero. For deniteness let's onsider the proess WW →WW mediated by a B boson as shown
in Fig. 2.3. We denote by a bold-faed V the BWW vertex, onstruted so to have gauge invariane on
the W -lines. This vertex, as we are going to disuss next, requires a generalized CS ounterterm to have
suh a property on the W -lines. Gauge invariane on the B-line, instead, whih is learly neessary to
remove the gauge dependene in the gauge xed ation, is obtained at a diagrammatial level by the the
axion exhange (Fig. 2.3). The expressions of the two diagrams are
Aξ +Bξ =
−i
k2 − ξBM21
1
M21
(
kλVλµνBWW (−k1,−k2)
)(
kλ
′
V
λ′µ′ν′
BWW (k1, k2)
)(
gBg
2
2D
(L)
B
)2
+4×
(
4F
M
)2(
i
k2 − ξBM21
)
ǫµναβkα1 k
β
2 ǫ
µ′ν′α′β′kα
′
1 k
β′
2 . (2.12)
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Figure 2.5: Unitarity hek in Abelian setor for the mLSOM.
Using the equations for the anomalies and the orret value for the Green-Shwarz oeient F given in
Eq. (2.60) (determined in the next setion), we obtain
Aξ +Bξ =
−i
k2 − ξBM21
1
M21
(
− 4anǫk1k2
)(
4anǫ
′k′1k
′
2
)(
gBg
2
2D
(L)
B
)2
+
64
M2
M2
M21
(
igBg
2
2
an
2
D
(L)
B
)2( i
k2 − ξBM21
)
ǫk1k2ǫ
′k′1k
′
2 (2.13)
so that the anellation is easily satised.
2
The treatment of the SU(3) setor is similar and we omit it.
2.4.2 The Abelian setor before symmetry breaking
In the Abelian setor the proedure is similar. For instane, to test the anellation of the gauge parameter
ξB in a proess BB → BB mediated by a B gauge boson we sum the two gauge dependent ontributions
oming from the diagrams in Fig. 2.4 (we onsider only the gauge dependent part of the s-hannel
exhange diagrams)
Aξ +Bξ =
−i
k2 − ξBM21
1
M21
(
4 kλ∆λµν
AAA
(−k1,−k2)
)(
4 kλ
′
∆λ
′µ′ν′
AAA
(k1, k2)
) (
g3BDBBB
)2
+4×
(
4
M
CBB
)2
i
k2 − ξBM21
ǫk1k2 ǫ
′k′1k
′
2, (2.14)
and anellation of the gauge dependenes implies that the following identity must hold
16
M21
(an
3
)2 (
g 3BDBBB
)2
+ 4×
(
4
M
CBB
)2
= 0, (2.15)
whih an be easily shown to be true after substituting the value of the GS oeient given in relation
(2.75). In Fig. 2.5 we have depited the anomalous triangle diagram BY Y (A) whih has to be aneled
by the Green-Shwarz term
CY Y
M bF
Y ∧ FY , that generates diagram (B). In this ase the two diagrams
give
Aξ +Bξ =
−i
k2 − ξBM21
1
M21
(
kλVλµνBY Y (−k1,−k2)
)(
kλ
′
V
λ′µ′ν′
BY Y (k1, k2)
) (
gBg
2
YDBY Y
)2
2
For brevity we have adopted the notation ǫk1k2 = ǫµµρσk1ρk2σ .
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Figure 2.6: Unitarity hek in the Abelian setor for the mLSOM.
+4×
(
4
M
CY Y
)2
i
k2 − ξBM21
ǫk1k2 ǫ
′k′1k
′
2. (2.16)
The ondition of unitarity of the amplitude requires the validity of the identity
16
M21
an
2
(
gBg
2
YDBY Y
)2
+ 4×
(
4
M
CY Y
)2
= 0, (2.17)
whih an be easily heked substituting the value of the GS oeient CY Y given in relation (2.76). We
will derive the expressions of these oeients and the fators of all the other ounterterms in the next
setion. The gauge dependenes appearing in the diagrams shown in Fig. 2.6 are analyzed in a similar way
and we omit repeating the previous steps, but it should be obvious by now how the perturbative expansion
is organized in terms of tree-level verties and one-loop ounterterms, and how gauge invariane is heked
at higher orders when the propagators of the B gauge boson and of the axion b are both present. Notie
that in the exat phase the axion b is not oupled to the fermions and the pattern of anellations to ensure
gauge independene, in this spei ase, is simplied. At this point we pause to make some omments.
The mixed anomalies analyzed above involve a non-anomalous Abelian gauge boson and the remaining
gauge interations (Abelian/non-Abelian). To be spei, in our model with a single non-anomalous
U(1), whih is the hyperharge U(1)Y gauge group, these mixed anomalies are those involving triangle
diagrams with the Y and B generators or the B aompanied by the non-Abelian setor. Consider, for
instane, the BY Y triangle, whih appears in the Y B → Y B amplitude. There are two options that we
an follow. Either we require that the orresponding traes of the generators over eah generation vanish
identially
Tr[q2Y qB] = −2
(
−1
2
)2
q
(L)
B + (−1)2q(eR)B + 3
[
−2
(
1
6
)2
q
(QL)
B +
(
2
3
)2
q
(uR)
B +
(
−1
3
)2
q
(dR)
B
]
= 0,
whih an be viewed as a spei ondition on the harges of the model or, if this is not the ase, we require
that suitable one-loop ounterterms balane the anomalous gauge variation. We are allowed, in other
words, to x the two divergent invariant amplitudes of the triangle diagram so that the orresponding
Ward Identities for the BY Y vertex and similar anomalous verties are satised. This is a ondition on
the parameterization of the Feynman vertex rather than on the harges and is, in priniple, allowed. It is
not neessary to have a spei determination of the harges for this to our, as far as the ounterterms
are xed aordingly. For instane, in the Abelian setor the diagrams in question are
Y B → Y B mediated by Y ∝ Tr[q2Y qB]
Y Y → Y Ymediated by B ∝ Tr[q2Y qB]
BB → BB mediated by Y ∝ Tr[qY q2B]
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Y B → Y B mediated by B ∝ Tr[qY q2B ].
In the mLSOM these traes are, in general, non vanishing and therefore we need to introdue dening
Ward Identities to render the eetive ation anomaly free.
2.5 Ward Identities, Green-Shwarz and Chern-Simons ountert-
erms in the Stükelberg phase
Having disussed the struture of the theory in the basis of the interation eigenstates, we ome now to
identify the oeients needed to enfore anellation of the anomalies in the one-loop eetive ation.
In the basis of the physial gauge bosons we will be dropping, with this hoie, a gauge dependent (B∂b
mixing) term that is vanishing for physial polarizations. At the same time, for exhanges of virtual gauge
bosons, the gauge dependene of the orresponding propagators is aneled by the assoiated Goldstone
exhanges.
Starting from the non-Abelian ontributions, the BWW amplitude, we separate the harge/oupling
onstant dependene of a given diagram from the rest of its parametri struture T using, in the SU(2)
ase, the relations
T λµν,ijBWWB
λWµi W
ν
j = gBg
2
2
∑
i,j
Tr[τiτj ]
1
8
Tr[qLB]T
λµνBλWµi W
ν
j
=
1
2
gBg
2
2
∑
i
D
(L)
B T
λµνBλWµi W
ν
i , (2.18)
where D
(L)
B =
1
8Tr[q
L
B] = − 18
∑
f q
fL
B and T
λµν
is the three-point funtion in onguration spae, with
all the ouplings and the harges fatored out, symmetrized in µν. Similarly, for the oupling of B to the
gluons we obtain
T λµν,abBGG B
λGµaG
ν
b = gBg
2
3
∑
a,b
Tr[TaTb]
1
8
Tr[qQB ]T
λµνBλGµaG
ν
b
=
1
2
gBg
2
3
∑
a
D
(Q)
B T
λµνBλGµaG
ν
a, (2.19)
having dened D
(Q)
B =
1
8Tr[q
Q
B ] =
1
8
∑
Q[q
QR
B − qQLB ], while the Abelian triangle diagrams are given by
T λµνBBBB
λBµBν = g 3B
1
8
Tr[q 3B ]T
λµνBλBµBν = g 3BDBBB T
λµνBλBµBν , (2.20)
T λµνBY YB
λY µY ν = gBg
2
Y
1
8
Tr[qBq
2
Y ]T
λµνBλY µY ν
= gBg
2
Y DBY Y T
λµνBλY µY ν , (2.21)
T λµνYBBY
λBµBν = gY g
2
B
1
8
Tr[qY q
2
B]T
λµνY λBµBν
= gY g
2
BDY BB T
λµνY λBµBν , (2.22)
with the following denitions for the traes
DBBB =
1
8
Tr[q3B] =
1
8
∑
f
[
(qfRB )
3 − (qfLB )3
]
, (2.23)
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Figure 2.7: All the anomalous ontributions to a triangle diagram in the non-Abelian setor in the massless
fermion ase.
DBY Y =
1
8
Tr[qBq
2
Y ] =
1
8
∑
f
[
qfRB (q
fR
Y )
2 − qfLB (qfLY )2
]
, (2.24)
DY BB =
1
8
Tr[qY q
2
B] =
1
8
∑
f
[
qfRY (q
fR
B )
2 − qfLY (qfLB )2
]
. (2.25)
The T vertex is given by the usual ombination of vetor and axial-vetor omponents
T
λµν = T λµν
AAA
+ T λµν
AVV
+ T λµν
VAV
+ T λµν
VVA
, (2.26)
and we denote by ∆(k1, k2) its expression in momentum spae
(2π)4δ(k − k1 − k2)∆λµν(k1, k2) =
∫
dx dy dz eik1·x+ik2·y−ik·z Tλµν(z, x, y). (2.27)
We denote similarly with ∆
λµν
AVV
,∆λµν
VAV
,∆λµν
VVA
the momentum spae expressions of the orresponding
x-spae verties T
λµν
AVV
,Tλµν
VVA
,Tλµν
VAV
respetively. As illustrated in Fig. 2.7 and Fig. 2.8, the omplete
struture of T is given by
∆
λµν(k1, k2) =
1
3
[
∆λµν (−1/2, k1, k2) + ∆µνλ(−1/2, k2,−k) + ∆νλµ(−1/2,−k, k1)
]
+∆λµν(−1/2, k1, k2) + ∆µνλ(−1/2, k2,−k) + ∆νλµ(−1/2,−k, k1)
=
4
3
[
∆λµν (−1/2, k1, k2) + ∆µνλ(−1/2, k2,−k) + ∆νλµ(−1/2,−k, k1)
]
= 4∆λµν
AAA
, (2.28)
where we have used the relation between the ∆AAA (bold-faed) vertex and the usual ∆ vertex, whih
is of the form AVV. Notie that
∆
λµν
AVV
= ∆λµν (−1/2, k1, k2),
∆
µνλ
AVV
= ∆µνλ(−1/2, k2,−k),
∆
νλµ
AVV
= ∆νλµ(−1/2,−k, k1), (2.29)
are the usual verties with onserved vetor urrent (CVC) on two lines and the anomaly on a single
axial vertex.
The AAA vertex is onstruted by symmetrizing the distribution of the anomaly on eah of the three
hiral urrents, whih is the ontent of (2.28). The same vertex an be obtained from the basi AVV
vertex by a suitable shift, with β = 1/6, and then repeating the same proedure on the other indies and
external momenta, with a yli permutation. We obtain
∆λµν
AAA
(1/6, k1, k2) = ∆
λµν(−1/2, k1, k2)− i
4π2
2
3
ǫλµνσ(k1 − k2)σ (2.30)
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and its orresponding anomaly equations are given by
kλ∆
λµν
AAA
(1/6, k1, k2) =
an
3
ǫµναβk1αk2β
k1µ∆
λµν
AAA
(1/6, k1, k2) =
an
3
ǫλναβk1αk2β
k2ν∆
λµν
AAA
(1/6, k1, k2) =
an
3
ǫλµαβk2αk1β , (2.31)
typial of a symmetri distribution of the anomaly.
These identities are obtained from the general shift-relation
∆λµν (β′, k1, k2) = ∆
λµν(β, k1, k2) +
i
4π2
(β − β′)ǫλµνσ(k1 − k2)σ. (2.32)
Verties with onserved axial urrents (CAC) an be related to the symmetri AAA vertex in a similar
way
∆λµν
AAA
(+1/6, k1, k2) = {∆λµν(+1/2, k1, k2)}CAC +
i
4π2
1
3
ǫλµνσ(k1 − k2)σ. (2.33)
At this point we are ready to introdue the omplete verties for this model, whih are given by the
amplitude (2.27) with the addition of the orresponding Chern-Simons ounterterms, were required.
These will be determined later in this setion by imposing the onservation of the SU(2), SU(3) and
Y gauge urrents. Following this denition for all the anomalous verties, the amplitudes an then be
written as
Vλµν, aaBGG BλGµaGνa =
1
2
gBg
2
3D
(Q)
B T
λµνBλGµaG
ν
a + c2ǫ
µνρσBµC
SU(3)
νρσ
Vλµν, iiBWWBλWµi W νi =
1
2
gBg
2
2D
(L)
B T
λµνBλWµi W
ν
i + c1ǫ
µνρσBµC
SU(2)
νρσ
VλµνBY YBλY µY ν = gBg 2YDBY YTλµνBλY µY ν + d1BY ∧ FY
VλµνY BBY λBµBν = gY g 2BDY BBTλµνY λBµBν + d2Y B ∧ FB ,
VλµνBBBBλBµBν = g 3BDBBBTλµνBλBµBν
(2.34)
whih are the anomalous verties of the eetive ation, orreted when neessary by suitable CS inter-
ations in order to onserve all the gauge urrents at one-loop.
Before we proeed with our analysis, whih has the goal to determine expliitly the ounterterms in
eah of these verties, we pause for some onsiderations. It is lear that the sheme that we have followed in
order to determine the struture of the verties of the eetive ation has been to assign the anomaly only
to the hiral verties and to impose onservation of the vetor urrent. There are regularization shemes
in the literature that enfore this priniple, the most famous one being dimensional regularization with
the t'Hooft Veltman presription for γ5 (see also the disussion in Chap. 1 ). In this sheme the anomaly
is equally distributed for verties of the form AAA and is assigned only to the axial-vetor vertex in
triangles of the form AVV and similar. Diagrams of the form AAV are zero by Furry's theorem, being
equivalent to VVV.
We ould also have proeeded in a dierent way, for instane by dening eah V , for instane VBY Y ,
to have an anomaly only on the B vertex and not on the Y verties, even if Y has both a vetor and an
axial-vetor omponents at tree level and is, indeed, a hiral urrent. This implies that at one-loop the
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hiral projetor has to be moved from the Y to to the B vertex by hand, no matter if it appears on the
Y urrent or on the B urrent, rendering the Y urrent eetively vetor-like at one-loop. This is also
what a CS term does. In both ases we are anyhow bond to dene separately the one-loop verties as
new entities, unrelated to the tree level urrents. However, having expliit Chern-Simons ounterterms
renders the treatment ompatible with dimensional regularization in the t'Hooft-Veltman presription.
It is lear, however, that one way or the other, the quantum ation is not xed at lassial level sine
the ounterterms are related to quantum eets and the orresponding Ward Identities, whih fore the
anellation of the anomaly to take plae in a ompletely new way respet to the SM ase, are indeed
dening onditions on the theory.
Having laried this point, we return to the determination of the gauge invariane onditions for our
anomalous verties.
Under B-gauge transformations we have the following variations (singlet anomalies) of the eetive
ation
1
2!
δB < TBWWBWW >= i
gBg
2
2
2!
4
3
an
1
4
〈θBFWi ∧ FWj 〉Tr[τ iτ j ]D(L)B , (2.35)
1
2!
δB < TBGGBGG >= i
gBg
2
3
2!
4
3
an
1
4
〈θBFGa ∧ FGb 〉Tr[T aT b]D(Q)B , (2.36)
and with the normalization given by
Tr[τ iτ j ] =
1
2
δij Tr[T aT b] =
1
2
δab (2.37)
we obtain
1
2!
δB < TBSU(2)SU(2)BWW > = i
gBg
2
2
2!
an
6
〈θBFWi ∧ FWi 〉D(L)B , (2.38)
1
2!
δB < TBSU(3)SU(3)BGG > = i
gBg
2
3
2!
an
6
〈θBFGa ∧ FGa 〉D(Q)B . (2.39)
Note, in partiular, that the ovariantization of the anomalous ontributions requires the entire non-
Abelian eld-strengths FWi, µν and F
G
a, µν
FWi, µν = ∂µW
i
ν − ∂νW iµ − g2εijkW jµW kν = FˆWi, µν − g2εijkW jµW kν (2.40)
FGa, µν = ∂µG
a
ν − ∂νGaµ − g3fabcGbµGcν = FˆGa, µν − g3fabcGbµGcν . (2.41)
The ovariantization of the right-hand-side (r.h.s.) of the anomaly equations takes plae via higher-
order orretions, involving orrelators with more external gauge lines. It is well known, though, that
the anellation of the anomalies in these higher-order non-Abelian diagrams (in d=4) is only related
to the triangle diagram (see [40℄). Under the non-Abelian gauge transformations we have the following
variations
1
2!
δSU(2)〈TBWWBWW 〉 = i gBg
2
2
2!
8
3
an
1
4
〈FB ∧ Tr[θFˆW ]〉D(L)B (2.42)
1
2!
δSU(3)〈TBGGBGG〉 = i gBg
2
3
2!
8
3
an
1
4
〈FB ∧ Tr[ϑFˆG]〉D(Q)B , (2.43)
where the hat eld-strengths FˆW and FˆG refer to the Abelian part of the non-Abelian eld-strengths
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W and G. Introduing the notation
Tr[θFˆW ] = Tr[τ iτ j ]θiFˆ
W
j =
1
2
θiFˆ
W
i i, j = 1, 2, 3 (2.44)
Tr[ϑFˆG] = Tr[T aT b]ϑaFˆ
G
b =
1
2
ϑaFˆ
G
a a, b = 1, 2, .., 8 (2.45)
the expressions of the variations beome
1
2!
δSU(2)〈TBWWBWW 〉 = i gBg
2
2
2!
an
3
〈θiFB ∧ FˆWi 〉D(L)B (2.46)
1
2!
δSU(3)〈TBGGBGG〉 = i gBg
2
3
2!
an
3
〈ϑaFB ∧ FˆGa 〉D(Q)B . (2.47)
We have now to introdue the Chern-Simons ounterterms for the non-Abelian gauge variations
SCSnon−ab = SCSBWW + SCSBGG = c1〈ǫµνρσBµCSU(2)νρσ 〉+ c2〈ǫµνρσBµCSU(3)νρσ 〉, (2.48)
with the non-Abelian CS forms given by
CSU(2)µνρ =
1
6
[
W iµ
(
FWi, νρ +
1
3
g2 ε
ijkW jνW
k
ρ
)
+ cyclic
]
, (2.49)
CSU(3)µνρ =
1
6
[
Gaµ
(
FGa, νρ +
1
3
g3 f
abcGbνG
c
ρ
)
+ cyclic
]
, (2.50)
whose variations under non-Abelian gauge transformations are
δSU(2)C
SU(2)
µνρ =
1
6
[
∂µθ
i (FˆWi, νρ) + cyclic
]
, (2.51)
δSU(3)C
SU(3)
µνρ =
1
6
[
∂µϑ
a (FˆGa, νρ) + cyclic
]
. (2.52)
The variations of the Chern-Simons ounterterms then beome
δSU(2)SCSBWW =
c1
2
1
2
〈θiFB ∧ FˆWi 〉 (2.53)
δSU(3)SCSBGG =
c2
2
1
2
〈ϑaFB ∧ FˆGa 〉, (2.54)
and we an hoose the oeients in front of the CS ounterterms to obtain anomaly anellations for
the non-Abelian ontributions
c1 = −igBg 22
2
3
anD
(L)
B c2 = −igBg 23
2
3
anD
(Q)
B . (2.55)
The variations under B-gauge transformations for the related CS ounterterms are then given by
δBSCSBWW = −
c1
2
1
2
〈θBFWi ∧ FWi 〉 (2.56)
δBSCSBGG = −
c2
2
1
2
〈θBFGa ∧ FGa 〉, (2.57)
where the oeients ci are given in (2.55). The variations under the B-gauge transformations for the
SU(2) and SU(3) Green-Shwarz ounterterms are respetively given by
F
M
δB〈 b T r[FW ∧ FW ] 〉 = −F M1
M
1
2
〈θBFWi ∧ FWi 〉, (2.58)
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Figure 2.8: All the anomalous ontributions to a triangle diagram in the Abelian setor for generi vetor/axial-
vetor trilinear interations in the massless fermion ase.
D
M
δB〈 b T r[FG ∧ FG] 〉 = −DM1
M
1
2
〈θBFGa ∧ FGa 〉, (2.59)
and the anellation of the anomalous ontributions oming from the B-gauge transformations determines
F and D as
F =
M
M1
igBg
2
2
an
2
D
(L)
B , D =
M
M1
igBg
2
3
an
2
D
(Q)
B . (2.60)
There are some omments to be made onerning the generalized CS terms responsible for the anellation
of the mixed anomalies. These terms, in momentum spae, generate standard trilinear CS interations,
whose momentum struture is exatly the same as that due to the Abelian ones (see the appendix
of Chap. 1 for more details), plus additional quadrilinear (ontat) gauge interations. These will be
negleted in our analysis sine we will be fousing in the next setions on the haraterization of neutral
tri-linear interations. In proesses suh as Z → γγγ they re-distribute the anomaly appropriately in
higher-point funtions.
For the Abelian part Sab of the eetive ation we rst fous on gauge variations on B, obtaining
1
3!
δB〈T λµνBBBBλ(z)Bµ(x)Bν(y)〉 = i
g 3B
3!
4
3
an
3
4
〈FB ∧ FBθB〉DBBB, (2.61)
1
2!
δB〈T λµνBY YBλ(z)Y µ(x)Y ν(y)〉 = i
gBg
2
Y
2!
4
3
an
1
4
〈FY ∧ FY θB〉DBY Y , (2.62)
1
2!
δB〈T λµνY BBY λ(z)Bµ(x)Bν(y)〉 = i
gY g
2
B
2!
4
3
an
2
4
〈FY ∧ FBθB〉DY BB, (2.63)
and variations for Y that give
1
2!
δY 〈T λµνBY YBλ(z)Y µ(x)Y ν(y)〉 = i
gBg
2
Y
2!
4
3
an
2
4
〈FY ∧ FBθY 〉DBY Y , (2.64)
1
2!
δY 〈T λµνY BBY λ(z)Bµ(x)Bν(y)〉 = i
gY g
2
B
2!
4
3
an
1
4
〈FB ∧ FBθY 〉DY BB. (2.65)
Also in this ase we introdue the orresponding Abelian Chern-Simons ounterterms
SCSab = SCSBY Y + SCSY BB = d1〈BY ∧ FY 〉+ d2〈Y B ∧ FB〉 (2.66)
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whose variations are given by
δY SCSBY Y =
d1
2
〈θY FB ∧ FY 〉, (2.67)
δY SCSY BB = −
d2
2
〈θY FB ∧ FB〉, (2.68)
and we an x their oeients so to obtain the anellation of the Y-anomaly
d1 = −igBg2Y
2
3
anDBY Y d2 = igY g
2
B
an
3
DY BB. (2.69)
Similarly, the gauge variation of B in the orresponding Green-Shwarz terms gives
CBB
M
δB〈 b FB ∧ FB〉 = −CBBM1
M
〈θBFB ∧ FB〉 (2.70)
CY Y
M
δB〈 b FY ∧ FY 〉 = −CY Y M1
M
〈θBFY ∧ FY 〉 (2.71)
CY B
M
δB〈 b FY ∧ FB〉 = −CY BM1
M
〈θBFY ∧ FB〉 (2.72)
and on the other hand the B-variations of the xed CS ounterterms are
δBSCSBY Y = −
d1
2
〈θBFY ∧ FY 〉, (2.73)
δBSCSY BB =
d2
2
〈θBFY ∧ FB〉. (2.74)
Finally the anellation of the anomalous ontributions from the Abelian part of the eetive ation
requires following onditions
CBB =
M
M1
ig 3B
3!
anDBBB, (2.75)
CY Y =
M
M1
igBg
2
Y
an
2
DBY Y , (2.76)
CY B =
M
M1
igY g
2
B
an
2
DY BB. (2.77)
Regarding the Y -variations ∝ Tr[qBq2Y ] and ∝ Tr[q2BqY ], in general these traes are not identially
vanishing and we introdue the CS and GS ounterterms to anel them. Having determined the fators
in front of all the ounterterms, we an summarize the struture of the one-loop anomalous eetive
ation plus the ounterterms as follows
S = S0 + San + SGS + SCS
= S0 + 1
2!
〈TBWWBWW 〉+ 1
2!
〈TBGGBGG〉+ 1
3!
〈TBBBBBB〉
+
1
2!
〈TBY YBY Y 〉+ 1
2!
〈TY BBY BB〉
+
CBB
M
〈bFB ∧ FB〉+ CY Y
M
〈bFY ∧ FY 〉+ CY B
M
〈bFY ∧ FB〉
+
F
M
〈bT r[FW ∧ FW ]〉+ D
M
〈bT r[FG ∧ FG]〉
+d1〈BY ∧ FY 〉+ d2〈Y B ∧ FB〉
+c1〈ǫµνρσBµCSU(2)νρσ 〉+ c2〈ǫµνρσBµCSU(3)νρσ 〉, (2.78)
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where S0 is the lassial ation. At this point we are ready to dene the expressions in momentum spae
of the verties introdued in Eq. (2.34), denoted by V, obtaining
V
λµν
BGG = 4
1
2
D
(Q)
B gBg
2
3 ∆
λµν
AAA
(+1/6, k1, k2) +D
(Q)
B gBg
2
3
1
2
i
π2
2
3
ǫλµνσ(k1 − k2)σ (2.79)
V
λµν
BWW = 4
1
2
D
(L)
B gBg
2
2 ∆
λµν
AAA
(+1/6, k1, k2) +D
(L)
B gBg
2
2
1
2
i
π2
2
3
ǫλµνσ(k1 − k2)σ (2.80)
V
λµν
BY Y = 4DBY Y gBg
2
Y ∆
λµν
AAA
(+1/6, k1, k2) +DBY Y gBg
2
Y
i
π2
2
3
ǫλµνσ(k1 − k2)σ (2.81)
V
λµν
Y BB = 4DYBB gY g
2
B ∆
λµν
AAA
(+1/6, k1, k2)−DY BB gY g 2B
i
π2
1
3
ǫλµνσ(k1 − k2)σ. (2.82)
V
λµν
BBB = 4DBBB g
3
B ∆
λµν
AAA
(+1/6, k1, k2). (2.83)
where for the generalized CS terms we onsider only the trilinear CS interations whose momentum
struture is the same as the Abelian ones as already disussed in Se. 2.5. The fator 1/2 overall in the
non-Abelian verties omes from the trae over the generators. These verties satisfy standard Ward
Identities on the external Standard Model lines, with an anomalous WI only on the B-line
k1µV
λµν
BY Y (k1, k2) = 0 (2.84)
k2νV
λµν
BY Y (k1, k2) = 0 (2.85)
kλV
λµν
BY Y (k1, k2) = 4DBY Y gBg
2
Y an ǫ
µναβk1αk2β , (2.86)
and obviously the B-urrents ontain the total anomaly an = − i2π2 . The same anomaly equations given
above for V
λµν
BY Y hold for the V
λµν
BGG and V
λµν
BWW verties but with a 1/2 fator overall. The anomaly
equations for the Y BB vertex are
k1µV
λµν
Y BB(k1, k2) = 4DY BB gY g
2
B
an
2
ǫλναβk1αk2β (2.87)
k2νV
λµν
Y BB (k1, k2) = 4DY BB gY g
2
B
an
2
ǫλµαβk2αk1β (2.88)
kλV
λµν
Y BB(k1, k2) = 0, (2.89)
where the hiral urrent Y has to be onserved so to render the one-loop eetive ation gauge invariant.
Introduing a symmetri distribution of the anomaly, in the BBB ase the analogous equations are
k1µV
λµν
BBB(k1, k2) = 4DBBB g
3
B
an
3
ǫλναβk1αk2β (2.90)
k2νV
λµν
BBB (k1, k2) = 4DBBB g
3
B
an
3
ǫλµαβk2αk1β (2.91)
kλV
λµν
BBB(k1, k2) = 4DBBB g
3
B
an
3
ǫµναβk1αk2β , (2.92)
A study of the issue of the gauge dependene in these types of models an be found in Chap. 1. The
anellation of the gauge dependendent terms in spei lasses of diagrams an be performed both in
the exat phase and in the broken phase, similarly to the disussion presented in the previous hapter,
having re-expressed the elds in the basis of the mass eigenstates. The approah that we follow is then
lear: we worry about the anellation of the anomalies in the exat phase, having performed a minimal
gauge-xing to remove the B mixing with the axion b, then we rotate the elds and re-parameterize the
Lagrangian around the non trivial vauum of the potential. We will see in the next setions that with
this simple proedure we an easily disuss simple basi proesses involving neutral and harged urrents
exploiting the invariane of the eetive ation under re-parameterizations of the elds.
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2.6 The neutral urrents setor in the mLSOM
In this setion we move toward the phenomenologial analysis of a typial proess whih exhibits the new
trilinear gauge interations at one-loop level. As we have mentioned in the introdution, our goal here is
to haraterize this analysis at a more formal level, leaving to the following hapters the numerial results
with aurate studies of its preditions for appliations at the LHC in the future.
We proeed with our illustration starting from the denition of the neutral urrent in the model,
whih is given by
− LNC = ψfγµ
[
g2W
3
µT
3 + gY Y A
Y
µ + gBYBBµ
]
ψf , (2.93)
that we express in the two basis, the basis of the interation eigenstates and of the mass eigenstates.
Clearly in the interation basis the bosoni operator in the ovariant derivative beomes
F ≡ g2W 3µT 3 + gY Y AYµ + gBYBBµ
= gZQZZµ + gZ′QZ′Z
′
µ + eQA
γ
µ, (2.94)
where Q = T 3 + Y . The rotation in the photon basis gives
W 3µ = O
A
W3γA
γ
µ +O
A
W3ZZµ +O
A
W3Z′Z
′
µ (2.95)
AYµ = O
A
Y γA
γ
µ +O
A
Y ZZµ +O
A
Y Z′Z
′
µ (2.96)
Bµ = O
A
BZZµ +O
A
BZ′Z
′
µ (2.97)
and performing the rotation on F we obtain
F = Aγµ
[
g2O
A
W3γT
3 + gYO
A
Y γY
]
+ Zµ
[
g2O
A
W3ZT
3 + gYO
A
Y ZY + gBO
A
BZYB
]
+Z ′µ
[
g2O
A
W3Z′T
3 + gYO
A
Y Z′Y + gBO
A
BZ′YB
]
, (2.98)
where the eletromagneti urrent an be written in the usual way
Aγµ
[
g2O
A
W3γT
3 + gYO
A
Y γY
]
= eAγµQ, (2.99)
with the denition of the eletri harge as
e = g2O
A
W3γ = gYO
A
Y γ =
gY g2√
g2Y + g
2
2
. (2.100)
Similarly for the neutral Z urrent we obtain
Zµ
[
g2O
A
W3ZT
3 + gYO
A
Y ZY + gBO
A
BZYB
]
= Zµ
[
T 3(g2O
A
W3Z − gYOAY Z) + gYOAY ZQ + gBOABZYB
]
= ZµgZ
[
T 3 +
gYO
A
Y Z
g2O
A
W3Z
− gYOAY Z
Q +
gBO
A
BZ
g2O
A
W3Z
− gY OAY Z
YB
]
, (2.101)
where we have dened
gZ = g2O
A
W3Z − gYOAY Z ≃ g =
g2
cos θW
. (2.102)
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We an easily work out the struture of the ovariant derivative interation applied on a left-handed or
on a right-handed fermion. For this reason it is onvenient to introdue some notation. We dene
µZQ =
gY O
A
Y Z
gZ
≃ − sin2 θW , (2.103)
µZB =
gBO
A
BZ
gZ
≃ gB
2
ǫ1 so that lim
M
1
→∞
µZB = 0, (2.104)
and similarly for the Z ′ neutral urrent
gZ′ = g2O
A
W3Z′ − gYOAY Z′ , µZ
′
Q =
gYO
A
Y Z′
gZ′
, µZ
′
B =
gBO
A
BZ′
gZ′
. (2.105)
We an easily identify the generators in the (Z, Z ′, Aγ) basis. These are given by
QˆZ = Qˆ
R
Z + Qˆ
L
Z = T
3L + µZQQ
L + µZBY
L
B + µ
Z
QQ
R + µZBY
R
B
QˆZ′ = Qˆ
R
Z′ + Qˆ
L
Z′ = T
3L + µZ
′
Q Q
L + µZ
′
B Y
L
B + µ
Z′
Q Q
R + µZ
′
B Y
R
B
Qˆ = QˆL + QˆR (2.106)
whih will be denoted as Q p = (Qˆ, QˆZ , QˆZ′). To express a given orrelator, say 〈ZAγAγ〉 in the
(W3, AY , B) basis we proeed as follows. We denote with Q p = (Qˆ, QˆZ , QˆZ′) the generators in the photon
basis (Aγ , Z, Z
′) and with g p = (e, gZ , gZ′) the orresponding ouplings. Similarly, Qp = (T
3, Y, YB) are
the generators in the interation basis (W3, AY , B) and gp = (g2, gY , gB) the orresponding ouplings, so
that
− LNC = ψγµ
[
gZQˆZZµ + gZ′QˆZ′Z
′
µ + e QˆA
γ
µ
]
ψ
= ψγµ
[
g2T
3W 3µ + gY Y A
Y
µ + gBYBBµ
]
ψ. (2.107)
2.7 The Zγγ vertex in the Standard Model
Before oming to the omputation of this vertex in the mLSOM we rst start reviewing its struture in
the SM.
We show in Fig. 2.9 the Zγγ vertex in the SM, where we have separated the QED ontributions from
the remaining orretions RW . This vertex vanishes at all orders when all the three lines are on-shell,
due to the Landau-Yang theorem. A diret proof of this property for the fermioni one-loop orretions
will be shown in App. 2.9.3.
The QED ontribution ontains the fermioni triangle diagrams (diret plus exhanged) while RW
inludes all the remaining ontributions at one-loop level. Speially, as shown in Fig. 2.10, RW ontains
ghosts, Goldstones and all other exhanges. An exhaustive omputation of all these ontributions is not
needed for our disussion. We have omitted diagrams of the type shown in Figs. 2.11, 2.12. These are
removed by working in the Rξ gauge for the Z boson. Notie, however, that even without a gauge-xing
these deouple from the anomaly diagrams in the massless fermion limit sine the Goldstone does not
ouple to massless fermions. In Fig. 2.13 we show how the anomaly is re-distributed in an AAA diagram
by a CS interation, generating an AV V vertex.
To appreiate the role played by the anomaly in this vertex we perform a diret omputation of the
two anomaly diagrams and inlude the fermioni mass terms. A diret omputation gives
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Figure 2.9: The Zγγ vertex to lowest order in the SM, with the anomalous ontributions and the remaining
weak orretions shown separately.
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Figure 2.10: Some typial eletroweak orretions, involving the harged Goldstones (here denoted by G, ghosts
ontributions (u±) and W exhanges.
Gρνµ(k, k1, k2) = − e
2g
cos θW
∑
f
gfAQ
2
f
∫
d4p
(2π)4
Tr
(
1
p/−mf γ
ργ5
1
p/− k/−mf γ
ν 1
p/− k/1 −mf
γµ
)
+(k1 → k2, µ→ ν). (2.108)
whih an be ast in the form
Gρνµ(k, k1, k2) = − e
2g
2π2 cos θW
∑
f
gfAQ
2
f
∫ 1
0
dx1
∫ 1−x1
0
dx2
· 1
∆
[
ǫρνµα(1− x1 − x2)(x2k1 − x1k2)β(kβ2 k1α + kβ1 k2α)
+(1− x1 − x2)(ǫαρβνk1αk2β(x2kµ1 − x1kµ2 ) + (µ→ ν))
+ǫανβµk1αk2β(x2(x2 − x1 − 1)kρ1 − x1(x2 − x1 + 1)kρ2)
]
, (2.109)
where
∆ = m2f + x2(x2 − 1)k21 + x1(x1 − 1)k22 − 2x1x2 k1 · k2, (2.110)
and we have introduing the gfZ,A and g
f
Z,V ouplings of the Z with
gfZ,A =
1
2
T f3 , g
f
Z,V =
1
2
T f3 −Qf sin2 θW . (2.111)
This form of the amplitude is obtained if we use the standard Rosenberg denition of the anomalous
diagrams and it agrees with [83℄. In this ase the Ward Identities on the photon lines are dening
onditions for the vertex. Naturally, with the standard fermion multiplet assignment the anomaly vanishes
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Z G 0
 Z
Figure 2.11: Z −G0Z mixing in the broken phase in the SM.
G 0Z , G 0Z ’
Z m f
+
Z
G 0Z , G 0Z ’
(B)(A)
Figure 2.12: Same as in Fig. 2.11 but for the mLSOM.
sine ∑
f
gfAQ
2
f = 0. (2.112)
Beause of the anomaly anellation, the fermioni vertex is zero also o-shell, if the masses of all the
fermions in eah generation are degenerate, in partiular if they are massless. Notie that this is not a
onsequene of the Landau-Yang theorem.
Let us now move to the WI on the Z-line. A diret omputation gives
kρG
ρνµ = (k1 + k2)ρG
ρνµ
=
e2g
π2 cos θW
∑
f
gfAQ
2
f ǫ
νµαβk1αk2β
[
1
2
−m2f
∫ 1
0
dx1
∫ 1−x1
0
dx2
1
∆
]
. (2.113)
The presene of a mass-dependent term on the r.h.s. of (2.113) onstitutes a break-down of axial urrent
onservation for massive fermions, as expeted.
2.7.1 The Zγγ vertex in anomalous Abelian models: the Higgs-Stükelberg
phase
The presene of anomalous generators in a given vertex renders some trilinear interations non-vanishing
also for massless fermions. In fat, as we have shown in the previous setion, in the SM the anomalous
triangle diagrams vanish if we neglet the masses of all the fermions, and this ours both on-shell and
o-shell. The only left over orretions are related to the fermion mass and these will also vanish (o-
shell) if all the fermions of a given generation are mass degenerate. The on-shell vanishing of the same
verties is a onsequene of the struture of the amplitude, as we show in the appendix. The extration
of the ontribution of the anomalous generators in the trilinear verties an be obtained starting from
the 1-partile-irreduible (1PI) eetive ation, written in the basis of the interation eigenstates, and
performing the rotation of the trilinear interation that projet onto the Zγγ vertex.
In order to appreiate the dierenes between the SM result and the analogous one in the anomalous
extensions that we are onsidering, we start by observing that only in the Stükelberg phase (M1 6= 0
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Figure 2.13: Re-distribution of the anomaly via the CS ounterterm.
and vu = vd = 0) the anomaly-free traes vanish,
〈Y Y Y 〉 g3Y Tr[Q3Y ] = 0
〈YW3W3〉 gY g22 Tr[QY T 3T 3] = 0 , (2.114)
beause of harge assignment. A similar result is valid also in the HS phase if the Yukawa ouplings are
negleted. Coming to extrat the Zγγ vertex we rotate the anomalous diagrams of the eetive ation
into the mass eigenstates, being areful to separate the massless from the massive fermion ontributions.
Hene, we split the 〈Y Y Y 〉 vertex into its hiral ontributions and performing the rotation of the
elds we get the following ontributions
1
3!
〈Y Y Y 〉 g3Y Tr[Q3Y ] =∑
f
[
g3Y
1
8
(QLY,f )
3〈LLL〉λµν + g3Y
1
8
(QRY,f )
3〈RRR〉λµν
+g3Y
1
8
QLY,f(Q
R
Y,f )
2〈LRR〉λµν + g3Y
1
8
QLY,fQ
R
Y,fQ
L
Y,f〈LRL〉λµν
+g3Y
1
8
(QLY,f )
2QRY,f〈LLR〉λµν + g3Y
1
8
QRY,f(Q
L
Y,f )
2〈RLL〉λµν
+g3Y
1
8
QRY,fQ
L
Y,fQ
R
Y,f〈RLR〉λµν + g3Y
1
8
(QRY,f)
2QLY,f〈RRL〉λµν
]
ZλAµγA
ν
γ
1
3!
RY Y Y + . . .
(2.115)
where the dots indiate all the other projetions of the type ZZγ, Z ′γγ et. Here 〈LLL〉, 〈RLR〉 et.,
indiate the (lokwise) insertion of L/R hiral projetors on the λµν verties of the anomaly diagrams.
For the 〈YWW 〉 vertex the struture is more simple beause the generator assoiated to W3 is left-
hiral
1
2!
〈YWW 〉 gY g22 Tr[QY (T 3)2] =
∑
f
[
gY g
2
2
1
8
QLY,f(T
3
L,f )
2〈LLL〉λµν
+gY g
2
2
1
8
QRY,f(T
3
L,f)
2〈RLL〉λµν
]
ZλAµγA
ν
γ
1
2!
RYWW + . . . (2.116)
The 〈BY Y 〉 vertex works in same way of 〈Y Y Y 〉
1
2!
〈BY Y 〉 gBg2Y Tr[QBQ2Y ] =∑
f
[
gBg
2
Y
1
8
QLB,f(Q
L
Y,f )
2〈LLL〉λµν + gBg2Y
1
8
QRB,f(Q
R
Y,f )
2〈RRR〉λµν
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+gBg
2
Y
1
8
QLB,f(Q
R
Y,f)
2〈LRR〉λµν + gBg2Y
1
8
QLB,fQ
R
Y,fQ
L
Y,f〈LRL〉λµν
+gBg
2
Y
1
8
QLB,fQ
L
Y,fQ
R
Y,f〈LLR〉λµν + gBg2Y
1
8
QRY,f(Q
L
Y,f)
2〈RLL〉λµν
+gBg
2
Y
1
8
QRB,fQ
L
Y,fQ
R
Y,f〈RLR〉λµν + gBg2Y
1
8
QRB,fQ
R
Y,fQ
L
Y,f〈RRL〉λµν
]
ZλAµγA
ν
γ
1
2!
RBY Y + . . .
(2.117)
Finally, the 〈BWW 〉 vertex is similar to 〈YWW 〉
1
2!
〈BWW 〉 gY g22 Tr[QB(T 3)2] =
∑
f
[
gBg
2
2
1
8
QLB,f(T
3
L,f)
2〈LLL〉λµν
+gBg
2
2
1
8
QRB,f(T
3
L,f )
2〈RLL〉λµν
]
ZλAµγA
ν
γ
1
2!
RBWW + . . .
(2.118)
where we have dened
RY Y Y = 3
[
(OAT )22(O
AT )221
]
RYWW =
[
2(OAT )11(O
AT )12(O
AT )21 + (O
AT )211(O
AT )22
]
RBY Y = (OAT )221(O
AT )32
RBWW =
[
(OAT )211(O
AT )32
]
. (2.119)
whih are the produt of rotation matries that projet the anomalous eetive ation from the interation
eigenstate basis over the Z, γ gauge bosons.
We have expressed the generators in their hiral basis, and their mixing is due to mass insertions over
eah fermion line in the loop. The ellypsis refers to additional ontributions whih do not projet on the
vertex that we are interested in but whih are present in the analysis of the remaining neutral verties,
ZZγ, Z ′γγ et. The notation OAT indiates the transposed of the rotation matrix from the interation
to the mass eigenstates. To obtain the nal expression of the amplitude in the interation eigenstate
basis one an easily observe that in the hiral amplitudes 〈LLL〉 and 〈RRR〉 the mass dependene in
the fermion loops is all ontained in the denominators of the propagators, not in the Dira traes. The
only diagrams that ontain a mass dependene at the numerators are those involving hirality ips
(〈LLR〉, 〈RRL〉) whih ontribute with terms proportional to m2f . These terms ontribute only to the
invariant amplitudes A1 and A2 of the Rosenberg representation (see Chap. 1, Eq. 1.120) and, although
nite, they disappear one we impose a WI on the two photon lines, as requested by CVC for the two
photons. A similar result is valid for the SM, as one an easily gure out from Eq. (2.109). Therefore, the
amplitudes an be expressed just in terms of LLL and RRR orrelators, and sine the mass dependene
is at the denominators of the propagators, one an easily show the relation
〈LLL〉 = −〈RRR〉 (2.120)
valid for any fermion mass mf . Dening 〈LLL〉 ≡ ∆λµνLLL(mf 6= 0), we an express the only independent
hiral graph as sum of two ontributions
∆λµνLLL(mf 6= 0) = ∆λµνLLL(0) + ∆λµνLLL(mf ) (2.121)
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where we dene
∆λµνLLL(0) ≡ ∆λµνLLL(mf = 0)
∆λµνLLL(mf ) ≡ ∆λµνLLL(mf 6= 0)−∆λµνLLL(mf = 0). (2.122)
Also, one an verify quite easily that
∆λµνLLL(0) = ∆
λµν
AV V (0) + ∆
λµν
V AV (0) + ∆
λµν
V V A(0) + ∆
λµν
AAA(0)
= 4∆λµνAAA(0). (2.123)
A seond ontribution to the eetive ation omes from the one-loop ounterterms ontaining generalized
CS terms. There are two ways to express these ounterterms: either as separate trilinear interations
or as modiations of the two invariant amplitudes of the Rosenberg parameterization A1, A2. These
amplitudes depend linearly on the momenta of the vertex (see App. 1.16). For instane we use
∆AAA(0)− an
3
ǫλµνα(k1α − k2α) = ∆AV V (0), (2.124)
whih allows to absorb ompletely the CS term, giving onserved Y/W3 urrents in the interation
eigenstate basis. In this ase we move from a symmetri distribution of the anomaly in the AAA diagram,
to an AV V diagram. These urrents interpolate with the vetor-like verties (V) of the AV V graph.
Notie that one the anomaly is moved from any vertex involving a Y/W3 urrent to a vertex with
a B urrent, it is then aneled by the GS interation. The extension of this analysis to the omplete
mf -dependent ase for ∆LLL(mf 6= 0) is quite straightforward. In fat, after some re-arrangements of
the Zγγ amplitude, we are left with the following ontributions in the physial basis in the broken phase
〈Zγγ〉|mf 6=0 =
1
4
∑
f
∆λµνAV V (mf 6= 0)
[
g3Y θ
Y Y Y
f R
Y Y Y + gY g
2
2θ
YWW
f R
YWW
+gBg
2
Y θ
BY Y
f R
BY Y + gBg
2
2θ
BWW
f R
BWW
]
ZλAµγA
ν
γ (2.125)
where we have dened the anomalous hiral asymmetries as
θBY Yf =
[
QLB,f (Q
L
Y,f)
2 −QRB,f (QRY,f)2
]
θBWWf = Q
L
B,f(T
3
L,f)
2. (2.126)
The onditions of gauge invariane fore the oeients in front of the CS terms to be
DBY Y =
1
8
∑
f
θBY Yf
DBWW =
1
8
∑
f
θBWWf , (2.127)
whih have been absorbed and do not appear expliitly, while the SM hiral asymmetries are dened as
θY Y Yf =
[
(QLY,f)
3 − (QRY,f )3
]
θYWWf = Q
L
Y,f(T
3
L,f)
2, (2.128)
and the triangle ∆AV V (mf 6= 0) is given as in (2.109). Notie that Eq. (2.125) is in omplete agreement
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with the SM result shown in (2.109), obtained by removing the ontributions proportional to the B gauge
bosons and setting the hiral asymmetries of Y and W3 to zero. In partiular, if the gauge bosons are
not anomalous and in the hiral limit (mf = 0 or mf = m) this trilinear amplitude vanishes. As we have
already pointed out, the amplitude for the 〈Zγγ〉 proess is espressed in terms of six invariant amplitudes
that an be easily omputed and take the form
∆λµνAV V = A1(k1, k2)ǫ[k1, µ, ν, λ] +A2(k1, k2)ǫ[k2, µ, ν, λ] +A3(k1, k2)ǫ[k1, k2, µ, λ]k1
ν
+A4(k1, k2)ǫ[k1, k2, µ, λ]k2
ν +A5(k1, k2)ǫ[k1, k2, ν, λ]k
µ
1 +A6(k1, k2)ǫ[k1, k2, ν, λ]k
µ
2 ,
(2.129)
with
A1(k1, k2) = k1 · k2A3(k1, k2) + k22A4(k1, k2)
A2(k1, k2) = −A1(k2, k1)
A5(k1, k2) = −A4(k2, k1)
A6(k1, k2) = −A3(k2, k1).
(2.130)
Also A1(k1, k2) = A1(k2, k1) as one an easily hek by a diret omputation. We obtain
A3(k1, k2) = −1
2
∫ 1
0
dx
∫ 1−x
0
dy
xy
y(1− y)k21 + x(1 − x)k22 + 2xy k1 · k2 −m2f
A4(k1, k2) =
1
2
∫ 1
0
dx
∫ 1−x
0
dy
x(1 − x)
y(1− y)k21 + x(1 − x)k22 + 2xy k1 · k2 −m2f
(2.131)
The omputation of these integrals an be done analytially and the various regions 0 < s < 4m2f ,
mf >>
√
s/2, and mf → 0 an be studied in detail. In the ase of both photons on-shell, for instane,
and s > 4m2f we obtain
A3(k1, k2) =
1
2s
− m
2
f
s
Li2
 2
1−
√
1− 4m2f/s
− m2f
s
Li2
 2
1 +
√
1− 4m2f/s

A4(k1, k2) = −1
s
+
√
1− 4m2f/s
s
ArTanh
 1√
1− 4m2f/s

(2.132)
Notie that the ase in whih the two photons are on-shell and light fermions are running in the loop,
then the evaluation of the integral requires partiular are beause of infrared eets whih render the
parameteri integrals ill-dened. The situation is similar to the ase of the oupling of the axial anomaly
to on-shell gluons in spin physis [84℄, when the orret isolation of the massless quarks ontributions is
arried out by moving o-shell on the external lines and then performing the mf → 0 limit.
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2.7.2 qq¯ → γγ with an intermediate Z
In this setion we are going to desribe the role played by the new anomaly anellation mehanism in
simple proesses whih an eventually be studied with auray at the LHC. A numerial analysis of
proesses involving neutral urrents an be performed along the lines of [85℄ and we will return to this
point in Chap. 5 . Here we intend to disuss some of the phenomenologial impliations whih might
be of interest. Sine the anomaly is aneled by a ombination of Chern-Simons and Green-Shwarz
ontributions, the study of a spei proess, suh as Z → γγ, whih diers from the SM predition,
requires, in general, a ombined analysis both of the gauge setor and of the salar setor.
We start from the ase of a quark-antiquark annihilation mediated by a Z that later undergoes a
deay into two photons. At leading order this proess is at parton level desribed by the annihilations
of a valene quark q and a sea antiquark q¯ from the two inoming hadrons, both of them ollinear and
massless. In Fig. 2.14 we have depited all the diagrams by whih the proess an take plae to lowest
m f
m f ’
Z A
A
+
GZ A
A
+
A
A
(A) (B) (C)
+
A
A
A
A(D)
GZ
(E)
Figure 2.14: Two photon proesses initiated by a qq¯ annihilation with a Z exhange.
order. Radiative orretions from the initial state are aurately known up to next-to-next-to-leading
order, and are universal, being the same of the Drell-Yan ross setion. In this respet, preise QCD
preditions for the rates are available, for instane around the Z resonane [85℄.
In the SM, gauge invariane of the proess requires both a Z gauge boson exhange and the exhange
of the orresponding Goldstone GZ , whih involves diagrams (A) and (B). In the mLSOM a diret Green-
Shwarz oupling to the photon (whih is gauge dependent) is aompanied by a gauge independent axion
exhange. If the inoming quark-antiquark pair is massless, then the Goldstone has no oupling to the
inoming fermion pair, and therefore (B) is absent, while gauge invariane is trivially satised beause of
the massless ondition on the fermion pair of the initial state. In this ase only diagram (A) is relevant.
Diagram (B) may also be set to vanish, for instane in suitable gauges, suh as the unitary gauge. Notie
also that the triangle diagrams have a dependene on mf , the mass of the fermion in the loop, and show
two ontributions: a rst ontribution whih is proportional to the anomaly (mass independent) and a
orretion term whih depends on mf .
As we have shown above, the rst ontribution, whih involves an o-shell vertex, is absent in the
SM, while it is non vanishing in the mLSOM. In both ases, on the other hand, we have mf dependent
ontributions. It is then lear that in the SM the largest ontribution to the proess omes from the
top quark irulating in the triangle diagram, the amplitude being essentially proportional only to the
heavy top mass. On the Z resonane and for on-shell photons, the ross setion vanishes in both ases,
as we have explained, in agreement with the Landau-Yang theorem. We have heked these properties
expliitly, but they hold independently of the perturbative order at whih they are analyzed, being based
on the Bose symmetry of the two photons. The ross setion, therefore, has a dip at Q = MZ , where it
vanishes, and where Q2 is the virtuality of the intermediate s-hannel exhange.
An alternative senario is to searh for neutral exhanges initiated by gluon-gluon fusion. In this ase
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we replae the annihilation pair with a triangle loop (the proess is similar to Higgs prodution via gluon
fusion), as shown in Fig. 2.15. As in the deay mehanism disussed above, the prodution mehanism in
g
g A
A
+
g
g
A
A
+
A
A
t
t
t
g
g
g
g
+
A
A A
A
g
g
G ZZ
G Z
(A) (C)
(D) (E)
(B)
Figure 2.15: Gluon fusion ontribution to double-photon prodution. Shown are also the salar exhanges (B)
and (D) that restore gauge invariane and the axi-Higgs exhange (E).
the SM and in the mLSOM are again dierent. In fat, in the mLSOM there is a massless ontribution
appearing already at the massless fermion level, whih is absent in the SM. The prodution mehanism by
gluon fusion has some speial features as well. In ggZ prodution and Zγγ deay, the relevant diagrams
are (A) and (B) sine we need the exhange of a GZ to obtain gauge invariane. As we probe smaller
values of the Bjorken variable x, the gluon density raises, and the proess beomes sizable. On the other
hand, in a pp ollider, although the quark annihilation hannel is suppressed sine the antiquark density
is smaller than in a pp¯ ollision, this hannel still remains rather signiant. We have also shown in this
gure one of the salar hannels, due to the exhange of an axi-Higgs.
Other hannels suh as those shown in Fig. 2.16 an also be studied. These involve a lepton pair
+ +
h0
GZ
+
Z
(A) (B)
(C) (D) (E)
H 0
Figure 2.16: The qq¯ annihilation hannel (A,B). Salar exhanges in the neutral setor involving the two Higsses
and the axi-Higgs (C,D,E).
in the nal state, and their radiative orretions also show the appearane of a triangle vertex. This
is the lassial Drell-Yan proess, that we will briey desribe below. In this ase, both the total ross
setion and the rapidity distributions of the lepton pair and/or an analysis of the harge asymmetry in
s-hannel exhanges of W's would be of major interest in order to disentangle the anomaly inow. At
the moment, errors on the parton distributions and sale dependenes indue indeterminations whih,
just for the QCD bakground, are around 4% [85℄, as shown in a high preision study. It is expeted,
however, that the statistial auray on the Z resonane at the LHC is going to be a fator 102 better.
In fat this is a ase in whih the experiment an do better than the theory.
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2.7.3 Isolation of the massless limit: the Z∗ → γ∗γ∗ amplitude
The isolation of the massless from the massive ontributions an be analyzed in the ase of resolved
photons in the nal state. As we have already mentioned in the prompt photon ase the amplitude,
on the Z resonane, vanishes beause of Bose symmetry and angular momentum onservation. We an,
however, be on the Z resonane and produe one or two o-shell photons that undergo fragmentation.
Needless to say, these ontributions are small. However, the separation of the massless from the massive
ase is well dened. One an inrease the rates by asking just for one single resolved photon and one
prompt photon. Rates for this proess in pp-ollisions have been determined in [43℄. We start from the ase
of o-shell external photons of virtuality s1 and s2 and an o-shell Z (Z
∗). Following [86℄, we introdue
the total vertex V λµν(k1, k2,mf ), whih ontains both the massive mf dependene (orresponding to the
triangle amplitude ∆λµν) and its massless ounterpartVλµν(0) ≡ V (k1, k2,mf = 0), obtained by sending
the fermion mass to zero. The Rosenberg vertex and the V vertex are trivially related by a Shoutens
transformation, moving the λ index from the Levi-Civita tensor to the momenta of the photons
Vλµν(k1, k2,mf )
= A(k1, k2,mf )ǫ[λ, µ, ν, k2]s1 −A(k2, k1,mf )ǫ[λ, µ, ν, k1]s2 +A(k1, k2,mf )ǫ[λ, ν, k1, k2]kµ1
+A(k2, k1,mf)ǫ[λ, µ, k2, k1]k
ν
2 −B(k1, k2,mf)ǫ[µ, ν, k1, k2]kλ (2.133)
with k − k1 − k2 = 0 and si = k2i (i = 1, 2), and
A(k1, k2,mf) =
1
λ
[
−1
2
(s− s1 + s2)−
(
1
2
(s+ s2) + (6/λ)ss1s2
)
∆#1
+s2
[
1
2
− (3/λ)s(s− s1 − s2)
]
∆#2
+
[
ss2 + (m
2
f + (3/λ)ss1s2)(s− s1 + s2)
]
C#0
]
(2.134)
B(k1, k2,mf ) =
1
λ
[
1
2
(s− s1 − s2) + s1
[
1
2
+ (3/λ)s2(s+ s1 − s2)
]
∆#1
+s2
[
1
2
+ (3/λ)s1(s− s1 + s2)
]
∆#2
+
[
s1s2 − (m2f + (3/λ)ss1s2)(s− s1 − s2)
]
C#0
]
(2.135)
with
λ = λ(s, s1, s2), (2.136)
being the usual Mandelstam funtion and where the analyti expressions for ∆#i and C#0 are given by
∆#i = ai ln
ai + 1
ai − 1 − a3 ln
a3 + 1
a3 − 1 , (i=1,2)
C#0 =
1√
λ
3∑
i=1
[
Li2
(
bi − 1
ai + bi
)
− Li2
(−bi − 1
ai − bi
)
+ Li2
(−bi + 1
ai − bi
)
− Li2
(
bi + 1
ai + bi
)]
,
(2.137)
and
ti = −si − iǫ, ai =
√
1 + (2mf )2/ti, (i=1,2,3),
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λ = λ(t1, t2, t3), b1 = (t1 − t2 − t3)/
√
λ or yli (2.138)
For mf = 0 the two expressions above beome
∆#i = ln(ti/t3), (i = 1, 2),
C#0 = (1/
√
λ)
[
2
(
ζ(2)− Li2(x1)− Li2(x2) + Li2
(
1
x3
))
+ lnx1lnx2
]
(2.139)
with
xi =
(bi + 1)
(bi − 1) , (i = 1, 2, 3). (2.140)
These an be inserted into (2.134) and (2.135) together with mf = 0 to generate the orresponding
V
λµν (0) vertex needed for the omputation of the massless ontributions to the amplitude.
With these notations we learly have
∆λµν = V λµν(k1, k2,mf)
∆λµν(0) = Vλµν(k1, k2)
∆λµν(mf ) = V
λµν(k1, k2,mf)−Vλµν (k1, k2).
2.7.4 Extension to Z → γ∗γ
To isolate the ontribution to the deay on the resonane, we keep one of the two photons o-shell
(resolved). We hoose s1 = 0, and s2 virtual. We denote by Γ
λµν
the orresponding vertex in this
speial kinematial onguration. The Z boson is on-shell. In this ase at one-loop the result simplies
onsiderably [87℄
Γλµν = F2(s2ǫ[λ, µ, ν, k1] + k
ν
2 ǫ[λ, µ, k1, k2]), (2.141)
with F2 expressed as a Feynman parametri integral
F2 =
1
2π2
∫ 1
0
dz1dz2dz3δ(1− z1 − z2 − z3) −z2z3
m2f − z2z3s2 − z1z3M2Z
. (2.142)
Setting F2 ≡ −F (z, rf) where f(z, r) is a dimensionless funtion of
z = s2/M
2
Z , rf = m
2
Z/4m
2
f , (2.143)
and for vanishing mf (rf = M
2
Z/4m
2
f → ∞), the orresponding massless ontribution is expressed as
F (z,∞) with, in general
F (z, rf) =
1
4(1− z)2 (I(rf z, rf )− I(rf , rf ) + 1− z), (2.144)
where
I(x, rf ) = 2
√
x− 1
x−
ln(
√−x+√1− x)− 1
rf
(ln(
√−x+√1− x))2 for x < 0
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= 2
√
1− x
x
sin−1
√
x+
1
rf
(sin−1
√
x)2 for 0< x < 1
= 2
√
x− 1
x
(
ln(
√
x+
√
x− 1)− iπ
2
)
− 1
rf
(
ln(
√
x+
√
x− 1)− iπ
2
)2
,
for x > 1. (2.145)
The mf = 0 ontribution is obtained in the rf → +∞ limit,
F (z,∞) = 1
4(1− z)2 (ln z + 1− z) for z > 0,
=
1
4(1− z)2 (ln |z|+ iπ + 1− z) for z < 0. (2.146)
In these notations, the innite fermion mass limit (mf →∞ or r → 0), gives F (z, 0) = 0 and we nd
∆λµν = Γλµν = F (z, rf )
∆λµν(0) = Γλµν(0) = F (z,∞)
∆λµν(mf ) = Γ
λµν − Γλµν(mf ) = F (z, rf )− F (z,∞), (2.147)
whih an be used for a numerial evaluation. The deay rate for the proess is given by
Γ(Z → γ∗γ) = 1
4MZ
∫
d4k1d
4k2δ(k
2
1) δ(k
2
2 −Q2∗)|MZ→γγ∗ |2 (2π)4δ(k − k1 − k2), (2.148)
where
|MZ→γγ∗ |2 = −AλµνZ→γγ∗Πλλ
′
Z A
λ′µν′
Z→γγ∗Π
νν′
Q∗
Πλλ
′
Z = −gλλ
′
+
kλkλ
′
M2Z
Πνν
′
Q∗ = −gλλ
′
+
kλkλ
′
Q2∗
. (2.149)
We have indiated with Q∗ the virtuality of the photon. A omplete evaluation of this expression, to
be of pratial interest, would need the fragmentation funtions of the photon (see [43℄ for an example).
We briey summarize the main points involved in the analysis of this and similar proesses at the LHC,
where the deay rate is folded with the (NLO/NNLO) ontribution from the initial state using QCD
fatorization.
Probably one of the best way to searh for neutral urrent interations in hadroni ollisions at the
LHC is in lepton pair prodution via the Drell-Yan mehanism (all the details of the numerial analysis
will be presented in Chap. 5). QCD orretions are known for this proess up to O(α2s) (next-to-next-
to-leading order, NNLO), whih an be folded with the NNLO evolution of the parton distributions
to provide aurate determinations of the hadroni pp ross setions at the 4 % level of auray [85℄.
The same omputation for Drell-Yan an be used to analyze the pp → Z → γγ∗ proess sine the WV
(hadroni) part of the proess is universal, with WV dened below. An appropriate (and very useful)
way to analyze this proess would be to perform this study dening the invariant mass distribution
dσ
dQ2
= τσZ→γ∗γ(Q
2,M2V )WV (τ,Q
2) (2.150)
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where τ = Q2/S, whih is separated into a point-like ontribution σZ→γγ∗
σV (Q
2,M2V ) =
πα
4MZ sin θ2W cos θ
2
WNc
Γ(Z → γγ∗)
(Q2 −M2Z)2 +M2ZΓ2Z
. (2.151)
and a hadroni struture funtions WZ . This is dened via the integral over parton distributions and
oeient funtions ∆ij
WZ(Q
2,M2Z) =
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dx δ(τ − xx1x2)PDVij(x1, x2, µ2f )∆ij(x,Q2, µ2f ) (2.152)
where µf is the fatorization sale. The hoie µf = Q, with Q the invariant mass of the γγ
∗
pair ,
removes the log(Q/M) for the omputation of the oeient funtions, whih is, anyhow, arbitrary. The
non-singlet oeient funtions are given by
∆
(0)
qq¯ = δ(1 − x)
∆
(1)
qq¯ =
αS(M
2
V )
4π
CF
[
δ(1− x)(8ζ(2) − 16) + 16
(
log(1− x)
1− x
)
+
−8(1 + x) log(1− x)− 41 + x
2
1− x log x
]
(2.153)
with CF = (N
2
c − 1)/(2Nc) and the + distribution is dened by(
log(1− x)
1− x
)
+
= θ(1− x) log(1 − x)
1− x − δ(1− x)
∫ 1−δ
0
dx
log(1− x)
1− x , (2.154)
while at NLO appears also a qg setor
∆(1)qg =
αS(M
2
V )
4π
TF
[
2(1 + 2x2 − 2x) log
(
(1− x)2
x
)
+ 1− 7x2 + 6x
]
. (2.155)
Other setors do not appear at this order. Expliitly one gets
WZ(Q
2,M2Z) =
∑
i
∫ 1
0
dx1
∫ 1
0
dx2
∫ 1
0
dxδ(τ − xx1x2)
×
{(
qi(x1, µ
2
f )q¯i(x2, µ
2
f ) + q¯i(x1, µ
2
f )qi(x2, µ
2
f )
)
∆qq¯(x,Q
2, µ2f )
+
(
qi(x1, µ
2
f )g(x2, µ
2
f ) + qi(x2, µ
2
f )g(x1, µ
2
f )
)
∆qg(x,Q
2, µ2f )
}
(2.156)
where the sum is over the quark avours. The identiation of the generalized mehanism of anomaly
anellation requires that this desription be extended to NNLO. It involves a slight modiation of
the NNLO hard satterings. An expliit omputation will be performed in Chap. 5 together with the
numerial results.
2.8 Conlusions
We have presented a study of a model inspired by the struture enountered in a typial string theory
derivation of the Standard Model. In partiular we have foused our investigation on the harateriza-
tion of the eetive ation and worked out its expression in the ontext of an extension ontaining one
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additional anomalous U(1). This analysis speializes and, at the same time, extends a previous study
of models belonging to this lass. The results that we have presented are generi for models where the
Stükelberg and the Higgs mehanism are ombined and where an eetive Abelian anomalous intera-
tion is present. Our analysis has then turned toward the study of simple proesses mediated by neutral
urrent exhanges, and we have foused, speially, on one of them, the one involving the Zγγ vertex.
In partiular our ndings learly show that new massless ontributions are presented at one-loop level
when anomalous generators are involved in the fermioni triangle diagrams and the interplay between
massless and massive fermion eets is modied respet to the SM ase. The typial proesses onsidered
in our analysis deserve a speial attention, given the forthoming experiments at the LHC, sine they
may provide a way to determine whether anomaly eets are present in some spei reations. Other
similar proesses, involving the entire neutral setor should be onsidered, though the two-photon signal
is probably the most interesting one phenomenologially. Given the high statistial preision (.05% and
below on the Z peak, for 10 fb−1 of integrated luminosity) whih an be easily obtained at the LHC,
there are realisti hanes to prove or disprove theories of these types.
2.9 Appendix. A Summary on the single anomalous U(1) Model.
We summarize here some results onerning the model with a single anomalous U(1) disussed in the
main setions. These results speialize and simplify the general disussion of [1℄ to whih we refer for
further details. The hyperharge values used for our analysis are
f QL uR dR L eR νR
qY 1/6 2/3 −1/3 −1/2 −1 0
and general U(1)B harge assignments
f QL uR dR L eR νR
qB q
(QL)
B q
(uR)
B q
(dR)
B q
(L)
B q
(eR)
B q
(νR)
B
The ovariant derivatives at on the fermions fL, fR as
DµfL =
(
∂µ + iAµ + iq
(fL)
l glAl,µ
)
fL
DµfR =
(
∂µ + iAµ + iq
(fR)
l glAl,µ
)
fR (2.157)
with l = Y,B Abelian index, where Aµ is a non-Abelian Lie algebra element and write the lepton doublet
as
Li =
(
νLi
eLi
)
. (2.158)
We will also use standard notations for the SU(2)W and SU(3)C gauge bosons
Wµ =
σi
2
W iµ = τiW
i
µ, with i = 1, 2, 3 (2.159)
Gµ =
λa
2
Gaµ = TaG
a
µ with a = 1, 2, ..., 8 (2.160)
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with the normalizations
Tr[τ iτ j ] =
1
2
δij , T r[T
aT b] =
1
2
δab. (2.161)
The interation Lagrangian for the leptons beomes
Llepint = ( νLi eLi ) γµ
[
−g2
τa
2
W aµ − gY q(L)Y AYµ − gBq(L)B Bµ
](
νLi
eLi
)
+
+ eRi γ
µ
[
−gY q(eR)Y AYµ − gBq(eR)B Bµ
]
eRi
+ νRi γ
µ
[
−gY q(νR)Y AYµ − gBq(νR)B Bµ
]
νRi. (2.162)
As usual we dene the left-handed and right-handed urrents
JLµ =
1
2
(Jµ − J5µ), JRµ =
1
2
(Jµ + J
5
µ), Jµ = J
R
µ + J
L
µ , J
5
µ = J
R
µ − JLµ . (2.163)
Writing the quark doublet as
QLi =
(
uLi
dLi
)
, (2.164)
we obtain the interation Lagrangian
Lquarksint = (uLi dLi ) γµ
[
−g3
λa
2
Gaµ − g2
τ i
2
W iµ − gY q(QL)Y AYµ − gBq(QL)B Bµ
](
uLi
dLi
)
+
+ uRi γ
µ
[
−gY q(uR)Y AYµ − gBq(uR)B Bµ
]
uRi
+ dRi γ
µ
[
−gY q(dR)Y AYµ − gBq(dR)B Bµ
]
dRi. (2.165)
As we have already mentioned in the introdution, we work with a two-Higgs doublet model, and therefore
we parameterize the Higgs elds in terms of eight real degrees of freedom as
Hu =
(
H+u
H0u
)
Hd =
(
H+d
H0d
)
(2.166)
where H+u , H
+
d and H
0
u, H
0
d are omplex elds. Speially
H+u =
H+uR + iH
+
uI√
2
, H−d =
H−dR + iH
−
dI√
2
, H−u = H
+∗
u , H
+
d = H
−∗
d . (2.167)
Expanding around the vauum we get for the neutral omponents
H0u = vu +
H0uR + iH
0
uI√
2
, H0d = vd +
H0dR + iH
0
dI√
2
. (2.168)
The Weinberg angle is dened via cos θW = g2/g, sin θW = gY /g, with the following relation between the
ouplings
g2 = g2Y + g
2
2 . (2.169)
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We also dene cosβ = vd/v, sinβ = vu/v, related by
v2 = v2d + v
2
u. (2.170)
2.9.1 The neutral gauge setor
The mass-matrix of the neutral gauge bosons is given by
Lmass =
(
W3 A
Y B
)
M
2
 W3AY
B
 , (2.171)
where expliitly
M
2 =
1
4
 g2
2v2 −g2 gY v2 −g2 xB
−g2 gY v2 gY 2v2 gY xB
−g2 xB gY xB 2M21 +NBB
 (2.172)
with
NBB =
(
qB 2u v
2
u + q
B 2
d v
2
d
)
g 2B, (2.173)
xB =
(
qBu v
2
u + q
B
d v
2
d
)
gB. (2.174)
The orthonormalized mass squared eigenstates orresponding to this matrix are given by
 O
A
11
OA12
OA13
 =

gY√
g2
2
+g2
Y
g2√
g2
2
+g2
Y
0
 , (2.175)
 O
A
21
OA22
OA23
 =

g2
„
2M2
1
−g2v2+NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2
B
«
g2xB
s
4+ g
2
g4x2
B
„
2M2
1
−g2v2+NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2
B
«
2
−
gY
„
2M2
1
−g2v2+NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2B
«
g2xB
s
4+ g
2
g4x2
B
„
2M2
1
−g2v2+NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2B
«
2
2s
4+ g
2
g4x2
B
„
2M2
1
−g2v2+NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2
B
«
2

. (2.176)
One an see that these results reprodue the analogous relations of the SM in the limit of very large M1
lim
M1→∞
OA21 =
g2
g
, lim
M1→∞
OA22 = −
gY
g
,
OA23 ≃
g
2
xB
M21
≡ g
2
ǫ1 so that lim
M1→∞
OA23 = 0.
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Similarly, for the other matrix elements of the rotation matrix OA we obtain
 O
A
31
OA32
OA33
 =

−
g2
„
−2M2
1
+g2v2−NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2
B
«
g2xB
s
4+ g
2
g4x2
B
„
−2M2
1
+g2v2−NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2
B
«
2
gY
„
−2M2
1
+g2v2−NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2B
«
g2xB
s
4+ g
2
g4x2
B
„
−2M2
1
+g2v2−NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2B
«
2
2s
4+ g
2
g4x2
B
„
−2M2
1
+g2v2−NBB+
q
(2M21−g2v2+NBB)
2
+4g2x2
B
«
2

, (2.177)
whose asymptoti behavior is desribed by the limits
OA31 ≃ −
g2
2
xB
M21
≡ −g2
2
ǫ1, O
A
32 ≃
gY
2
xB
M21
≡ gY
2
ǫ1, O
A
33 ≃ 1, (2.178)
lim
M1→∞
OA31 = 0, lim
M1→∞
OA32 = 0, lim
M1→∞
OA33 = 1. (2.179)
These mass-squared eigenstates orrespond to one zero mass eigenvalue for the photon Aγ , and two
non-zero mass eigenvalues for the Z and for the Z ′ vetor bosons, orresponding to the mass values
m2Z =
1
4
(
2M21 + g
2v2 +NBB −
√
(2M21 − g2v2 +NBB)2 + 4g2x2B
)
≃ g
2v2
2
− 1
M21
g2x2B
4
+
1
M41
g2x2B
8
(NBB − g2v2), (2.180)
m2Z′ =
1
4
(
2M21 + g
2v2 +NBB +
√
(2M21 − g2v2 +NBB)2 + 4g2x2B
)
≃ M21 +
NBB
2
. (2.181)
The mass of the Z gauge boson gets orreted by terms of the order v2/M1, onverging to the SM value
as M1 → ∞, with M1 the Stükelberg mass of the B gauge boson, the mass of the Z ′ gauge boson an
grow large with M1. The physial gauge elds an be obtained from the rotation matrix O
A
AγZ
Z ′
 = OA
W3AY
B
 (2.182)
whih an be approximated at the rst order as
OA ≃

gY
g
g
2
g 0
g
2
g +O(ǫ
2
1) − gYg +O(ǫ21) g2ǫ1
− g22 ǫ1 gY2 ǫ1 1 +O(ǫ21)
 . (2.183)
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The mass squared matrix (2.172) an be diagonalized as
(
Aγ Z Z
′
)
OAM2(OA)T
 AγZ
Z ′
 = (Aγ Z Z ′)
 0 0 00 m2Z 0
0 0 m2Z′

 AγZ
Z ′
 . (2.184)
It is straightforward to verify that the rotation matrix OA satises the proper orthogonality relation
OA(OA)T = 1. (2.185)
2.9.2 Rotation matrix Oχ on the axi-Higgs
This matrix is needed in order to rotate into the mass eigenstates of the CP -odd setor, relating the
axion χ and the two neutral Goldstones of this setor to the Stükelberg eld b and the CP -odd phases
of the two Higgs doublets  ImH
0
u
ImH0d
b
 = Oχ
 χG 01
G 02
 . (2.186)
We refer to [1℄ for a more detailed disussion of the salar setor of the model, where, in the presene
of expliit phases (PQ-breaking terms), the mass of the axion beomes massive from the massless ase.
The PQ symmetri ontribution is given by
VPQ(Hu, Hd) =
∑
a=u,d
(
µ2aH
†
aHa + λaa(H
†
aHa)
2
)
− 2λud(H†uHu)(H†dHd) + 2λ′ud|HTu τ2Hd|2, (2.187)
while the PQ-breaking terms are
V
P/Q/
(Hu, Hd, b) = b1
(
H†uHd e
−i(qBu −q
B
d )
b
M1
)
+ λ1
(
H†uHd e
−i(qBu −q
B
d )
b
M1
)2
+λ2
(
H†uHu
) (
H†uHd e
−i(qBu −q
B
d )
b
M1
)
+ λ3
(
H†dHd
)(
H†uHd e
−i(qBu −q
B
d )
b
M1
)
+ c.c.
(2.188)
where b1 has mass squared dimension, while λ1, λ2, λ3 are dimensionless. From the salar potential
one an extrat the mass eigenvalues of the model for the salar setor. The mass matrix has two zero
eigenvalues and one non-zero eigenvalue that orresponds to a physial axion eld, χ, with mass
m2χ = −
1
2
cχ v
2
[
1 +
(
qBu − qBd
M1
v sin 2β
2
)2]
= −1
2
cχ v
2
[
1 +
(qBu − qBd )2
M21
v2uv
2
d
v2
]
, (2.189)
where
cχ = 4
(
4λ1 + λ3 cotβ +
b1
v2
2
sin 2β
+ λ2 tanβ
)
, (2.190)
and vd = v cosβ, vu = v sinβ together with
cotβ =
cosβ
sinβ
=
vd
vu
, tanβ =
sinβ
cosβ
=
vu
vd
. (2.191)
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The mass of this state is positive if cχ < 0. Notie that the mass of the axi-Higgs is the result of two
eets: the presene of the Higgs v.e.v.'s and the presene of a PQ-breaking potential whose parameters
an be small enough to drive the mass of this partile to be very light. We refer to Se. 1.4.1 for a simple
illustration of this eet in an Abelian model. The rotation matrix Oχ is shown below.
Introduing N given by
N =
1√
1 +
(qBu −q
B
d
)2
M 2
1
v2
d
v2u
v2
=
1√
1 +
(qBu −q
B
d
)2
M 2
1
v2 sin2 2β
4
(2.192)
and dening
Q1 = − (q
B
u − qBd )
M1
vu = − (q
B
u − qBd )
M1
v sinβ, (2.193)
N1 =
1√
1 +Q21
, (2.194)
Oχ is the following matrix
Oχ =
 −N cosβ sinβ N1Q1 cosβN sinβ cosβ −N1Q1 sinβ
NQ1 cosβ 0 N1
 ,
(2.195)
where we dened
Q1 = Q1 cosβ (2.196)
and
N1 =
1√
1 +Q
2
1
=
1√
1 +Q21 cos
2 β
=
1√
1 +
(qBu −q
B
d
)2
M 2
1
v2 sin2 β cos2 β
=
1√
1 +
(qBu −q
B
d
)2
M 2
1
v2uv
2
d
v2
. (2.197)
One an see from (2.192) that N1 = N , and the expliit elements of the 3-by-3 rotation matrix O
χ
an
be written as
(Oχ)11 = −
1
−(qBu −q
B
d
)
M1
vu
√
M 2
1
(qBu −q
B
d
)2
v2
v2uv
2
d
+ 1
= − 1
vu
v
vuvd
N = −N cosβ (2.198)
(Oχ)21 =
1
−(qBu −q
B
d
)
M1
vd
√
M 2
1
(qBu −q
B
d
)2
v2
v2uv
2
d
+ 1
=
1
vd
v
vuvd
N = N sinβ (2.199)
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(Oχ)31 =
1√
M 2
1
(qBu −q
B
d
)2
v2
v2uv
2
d
+ 1
=
1
M1
−(qBu −q
B
d
) vu
vu
√
(qBu −q
B
d
)2
M 2
1
+ v
2
v2uv
2
d
= NQ1 cosβ (2.200)
(Oχ)12 =
vu√
v 2u + v
2
d
= sinβ (2.201)
(Oχ)22 =
vd√
v 2u + v
2
d
= cosβ (2.202)
(Oχ)32 = 0 (2.203)
(Oχ)13 =
1√
1 +
(qBu −q
B
d
)2
M 2
1
v 2uv
2
d
v2
(
− (q
B
u − qBd )
M1
)
vuv
2
d
v2
= N
[
− (q
B
u − qBd )
M1
vu cosβ
]
cosβ = NQ1 cosβ (2.204)
(Oχ)23 = −
1√
1 +
(qBu −q
B
d
)2
M 2
1
v 2uv
2
d
v2
(
− (q
B
u − qBd )
M1
)
v2uvd
v2
= −N
[−(qBu − qBd )
M1
vu cosβ
]
sinβ = −NQ1 sinβ (2.205)
(Oχ)33 =
1√
1 +
(qBu −q
B
d
)2
M 2
1
v 2uv
2
d
v2
= N. (2.206)
It an be easily heked that this is an orthogonal matrix
(Oχ)
T
Oχ = 13×3. (2.207)
2.9.3 Appendix. Vanishing of ∆λµν for on-shell external physial states
An important property of the triangle amplitude is its vanishing for on-shell external physial states.
The vanishing of the amplitude ∆ for on-shell physial states an be veried one we have assumed
onservation of the vetor urrents. This is a simple example of a result that, in general, goes under the
name of the Landau-Yang theorem. In our ase we use only the expression of the triangle in Rosenberg
parametrization [42℄ and its gauge invariane to obtain this result. We stress this point here sine if we
modify the WI on the orrelator, as we are going to disuss next, additional interations are needed in
the analysis of proesses mediated by this diagram in order to obtain onsisteny with the theorem.
We introdue the three polarization four-vetors for the λ, µ, and ν lines, denoted by e, ǫ1 and ǫ2
respetively, and we use the Sudakov parameterization of eah of them, using the massless vetors k1 and
k2 as a longitudinal basis on the light-one, plus transversal (⊥) omponents whih are orthogonal to the
longitudinal ones. We have
e = α(k1 − k2) + e⊥ ε1 = ak1 + ε1⊥ ε2 = bk2 + ε2⊥, (2.208)
where we have used the ondition of transversality e · k = 0, ε1 · k1 = 0, ε2 · k2 = 0, the external lines
being now physial. Clearly e⊥ · k1 = e⊥ · k2 = 0, and similar relations hold also for ε1⊥ and ε2⊥, all
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the transverse polarization vetors being orthogonal to the light-one spanned by k1 and k2. From gauge
invariane on the µν lines in the invariant amplitude, we are allowed to drop the light-one omponents
of the polarizators for these two lines
∆λµνeλε1µε2ν = ∆
λµν
eλε1µ⊥ε2ν⊥, (2.209)
and a simple omputation then gives (introduing e⊥ ≡ (0,~e) and similar)
∆λµνeλε1µ⊥ε2ν⊥ = a1ǫ[k1 − k2, ε1⊥, ε2⊥, e] = a1ǫ[k1 − k2, ε1⊥, ε2⊥, α(k1 − k2) + e⊥]
∝ (~ε1⊥ × ~ε2⊥) · ~e⊥ = 0, (2.210)
sine the three transverse polarizations are linearly dependent. Notie that this proof shows that Z → γγ
with all three partiles on-shell does not our.
2.10 Appendix. Anomalous traes
Here we briey disuss the omputation of the anomalous traes in front of the triangle amplitudes. We
work with massless fermion amplitudes. The anomaly oeient in Eq. (2.18) an be obtained starting
from the triangle diagram in momentum spae. For instane we get
∆λµν,ijBSU(2)SU(2) = gBg
2
2 Tr[τ
iτ j ]
∑
f
qfLB ∆
Lλµν
= gBg
2
2 Tr[τ
iτ j ]
∑
f
qfLB (i)
3
∫
d4q
(2π)4
Tr[γλPL(q/− k/)γνPL(q/− k/1)γµPLq/]
q2(q − k1)2(q − k)2
+(k1 → k2, µ→ ν)
= gBg
2
2 Tr[τ
iτ j ]
1
8
∑
f
qfLB (i)
3
∫
d4q
(2π)4
Tr[γλ(1− γ5)(q/− k/)γν(1− γ5)(q/− k/1)γµ(1− γ5)q/]
q2(q − k1)2(q − k)2
+(k1 → k2, µ→ ν)
(2.211)
and isolating the four anomalous ontributions of the form AAA, AVV, VAV and VVA we obtain
D
(L)
B =
1
8
Tr[qfLB ] ≡ −
1
8
∑
f
qfLB . (2.212)
Similarly in the Abelian ase we obtain
∆λµνBBB = g
3
B
∑
f
(qfRB )
3
∆
Rλµν + g 3B
∑
f
(qfLB )
3
∆
Lλµν
= g 3B
∑
f
(qfRB )
3(i)3
∫
d4q
(2π)4
Tr[γλPR(q/− k/)γνPR(q/− k/1)γµPRq/]
q2(q − k1)2(q − k)2
+ g 3B
∑
f
(qfLB )
3(i)3
∫
d4q
(2π)4
Tr[γλPL(q/− k/)γνPL(q/− k/1)γµPLq/]
q2(q − k1)2(q − k)2
+ (k1 → k2, µ→ ν)
= g 3B
1
8
∑
f
(qfRB )
3(i)3
∫
d4q
(2π)4
Tr[γλ(1 + γ5)(q/− k/)γν(1 + γ5)(q/− k/1)γµ(1 + γ5)q/]
q2(q − k1)2(q − k)2
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+ g 3B
1
8
∑
f
(qfLB )
3(i)3
∫
d4q
(2π)4
Tr[γλ(1− γ5)(q/− k/)γν(1− γ5)(q/− k/1)γµ(1− γ5)q/]
q2(q − k1)2(q − k)2
+(k1 → k2, µ→ ν)
(2.213)
with the related oeient
DBBB =
1
8
Tr[q3B] =
1
8
∑
f
[
(qfRB )
3 − (qfLB )3
]
.
The other oeients reported in Eq. (2.25) are obtained similarly.
2.11 Appendix. CS and GS terms rotated
The rotation of the CS and the GS terms into the physial elds and the Goldstone gives
V BY YCS = d1〈BY ∧ FY 〉 = (−i)d1ǫλµνα(k1α − k2α)
[
(OAT )221(O
AT )32
]
ZλAµγA
ν
γ + . . .
V BWWCS = c1〈ǫµνρσBµCAbelianνρσ 〉 = (−i)c1ǫλµνα(k1α − k2α)
[
(OAT )211(O
AT )32
]
ZλAµγA
ν
γ + . . .
V bY YGS =
CY Y
M
bFY ∧ FY = 4CY Y
M
bǫµνρσkµkνYρYσ = 4
CY Y
M
ǫµνρσkµkν
[
Oχ31(O
AT )221 χA
µ
γA
ν
γ
+(Oχ32C1 +O
χ
33C
′
1)(O
AT )221GZA
µ
γA
ν
γ
]
+ . . .
V bWWGS =
F
M
bTr [FW ∧ FW ] = 4CY Y
M
b
2
ǫµνρσkµkνW
i
ρW
i
σ = 4
F
M
ǫµνρσkµkν
[
Oχ31(O
AT )211 χA
µ
γA
ν
γ
+(Oχ32C1 +O
χ
33C
′
1)(O
AT )211
]
GZA
µ
γA
ν
γ + . . .
(2.214)
These verties appear in the anellation of the gauge dependene in s-hannel exhanges of Z gauge
bosons in the Rξ gauge. The dots refer to the additional ontributions, proportional to interations of χ,
the axi-Higgs, with the neutral gauge bosons of the model.
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Chapter 3
Unitarity Bounds for Gauged Axioni
Interations and the Green-Shwarz
Mehanism
3.1 Introdution to the hapter
The anellation of gauge anomalies in the Standard Model is a landmark of modern partile theory that
has ontributed to shape our knowledge on the fermion spetrum, its hiral harges and ouplings. Other
mehanisms of anellation, based on the introdution of both loal and non-loal ounterterms, have
also reeived a lot of attention in the last two deades, from the introdution of the Wess-Zumino term in
gauge theories [88℄ (whih is loal) to the Green-Shwarz mehanism of string theory [89℄ (whih is non-
loal). The eld theory realization of this seond mehanism is rather puzzling also on phenomenologial
grounds sine it requires, in 4 dimensions, the non-loal exhange of a pseudosalar to restore gauge
invariane in the anomalous verties. In higher dimensions, for instane in 10 dimensions, the violation
of the Ward Identities due to the hexagon diagram is aneled by the exhange of a 2-form [89, 62, 63℄.
In this hapter we are going to analyze the similarities between the two approahes and emphasize the
dierenes as well. We will try, along the way, to point out those unlear aspets of the eld theory
realization of this mehanism - in the absene of supersymmetry and gravitational interations - whih,
apparently, suers from the presene of an analyti struture in the energy plane that is in apparent
disagreement with unitarity. Moving to the WZ ase, here we show that the restoration of gauge invariane
in the orresponding one-loop eetive Lagrangian via a loal axion ounterterm is not able to guarantee
unitarity beyond a ertain sale, although this deieny is expeted [21, 13℄, given the loal nature of
the ounterterm. In the GS ase, the restoration of the Ward Identities suers from the presene of
unphysial massless poles in the trilinear gauge verties that, as we are going to show, are similar to
those present in a non-loal version of axial eletrodynamis, whih has been studied extensively in the
past [20℄ with negative onlusions onerning its unitarity properties. In partiular, in the ase of salar
potentials that inlude Higgs-axion mixing, the phenomenologial interpretation of the GS mehanism
remains problemati in the eld theoretial onstrution.
We omment on the relation between the two mehanisms, when the axion is integrated out of the
partition funtion of the anomalous theory, and on other issues of the gauge dependene of the perturba-
tive expansions, whih emerge in the dierent formulations. In the seond part of the hapter we apply
105
106 3.2. Anomaly anellation and gauge dependenes: the GS and the WZ mehanisms in eld theory
our analysis to a realisti model haraterizing numerially the bounds in eetive ations of WZ type
and disuss the possibility to onstrain brane and axion-like models at the LHC.
3.1.1 WZ and GS ounterterms
Anomalous Abelian models are variations of the SM in whih the gauge struture of this is enlarged by one
or more Abelian fators. The orresponding anomalies are aneled by the introdution of a pseudosalar,
an axion (b), that ouples to 4-forms FI ∧FJ (via b/MFI ∧FJ , the Wess-Zumino term) of the gauge elds
(I, J). M is a sale that is apparently unrelated to the rest of the theory and simply desribes the range
in whih the anomalous model an be used as a good approximation to the underlying omplete theory.
The latter an be resolved at an energy E > M , by using either a renormalizable Lagrangian with an
anomaly-free hiral fermion spetrum or a string theory. The motivations for introduing suh models
are several, ranging from the study of the avor setor, where several attempts have been performed in
the last deade to reprodue the neutrino mixing matrix using theories of this type, to eetive string
models, in whih the extra U(1) abound. We also reall that in eetive string models and in models
haraterized by extra dimensions the axion (b) appears together with a mixing to the anomalous gauge
boson (∂bB), whih is, by oinidene, natural in a (Higgs) theory in a broken phase. In a way, theories
of this type have several ompletions at higher energy [13℄.
Coming to the spei models that we analyze, these are omplete mLSOM-like [1, 12, 26, 71, 90℄
models with three anomalous U(1) [91, 92℄, while most of the unitarity issues are easier to address in
simple models with two U(1) [40℄. In our phenomenologial analysis, whih onerns only eetive ations
of WZ type, we will hoose the harge assignments and the onstrution of [93, 60℄, but we will work in
the region of parameter spae where only the lowest Stükelberg mass eigenvalue is taken into aount,
while the remaining two extra Z ′ deouple. This onguration is not the most general but is enough to
larify the key physial properties of these models.
3.2 Anomaly anellation and gauge dependenes: the GS and
the WZ mehanisms in eld theory
In this setion we start our disussion of the unitarity properties of the GS and WZ mehanisms, illus-
trating the ritial issues. We illustrate a pure diagrammati onstrution of the WZ eetive ation
using a set of basi loal ounterterms and show how a ertain lass of amplitudes have an anomalous
behavior that grows beyond their unitarity limit at high energy. The arguments being rather subtle,
we have deided to illustrate the onstrution of the eetive ation for both mehanisms in parallel. A
re-arrangement of the same basi ounterterms of the WZ ase generates the GS eetive ation, whih,
however, is non-loal. The two mehanisms are dierent even if they share a ommon origin. In a fol-
lowing setion we will integrate out the axion of the WZ formulation to generate a non-loal form of
the same mehanism that resembles more losely the GS ounterterm. The two dier by a set of extra
non-loal interations in their respetive eetive ations. One ould go the other way and formulate the
GS mehanism in a loal form using (two or more) extra auxiliary elds. These points are relevant in
order to understand the onnetion between the two ways to anel the anomaly.
Chapter 3. Unitarity Bound for Gauged Axioni Interations 107
3.2.1 The Lagrangian
Speially, the toy model that we onsider has a single fermion with a vetor-like interation with the
gauge eld A and a purely axial-vetor interation with B. The Lagrangian is given by
L0 = −1
4
F 2A −
1
4
F 2B +
1
2
(∂µb+M1 Bµ)
2 + ψiγµ(∂µ + ieAµ + igBγ
5Bµ)ψ, (3.1)
where, for simpliity, we have taken all the harges to be unitary, and we have allowed for a Stükelberg
term for B, with M1 being the Stükelberg mass
1
. A is massless and takes the role of a photon. The
Lagrangian has a Stükelberg-like symmetry with b → b −M1θB under a gauge transformation of Bµ,
δBµ = ∂µθB. The axion is a singlet under gauge transformations of A. We all this simplied theory
the "A-B" Model. We are allowed not to perform any gauge-xing on B and keep the oupling of the
longitudinal omponent of B to the axion, ∂Bb, as an interation vertex. If we remove A, we all the
simplied model the "B Model". We will be interhanging between these two models for illustrative
purposes and to underline the essential features of theories of this type.
In the A-B Model, the U(1)A gauge freedom an be gauge-xed in a generi Lorentz gauge, with
polarization vetors that arry a dependene on the gauge parameter ξA, but A being non-anomalous
we will assume trivially the validity of the Ward Identities on vetor-like urrents. This will erase any
dependene on ξA both of the polarization vetors of A and of the propagators of the same gauge boson.
At the same time Chern-Simons (CS) interations suh as AB ∧FB or AB ∧ FA, whih are present if we
dene triangle diagrams with a symmetri distribution of the partial anomalies of eah vertex both in the
AVV (axial-vetor/vetor/vetor) and AAA ases [40, 92℄, an be absorbed by a re-distribution of the
anomaly. For instane, if we assume vetor Ward Identities on the A-urrent and move the whole anomaly
to the axial-vetor urrents, then the CS terms an be omitted. The anomalous orretions in the one-loop
eetive ation are due to triangle diagrams of the form BAA (AVV, with onserved vetor urrents) and
BBB (AAA with a symmetri distribution of the anomalies) whih require two WZ ounterterms, given
in SWZ below, for anomaly anellation. Sine the analysis of anomalous gauge theories ontaining WZ
terms has been the subjet of various analyses with radially dierent onlusions regarding the issue of
unitarity of these theories, we refer to the literature for more details [20, 94, 95, 96, 97, 98℄. Our goal here
is to simply stress the relevane of these analyses in order to understand the dierene between the WZ
and GS anellation mehanism and larify that Higgs-axion mixing does not nd a suitable desription
within the standard formulation of the GS mehanism. A detailed analysis of the unitarity issue will be
presented in Chap. 4.
3.3 Loal and non-loal formulations
The GS mehanism is losely related to the WZ mehanism [88℄. The latter, in this ase, onsists in
restoring gauge invariane of an anomalous theory by introduing a shifting pseudosalar, an axion, that
ouples to the divergene of an anomalous urrent. It an be formulated starting from a massive Abelian
theory and performing a eld-enlarging transformation [40℄ so as to generate a omplete gauge invariant
model in whih the usual Abelian symmetry is aompanied by a shifting axion. The original Lagrangian
of the massive gauge theory is interpreted as the gauge-xed ase of the eld-enlarged Lagrangian. The
1
Even if (3.1) is not the most general invariant Lagrangian under the gauge group U(1)A × U(1)B , our onsiderations
are the same. In fat, sine b shifts only under a gauge variation of the anomalous U(1) gauge eld B (and not under A),
the gauge invariane of the eetive ation under a gauge transformation of the gauge eld A requires that there are no
terms of the type bFA ∧ FB.
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Figure 3.1: One-loop verties and ounterterms in the Rξ gauge for the A-B Model for the WZ ase.
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Figure 3.2: A typial Bouhiat-Iliopoulos-Meyer amplitude and the axion ounterterm to restore gauge invariane
in the Rξ gauge in the WZ eetive ation.
gauge variation of the anomalous eetive ation is ompensated by the WZ term, so as to have a gauge
invariant formulation of the model. We will show next that a theory built in this way has a unitarity
bound that we will be able to quantify. The appearane of the axion in these theories seems to be an
artifat, sine the presene of a symmetry allows one to set the axion to vanish, hoosing a unitary gauge.
In brane models, in the presene of a suitable salar potential, the axion eases to be a gauge artifat
and annot be gauged away, as shown in [1, 12℄. This point is rather important, sine it shows that
the GS ounterterm is unable to desribe Higgs-axion mixing, whih takes plae when the Peei-Quinn
[22, 99℄ symmetry of the salar potential is broken. The reason is quite obvious: the GS virtual axion is
a massless exhange whose presene is just to guarantee the deoupling of the longitudinal omponent of
the gauge boson from the anomaly and that does not desribe a physial state. But before oming to a
areful analysis of this point, let us disuss the ounterterms of the Lagrangian.
In the A-B Model the WZ ounterterms are
LWZ = CAA
2!M1
bFA ∧ FA + CBB
2!M1
bFB ∧ FB, (3.2)
whih are xed by the ondition of gauge invariane of the Lagrangian. The best way to proeed in the
analysis of this theory is to work in the Rξ gauge in order to remove the B− b mixing [40℄. Alternatively,
we are entitled to keep the mixing and perform a perturbative expansion of the model using the Proa
propagator for the massive gauge boson, and treat the b∂B term as a bilinear vertex. This seond
approah an be the soure of some onfusion, sine one ould be misled and identify the perturbative
expansion obtained by using the WZ theory with that of the GS mehanism, whih involves, at a eld
theory level, only a re-denition of the trilinear fermioni vertex with a pole-like ounterterm. In the WZ
eetive ation, treated with the b − B mixing (and not in the Rξ gauge), similar ounterterms appear.
We show in Fig. 3.1 the verties of the eetive ation in the Rξ gauge approah, and we ombine
them to desribe the proess AA → AA, as shown in Fig. 3.2. Graph a) of Fig. 3.2 is a typial BIM
amplitude [38℄, rst studied in '72 by Bouhiat, Iliopoulos and Meyer to analyze the gauge independene
of anomaly-mediated proesses in the Standard Model. The gauge independene of this proess is a
neessary ondition in a gauge theory in order to have a onsistent S-matrix free of spurious singularities
[40℄, but is not suient to guarantee the absene of a unitarity bound. Typially, gauge anellations
help to identify the orret power ounting (in 1/M1 and in the oupling onstants) of the theory and
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Figure 3.3: Perturbative expansion of the AA→ AA amplitude in the presene of B − b mixing.
are essential to establish the overall orretness of the perturbative omputations using the verties of
the eetive ation. In our example, this an be established as follows: diagram b) of Fig. 3.2 anels the
gauge dependene of diagram a) but leaves an overall remnant, whih is the ontribution of diagram a)
omputed in the unitary gauge (ξ →∞) in whih the propagator takes the Proa form
Dλλ
′
P (k) = −
i
k2 −M21
(
gλλ
′ − k
λkλ
′
M21
)
. (3.3)
Due to this anellation, the total ontribution of the two diagrams is
∆λµνA (k, p1, p2)D
λλ′
P ∆
λ′µ′ν′
A (k, k1, k2), (3.4)
where ∆A is given by the Dolgov-Zakharov parameterization
∆λµνA (k, p1, p2) = A6(s)(k1 + k2)
λǫ [k1, k2, ν, µ] , (3.5)
where the oeient A6(s) in the massless ase is A6(s) = 1/2(π
2s).
We all ∆B the triangle with a symmetri distribution of the anomaly (an/3 for eah vertex), whih
is obtained from ∆A by the addition of suitable CS terms [91, 92℄. The bad behavior of this amplitude
at high energy is then trivially given by
2
1
M21
∆λµνA
kλkλ′
k2 −M21
∆λ
′µ′ν′
A (k, k1, k2) =
1
M21
a2n
k2 −M21
ǫ[µ, ν, p1, p2]ǫ[µ
′, ν′, k1, k2], (3.6)
with an = i/(2π
2). Squaring the amplitude, the orresponding ross setion grows linearly with s = k2,
whih signals the breaking of unitarity, as expeted in Proa theory, if the orresponding Ward Identities
are violated. A similar result holds for the BBB ase. In the alternative formulation, in whih the b−B
term is treated as a vertex, the perturbative expansion is formulated diagrammatially as in Fig. 3.3.
Though the expansion is less transparent in this ase, it is still expeted to reprodue the results of the Rξ
gauge and of the unitary gauge. Notie that the expansion seems to generate the spei GS ounterterms
(Graph 3b)) that limits the interation of the gauge eld with the anomaly to its transverse omponent,
together with some extra graphs, whih are learly not absorbed by a re-denition of the gauge vertex.
3.3.1 Integrating out the Stükelberg in the WZ ase
We an make a forward step and try to integrate out the axion from the partition funtion and obtain
the non-loal version of the WZ eetive ation. Notie that this is straightforward only in the ase in
whih Higgs- axion mixing is absent. The partition funtion in this ase is given by
Z =
∫
DψDψ¯DADBDb exp
(
i〈L(ψ, ψ¯, A,B, b)〉) , (3.7)
2
We will use the oinise notation ǫ[λ, p, k, ν] ≡ ǫλαβνpαkβ
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Figure 3.4: The struture of the WZ eetive ation having integrated out the axion.
where 〈 〉 denote integration over x and
L = L0 + LWZ , (3.8)
with L0 and LWZ given in (3.1) and (3.2), respetively. Indiating with Lb the b setor of L, a partial
integration on the axion gives
3
Lb = −1
2
b b+ b J, (3.9)
where
J =M∂B − κA
M
FA ∧ FA − κB
M
FB ∧ FB , (3.10)
and performing the path integration over b we obtain∫
Db exp (i〈L〉) = det (−M21 )−1/2 exp( i2J−1J
)
, (3.11)
where
〈J−1J〉WZ = 〈
(
M1∂B − κA
M1
FA ∧ FA − κB
M1
FB ∧ FB
)

−1
(
M1∂B − κA
M1
FA ∧ FA − κB
M1
FB ∧ FB
)
〉.
(3.12)
The additional ontributions to the eetive ation are now non-loal and are represented by the set
of diagrams in Fig. 3.4. Among these diagrams there are two GS ounterterms, diagrams ) and d),
but there are also other ontributions. To generate only the GS ounterterms one needs an additional
pseudosalar alled a in order to enfore the anellation of the extra terms. There are various ways
of doing this [94, 95, 96, 100℄. In [100℄ the non-loal ounterterm ∂B−1F ∧ F of axial QED, whih
orresponds to the diagrams b) and ) of Fig. 3.5, is obtained by performing the funtional integral over
a and b of the following ation [100℄
L = ψ (i∂/+ eB/γ5)ψ − 1
4
F 2B +
e3
48π2M1
FB ∧ FB(a+ b)
+
1
2
(∂µb−M1Bµ)2 − 1
2
(∂µa−M1Bµ)2 . (3.13)
The integral on a and b are gaussians and their ontributions to the eetive ation, after integrating
them out, are shown in Fig. 3.5. Notie that b has a positive kineti term and a is ghost-like. The role of
the two pseudosalars is to anel the ontributions in Fig. 3.5 a) and d), leaving only the ontribution
given by graphs b) and ), whih has the pole struture typial of the GS non-loal ounterterm. Due to
3
We have re-dened the oeients in front of the ounterterms absorbing the multipliity fators.
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Figure 3.5: Eetive ation with two pseudosalars, one of them ghost-like, a.
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Figure 3.6: The GS vertex with the non-loal ontributions for the BBB diagram symmetrized on eah leg.
these anellations, the eetive ation now redues to
〈∂B(x)−1(x − y)F (y) ∧ F (y)〉 (3.14)
besides the anomaly vertex and is represented by interations of the form b) and ) of Fig. 3.5. This
shows that the WZ and the GS eetive ations organize the perturbative expansions in a rather dierent
way. It is also quite immediate that the leanest way to analyze the expansion is to use the Rξ gauge, as
we have already stressed. It is then also quite lear that in the WZ ase we require the gauge invariane
of the Lagrangian but not of the trilinear gauge interations, while in the GS ase, whih is realized via
Eq. (3.13) or, analogously, by the Lagrangians proposed in [94, 95, 96℄, it is the trilinear vertex that is
rendered gauge invariant (together with the Lagrangian). The presene of a ghost-like partile in the GS
ase renders the loal desription quite unappealing and for sure the best way to dene the mehanism
is just by adding the non-loal ounterterms. In the WZ ase the loal desription is quite satisfatory
and allows one to treat the bFF interation as a real trilinear vertex, whih takes an important role in
the presene of a broken phase. The GS ounterterms are, in pratie, the same ones as appearing in the
analysis of axial QED with a non-loal ounterterm, as we are going to disuss next.
3.3.2 Non-loal ounterterms: axial QED
The use of non-loal ounterterms to anel the anomaly is for sure a debated issue in quantum eld
theory sine most of the results onerning the BRS analysis of these theories may not apply [95, 96℄. In
the GS ase we may ignore all the previous onstrutions and just require ab initio that the anomalous
verties are modied by the addition of a non-loal ounterterm that anels the anomaly on the axial
lines.
Consider, for instane, the ase of the BBB vertex of Fig. 3.6, where the regularization of the anomalies
has been obtained by adding the three GS ounterterms in a symmetri way [69℄. In the BAA ase only a
single ountertem is needed, but for the rest the disussion is quite similar to the BBB ase, with just a
few dierenes. These onern the distribution of the partial anomalies on the A- and B-lines in the ase
in whih also BAA is treated symmetrially (equal partial anomalies). In this partiular ase we need to
ompensate the vertex with CS interations, whih are not, anyhow, observable if the A-lines orrespond
to onserved gauge urrents suh as in QED. In this situation the Ward Identities would fore the CS
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ounterterms to vanish. We will stik to the onsistent denition of the anomaly in whih only B arries
the total anomaly an and A is anomaly-free. The ounterterm used in the GS mehanism both for BAA
and BBB is nothing else but the opposite of the Dolgov-Zakharov (DZ) expression [101℄, whih in the
BAA ase takes the form
CλµνAV V (k, k1, k2) = −
an
k2
kλǫ[µ, ν, k1, k2]. (3.15)
In the BBB ase a similar expression is obtained by reating a Bose symmetri ombination of DZ poles,
CλµνAAA(k, k1, k2) = −
(
1
3
an
k2
kλǫ[µ, ν, k1, k2] +
1
3
an
k21
kµ1 ǫ[ν, λ, k2, k] +
1
3
an
k22
kν2 ǫ[λ, µ, k, k1]
)
. (3.16)
We have denoted by k the inoming momenta of the axial-vetor vertex and by k1 and k2 the outgoing
momenta of the vetor verties. We keep this notation also in the AAA ase, sine k will denote the
momentum exhange in the s-hannel when we glue together these amplitudes to obtain an amplitude of
BIM type; this, we will analyze in the next setions. These expressions are onsistent with the following
equations of the anomaly for the BAA triangle
k1µC
λµν
AV V (k, k1, k2) = 0,
k2νC
λµν
AV V (k, k1, k2) = 0,
kλC
λµν
AV V (k, k1, k2) = −anǫ[µ, ν, k1, k2],
(3.17)
and for the BBB anomalous triangle
k1µC
λµν
AAA(k, k1, k2) = −
an
3
ǫ[λ, ν, k, k2],
k2νC
λµν
AAA(k, k1, k2) = −
an
3
ǫ[λ, µ, k, k1],
kλC
λµν
AAA(k, k1, k2) = −
an
3
ǫ[µ, ν, k1, k2].
(3.18)
So we an dene a gauge invariant triangle amplitude, in both the BBB and BAA ases, by
∆λµν GSAAA (k, k1, k2) = ∆
λµν
AAA(k, k1, k2) + C
λµν
AAA(k, k1, k2)
∆λµν GSAV V (k, k1, k2) = ∆
λµν
AV V (k, k1, k2) + C
λµν
AV V (k, k1, k2).
(3.19)
Notie that the (fermioni) triangle diagrams, in the symmetri limit k21 = k
2
2 = k
2
3 , is exatly the opposite
of the DZ ounterterms, as we will disuss in the next setion,
∆AV V (k
2
1 = k
2
2 = k
2) = −CAV V ∆AAA(k21 = k22 = k2) = −CAAA, (3.20)
so the anellation is idential at that point (only at that point), and the two verties ∆GS vanish. It is
rather obvious that the anellations of these poles in BIM amplitudes, orreted by the GS ounterterms,
is idential only for on-shell external gauge lines. It is also quite straightforward to realize that the massless
B-model with the GS vertex orretion is equivalent to axial QED orreted by a non-loal term [20℄ that
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Figure 3.7: BIM amplitude with full GS verties. For on-shell external lines the ontributions from the extra
poles disappear.
is desribed by the Lagrangian
L5QED = ψ (i∂/+ eB/γ5)ψ − 1
4
F 2B (3.21)
plus the ounterterm
Sct = 1
24π2
〈∂B(x)−1(x− y)F (y) ∧ F (y)〉. (3.22)
This theory is equivalent to the (loal) formulation given in Eq. (3.5) and in [95, 96℄, where the transver-
sality onstraint (∂B = 0) is diretly imposed on the Lagrangian via a multiplier. Unitarity requires
Figure 3.8: Embedding of the BIM amplitude with GS verties in a fermion/antifermion sattering.
these DZ poles in the C ounterterms to disappear from a physial amplitude. In general, onsider the
diagrams depited in Figs. 3.7 and 3.8. The struture of the GS vertex is, for BBB, given by (3.19) with
the three massless poles generated by the exhange of the pseudosalar on the three legs, as shown in
Fig. 3.6. For on-shell external lines, in this diagram the ontributions from the extra poles anel due to
the transversality ondition satised by the polarizators of the gauge bosons. However, one these ampli-
tudes are embedded into more general amplitudes, suh as those shown in Figs. 3.8, 3.9, the anellation
of the DZ extra poles introdued by the ounterterm requires a more detailed analysis that we postpone
to Chap. 4, where this anellation will be proven up to three-loop order.
We an summarize the issues that we have raised in the following points.
1) The GS and the WZ mehanism have dierent formulations in terms of auxiliary elds.
2) Previous analyses of axial gauge theories, though distint in their Lagrangian formulation, are
all equivalent to axial QED plus a non-loal ounterterm. The regularization of the gauge interations,
in these theories, oinides with that obtained by using the GS ounterterm on the gauge vertex. In
partiular, the massless poles introdued by the regularization are not ompletely understood in the
ontext of perturbative unitarity.
A speial omment is needed when we move to the analysis of Higgs-axion mixing. This has been
shown to take plae after eletroweak symmetry breaking for a speial lass of potentials, whih are not
supersymmetri. The axion, whih in the Stükelberg phase is essentially a Goldstone mode, develops a
physial omponent and this omponent appears as a physial pole. It is then lear, from the analysis
presented above, that the regularization proedure introdued by the GS ounterterm involves a virtual
massless state and not a physial pole. This is at variane with the WZ mehanism, in whih the bFF
vertex is introdued from the beginning as a vertex and not just as a virtual state. In this seond ase,
b an be deomposed in terms of a Goldstone mode and a physial pseudosalar, the axi-Higgs, whih
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Figure 3.9: The struture of the fermioni sattering amplitudes with spurious massless poles (graphs b) and )).
takes the role of a gauged Peei-Quinn axion [1, 12℄. This is entitled to appear as a physial state
(and a physial pole, massless or massive) in the spetrum. The re-formulation of the GS ounterterm
in terms of a pseudosalar omes also at a ost, due to the presene of a ghost-like (phantom) partile
in the spetrum, whih is absent in the WZ ase. There are some advantages though, sine the theory
has, apparently, a nie UV behavior, given the gauge invariane ondition on the vertex. The presene of
these spurious poles requires further investigations to see how they are really embedded into higher-order
diagrams and we will return to this point in Chap. 4.
In the next setion we will move to the analysis of the unitarity bound in the WZ ase. As we have
shown, in this ase it is possible to haraterize it expliitly. We will work in a spei model, but the
impliations of our analysis are general and may be used to onstrain signiantly entire lasses of models
ontaining WZ interations at the LHC. Before oming to the spei phenomenologial appliations we
elaborate on the set of amplitudes that are instrumental in order to spot the bad high energy behavior
of the hiral anomaly in s-hannel proesses: the so alled BIM amplitudes.
3.4 BIM amplitudes, unitarity and the resonane pole
The unontrolled growth of the ross setion in the WZ ase an be studied in a lass of amplitudes that
have two anomalous (AVV or AAA ) verties onneted by an s-hannel exhange as in Fig. 3.3 a).
We are interested in the expressions of these amplitudes in the hiral limit, when all the fermions are
massless. Proesses suh as AA→ AA, mediated by an anomalous gauge boson B, with on-shell external
A-lines and massless fermions, an be expressed in a simplied form, whih is, also in this ase, the DZ
form. We therefore set k21 = k
2
2 = 0 and mf = 0, whih are the orret kinematial onditions to obtain
DZ poles. We briey elaborate on this point.
We start from the Rosenberg form of the AV V amplitude, whih is given by
T λµν = A1ǫ[k1, λ, µ, ν] +A2ǫ[k2, λ, µ, ν] +A3k
µ
1 ǫ[k1, k2, ν, λ]
+A4k
µ
2 ǫ[k1, k2, ν, λ] +A5k
ν
1 ǫ[k1, k2, µ, λ] +A6k
ν
2 ǫ[k1, k2, µ, λ] , (3.23)
and imposing the Ward Identities we obtain
A1 = k
2
2A4 + k1 · k2A3
A2 = k
2
1A5 + k1 · k2A6
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A3(k1, k2) = −A6(k1, k2)
A4(k1, k2) = −A5(k1, k2), (3.24)
where the invariant amplitudes A3, . . . , A6 are free from singularities. In this spei kinematial limit
we an use the following relations to simplify our amplitude
ǫ[k2, λ, µ, ν] =
2
s
(
kλ2 ǫ[k1, k2, ν, µ] + k
ν
2 ǫ[k1, k2, µ, λ] + k
µ
2 ǫ[k1, k2, ν, λ]
)
ǫ[k1, λ, µ, ν] = −2
s
(
kλ1 ǫ[k1, k2, ν, µ] + k
ν
1 ǫ[k1, k2, µ, λ] + k
µ
1 ǫ[k1, k2, ν, λ]
)
(3.25)
where k2 = (k1 + k2)
2 = s is the enter of mass energy. These ombinations allow us to re-write the
expression of the trilinear amplitude as
T µνλ = A6k
λǫ[k1, k2, ν, µ] + (A4 +A6) (k
ν
2 ǫ[k1, k2, µ, λ]− kµ1 ǫ[k1, k2, ν, λ]) . (3.26)
It is not diult to see that the seond piee drops o for physial external on-shell A-lines, and we see
that only one invariant amplitude ontributes to the result
T µνλ = Af6 (s)(k1 + k2)
λǫ [k1, k2, ν, µ] . (3.27)
There are some observations to be made onerning this result. Notie that A6 multiplies a longitudinal
momentum exhange and, as disussed in the literature on the hiral anomaly in QCD [101, 102, 103℄,
brings about a massless pole in s. We just reall that A6 satises an unsubtrated dispersion relation in
s at a xed invariant mass of the two photons, (k21 = k
2
2 = p
2)
A6(s, p
2) =
1
π2
∫ ∞
4m2
f
dt
ImA6(t, p
2)
t− s (3.28)
and a sum rule ∫ ∞
4m2
f
ImA6(t, p
2) dt =
1
2π
, (3.29)
while for on-shell external photons one an use the DZ relation [101℄
ImA6(k
2, 0) =
1
π
δ(k2), (3.30)
to show that the only pole of the amplitude is atually at s = k2 = 0. It an be simplied using the
identity
Li2(1 − a) + Li2(1− a−1) = −1
2
log2(a), (3.31)
with
a =
ρf + 1
ρf − 1
ρf =
√
1− 4m
2
f
s
, (3.32)
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to give [103℄
Af6 (s) =
1
2π2s
(
1− m
2
f
s
log2
ρf + 1
ρf − 1
)
. (3.33)
We an use this amplitude to disuss both the breaking of unitarity and the anellation of the resonane
pole in this simple model. The rst point has already been addressed in the previous setion, where the
omputation of the diagrams in Fig. 3.2 has shown that only a BIM amplitude survives in the WZ ase
in the sattering proess AA → AA. If the sum of those two diagrams gives a gauge invariant result,
with the exhange of the Z ′ desribed by a Proa propagator, there is a third ontribution that should
be added to this amplitude. This omes from the exhange of the physial axion χ. We reall, in fat,
that in the presene of Higgs-axion mixing, when b is the sum of a Goldstone mode and a physial axion
χ, eah anomalous Z ′ is aompanied by the exhange of the χ [1, 12℄. This is generated in the presene
of eletroweak symmetry breaking, after expansion of the Higgs salar φ around a vauum v
φ =
1√
2
(v + φ1 + iφ2) , (3.34)
with the axion b expressed as linear ombination of the rotated elds χ and GB
b = α1χ+ α2GB =
qBgBv
MB
χ+
M1
MB
GB. (3.35)
We also reall that the gauge elds Bµ get their masses MB through the ombined Higgs-Stükelberg
mehanism,
MB =
√
M21 + (qBgBv)
2. (3.36)
In the phenomenologial analysis presented in the next setions the ontribution due to χ has been
inluded. Therefore, in the WZ ase, the total ontributions oming from the several BIM amplitudes
related to the additional anomalous neutral urrents should be aompanied not only by the set of
Goldstone bosons, to restore gauge invariane, but also by the exhange of the axi-Higgs.
The anellation of the resonane pole for s =MB is an important harateristi of BIM amplitudes,
whih does not our in any other (anomaly-free) amplitude. This anellation is the result of some
trivial algebra already seen at work in the rst two hapters. For instane, given a BIM amplitude and
a Proa propagator, we have
Aµνµ
′ν′
BIM =
an
k2
kλǫ[µ, ν, k1, k2]
−i
k2 −M21
(
gλλ
′ − k
λkλ
′
M21
)
an
k2
(−kλ′)ǫ[µ′, ν′, k′1, k′2]
=
an
k2
ǫ[µ, ν, k1, k2]
−i
k2 −M21
kλ
′
(M21 − k2)
M21
an
k2
(−kλ′)ǫ[µ′, ν′, k′1, k′2]
=
an
k2
ǫ[µ, ν, k1, k2]
(−ik2
M21
)
an
k2
ǫ[µ′, ν′, k′1, k
′
2]
= − an
M1
ǫ[µ, ν, k1, k2]
i
k2
an
M1
ǫ[µ′, ν′, k′1, k
′
2]. (3.37)
This result implies that the amplitude is desribed - in the hiral limit and for massless external states
- by a diagram with the exhange of a pseudosalar (see Fig. 3.2 b)) and that the resonane pole has
disappeared. It is lear, from (3.37), that these amplitudes break unitarity and give a ontribution to the
ross setion that grows quadratially in energy (∼ s). Therefore, searhing for BIM amplitudes at the
Chapter 3. Unitarity Bound for Gauged Axioni Interations 117
LHC an be a way to unover the anomalous behavior of extra neutral (or harged) gauge interations.
There is one thing that might tame this growth, and this is the exhange of the physial axion. We will
show, working in a omplete brane model, that the exhange of the χ does lower the ross setion, but
insigniantly, independently from the mass of the axion.
3.5 A realisti model with WZ ounterterms
Claried the relation between the WZ and GS mehanisms using a toy-model, we now move towards the
analysis of the issue of unitarity violation in the WZ Lagrangian at high energy. Details on the struture
of the eetive ation of the omplete model that we are going to analyze an be found in Chap. 2. We
just mention that this is haraterized by a gauge struture of the form SU(3)× SU(2)×U(1)×U(1)B,
where the U(1)B is anomalous. We work in the ontext of a two-Higgs doublet model with Hu and Hd. In
our analysis the harge assignments are those of a realisti brane model with three extra anomalous U(1),
but we will assume that only the lowest mass eigenvalue taking part is signiant, sine the remaining
two additional gauge bosons are heavy and, essentially, deoupled.
We reall that the single anomalous gauge boson B, that we onsider for this analysis, is haraterized
by a generator YB whih is anomalous (Tr
[
Y 3B
] 6= 0) but at the same time has mixed anomalies with the
remaining generators of SM and in partiular with the hyperharge Y . In the presene of this anomalous
U(1)B both the Z and the (extra) Z
′
gauge boson have an anomalous omponent, proportional to B. We
also reall that the eetive ation of the anomalous theory is rendered gauge invariant using both CS
and WZ ounterterms, while a given gauge invariant setor involves the exhange both of the anomalous
gauge boson and of the axion in the s-, t- and u-hannels.
In [92℄ it has been shown how the trilinear verties of the eetive WZ Lagrangian an be determined
onsistently for a generi number of extra anomalous U(1). Here, the goal is to identify and quantify the
ontributions that ause a violation of unitarity in this Lagrangian. For phenomenologial reasons it is
then onvenient to selet those BIM amplitudes that have a better hane, at the experimental level, to
be measured at the LHC and for this reason we will fous on the proess g g → γγ. The gluon density
grows at high energy espeially at smaller (Bjorken variable) x-values. We hoose to work with prompt
nal state photons for obvious reasons, the signal being partiularly lean. To begin with, we will be
needing the expressions of the Zγγ and the Zgg verties. In the presene of three anomalous U(1)'s, here
denoted as U(1)B, both the Z and the (extra) Z
′
gauge boson have an anomalous omponent, whih is
proportional to the Biµ, the anomalous gauge bosons of the interation eigenstate basis (i=1,2,3). The
photon vertex is given by [92℄
〈Zlγγ〉|mf 6=0 = −
1
2
Zλl A
µ
γA
ν
γ
∑
f
[
g3Y θ
Y Y Y
f R¯
Y Y Y
Zlγγ + g
3
2θ
WWW
f R¯
WWW
Zlγγ + gY g
2
2θ
YWW
f R
YWW
Zlγγ
+g2Y g2θ
Y YW
f R
Y YW
Zlγγ
+
∑
i
gBigY g2θ
BiYW
f R
BiYW
Zlγγ
+
∑
i
gBig
2
Y θ
BiY Y
f R
BiY Y
Zlγγ
+ gBig
2
2θ
BiWW
f R
BiWW
Zlγγ
]
∆λµνAV V (mf 6= 0) (3.38)
with l = 1, 2, 3 enumerating the extra anomalous neutral urrents. The expliit expressions of the rotation
matrix OA an be found in App. 2.9.1. We have dened
R¯Y Y YZlγγ = (O
A)Y Zl(O
A)2Y γ , R¯
WWW
Zlγγ
= (OA)W3Zl(O
A)2W3γ , (3.39)
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and the triangle ∆AV V (mf 6= 0) is given by [92℄
∆λµνAV V (mf 6= 0, k1, k2) =
1
π2
∫ 1
0
dx
∫ 1−x
0
dy
1
∆(mf ){
ǫ[k1, λ, µ, ν]
[
y(y − 1)k22 − xyk1 · k2
]
+ǫ[k2, λ, µ, ν]
[
x(1 − x)k21 + xyk1 · k2
]
+ǫ[k1, k2, λ, ν] [x(x − 1)kµ1 − xykµ2 ]
+ǫ[k1, k2, λ, µ] [xyk
ν
1 + (1 − y)ykν2 ]} ,
∆(mf ) = m
2
f + x(x− 1)k21 + y(y − 1)k22 − 2xyk1 · k2 . (3.40)
We have dened the following hiral asymmetries
θBlY Yf = Q
L
Bj,f (Q
L
Y,f)
2 −QRBl,f (QRY,f)2,
θBlWWf = Q
L
Bl,f
(T 3L,f)
2,
θWWWf = (T
3
L,f)
3,
θY YWf =
[
(QLY,f )
2T 3L,f
]
,
θBlYWf =
[
QBl,fQLY,fT
3
L,f
]
, (3.41)
with Q
L/R
B and Q
L/R
Y denoting the harges of the hiral fermions and T
3
L is the generator of the third
omponent of the weak isospin, while the R fators are produts of OA matrix elements. The matrix OA
relates the interation eigenstate basis of the generators (YB, Y, T3) to those of the mass eigenstate basis
(TZ , TZ′ , Q), of the physial gauge bosons of the neutral setor, Z,Z
′
and Aγ . They are given by
RY Y YZlγγ = 3
[
(OA)Y Zl(O
A)2Y γ
]
RYWWZlγγ =
[
2(OA)W3γ(O
A)Y Zl(O
A)Y γ + (O
A)2W3γ(O
A)Y Zl
]
RWWWZlγγ =
[
3(OA)BiZl(O
A)2W3γ
]
RY YWZlγγ =
[
2(OA)Y Zl(O
A)Y γ(O
A)W3γ + (O
A)W3Zl(O
A)2Y γ
]
RBiY YZlγγ = (O
A)2Y γ(O
A)BiZl
RBiWWZlγγ =
[
(OA)2W3γ(O
A)BiZl
]
RBiYWZlγγ =
[
2(OA)BiZl(O
A)W3γ(O
A)Y γ
]
.
(3.42)
These expressions will be used extensively in the next setion and omputed numerially in a omplete
brane model.
3.5.1 Prompt photons, the Landau-Yang theorem and the anomaly
Sine the analysis of the unitarity bound will involve the study of amplitudes with diret photons in the
nal state mediated by a Z or a Z ′ in the s-hannel, we briey reall some fats onerning the struture
of these amplitude and in partiular the Landau-Yang theorem. The ondition of transversality of the Z ′
boson (eZ′ · k = 0) is essential for the vanishing of this amplitude.
The theorem states that a spin 1 partile annot deay into two on-shell spin 1 photons beause of
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Bose symmetry and angular momentum onservation. Angular momentum onservation tells us that
the two photons must be in a spin 1 state (whih fores their angular momentum wave funtion to be
antisymmetri), while their spatial part is symmetri. The total wave funtion is therefore antisymmetri
and violates the requirement of Bose statistis. For these reasons the amplitude has to vanish. For a
virtual exhange mediated by a Z ′ the ontribution is vanishing -after summing over the fermions in eah
generation of the SM-, the theory being anomaly-free, in the hiral limit. The amplitude is non-vanishing
only in the presene of hiral symmetry breaking terms (fermion masses), whih an be indued both by
the QCD vauum and by the Yukawa ouplings of SM in the presene of eletroweak symmetry breaking.
For this reason it is strongly suppressed also in the SM.
However, the situation in the ase of an anomalous vertex is more subtle. The BIM amplitude is non-
vanishing, but at the same time, as we have explained, is non-resonant, whih means that the partile
pole due to the Z ′ has disappeared. For the rest it will break unitarity at a ertain stage.
In fat, a ursory look at theAV V vertex shows that if the external photons are on-shell and transverse,
the amplitude mediated by this diagram is proportional to the momentum of the virtual Z, kµ. This
longitudinal momentum exhange does not set the amplitude to zero unless the prodution mehanism
is also anomalous. We will show rst that in the SM these proesses are naturally suppressed, though
not identially zero, sine they are proportional to the fermion masses, due to anomaly anellation. We
start our analysis by going bak to the AV V diagram, whih summarizes the kinematial behavior of the
Zγγ amplitude.
Let k1 and k2 denote the momenta of the two nal state photons. We ontrat the AV V diagram
with the polarization vetors of the photons, ε1µ and ε2ν of the Z boson, eλ, obtaining
eλε1µε2ν∆
λµν
AV V (k1, k2,mf 6= 0) = −
1
π2
∫ 1
0
dx
∫ 1−x
0
dy
xy
m2f − 2xyk1 · k2
eλε1µε2ν
{
ǫλνµα (k
α
2 − kα1 ) + kα1 kβ2 (ǫαλβνkµ2 − ǫαλβµkν1 )
}
, (3.43)
where we have used the onditions
k21 = k
2
2 = 0
ε1µk
µ
1 = ε2νk
ν
2 = 0. (3.44)
It is important to observe that if we apply Shouten's identity we an redue this expression to the form
eλε1µε2ν∆
λµν
AV V (k1, k2,mf 6= 0) = eλ
(
kλ1 + k
λ
2
)Ff (k2,mf ) (3.45)
with
Ff (k2,mf ) = Jf (k2)ǫ[k1, k2, ε1, ε2]
Jf (k2) ≡ − 1
π2
∫ 1
0
dx
∫ 1−x
0
dy
xy
m2f − 2xyk1 · k2
, (3.46)
whih vanishes only if we impose the transversality ondition on the polarization vetor of the Z boson,
eλk
λ = 0. Alternatively, this amplitude vanishes if the anomalous Zγγ vertex is ontrated with an-
other gauge invariant vertex, as disussed above. The amplitude has an anomalous behavior. In fat,
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Figure 3.10: Vanishing and non-vanishing amplitudes mediated by an axial-vetor spin 1.
ontrating with the kλ four-vetor we obtain
kλε1µε2ν∆
λµν
AV V (k1, k2,mf 6= 0) =
(
− 1
π2
∫ 1
0
dx
∫ 1−x
0
dy
kλk
λxy
m2f − 2xyk1 · k2
)
ǫ[k1, k2, ε1, ε2]
=
(
1
π2
∫ 1
0
dx
∫ 1−x
0
dy
−2k1 · k2xy
m2f − 2xyk1 · k2
)
ǫ[k1, k2, ε1, ε2]
=
(
1
π2
+
m2f
π2
∫ 1
0
dx
∫ 1−x
0
dy
1
m2f − 2xyk1 · k2
)
ǫ[k1, k2, ε1, ε2] (3.47)
where the mass-independent and mass-dependent ontributions have been separated. Summing over an
anomaly-free generation, the rst of these two ontributions anel. For this reason, it is also onvenient
to isolate the following quantity
Gf (k2,mf) =
m2f
π2
∫ 1
0
dx
∫ 1−x
0
dy
1
m2f − 2xyk1 · k2
ǫ[k1, k2, ε1, ε2] (3.48)
whih is the only ontribution to the triangle amplitude in the SM for a given fermion avor f .
We illustrate in Fig. 3.10 the ontributions to the qq¯ annihiliation hannel at all orders (rst graph),
at leading order (seond graph), and the BIM amplitude (third graph), all attahed to an AV V nal
state. In an anomaly-free theory all these proesses are only sensitive to the dierene in masses among
the avors, sine degeneray in the fermion mass sets these ontributions to zero. Only the seond graph
vanishes identially due to the WI on the qq¯ hannel also away from the hiral limit. For instane in the
third diagram hiral symmetry breaking is suient to indue violations of the WI on the initial state
vertex, due to the dierent quark masses within a given fermion generation.
To illustrate, in more detail, how hiral symmetry breaking an indue the exhange of a salar
omponent in the proess with two prompt photons, we start from the SM ase, where the Z∗γγ vertex,
multiplied by external physial polarizations for the two photons beomes
V λZ∗γγ = k
λ g2
2 cos θW
e2
∑
f
(Qf )
2gZA,fFf (k2,mf ) (3.49)
and onsider the quark antiquark annihilation hannel qq¯ → Z∗ → γγ. We work in the parton model
with massless light quarks. We an rewrite the amplitude as
M = V λffZ∗Πλ,λ′,ξV λ
′
Z∗γγ , (3.50)
where we have introdued the Zqq¯ vertex
VffZ = v¯(p1)Γ
λ′u(p2) Γ
λ = igZγ
λ(gV − gAγ5), (3.51)
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and the expression of the propagator of the Z in the Rξ gauge
Πλ,λ′,ξ =
−i
k2 −M2Z
[
gλλ
′ − k
λkλ
′
k2 − ξM2Z
(1− ξ)
]
. (3.52)
To move to the unitary gauge, we split the propagator of the Z boson as
Πλ,λ′,ξ =
−i
k2 −M2Z
[
gλλ
′ − k
λkλ
′
M2Z
]
+
−i
k2 − ξM2Z
(
kλkλ
′
M2Z
)
(3.53)
and go to the unitary gauge by hoosing ξ →∞. The amplitude will then be written as
M = v¯(p1)Γλu(p2) −i
k2 −M2Z
[
gλλ
′ − k
λkλ
′
M2Z
]
kλ
′
 g2
2 cos θW
e2
∑
f
(Qf )
2gZA,fFf (k2,mf )

=
i
M2Z
v¯(p1)Γ
λu(p2)k
λ
 g2
2 cos θW
e2
∑
f
(Qf )
2gZA,fFf (k2,mf )
 . (3.54)
Clearly, at the Born level, using the WI on the left VffZ∗ vertex, we nd that the amplitude is zero. This
result remains unhanged if we inlude higher-order orretions (strong/eletroweak), sine the struture
of this vertex is just modied by a Pauli (weak-eletri) form fator and the additional ontribution
vanishes after ontration with the momentum kλ. This amplitude is however non-vanishing if we replae
the VffZ∗ vertex with a VggZ∗ vertex, where now we assume that the new vertex is omputed for non-zero
fermion masses (i.e. away from the hiral limit). In this ase we use the WI
kρ V
ρνµ
ggZ∗ = (p1 + p2)ρG
ρνµ
= − e
2g2
2 cos θW
∑
q
gZA,qQ
2
q ǫ
νµαβp1αp2β
[
1
π2
+
m2q
π2
∫ 1
0
dx1
∫ 1−x1
0
dx2
1
∆q
]
(3.55)
with
∆q = −xyk2 +m2q, (3.56)
where the onstant term (1/π2) vanishes in an anomaly-free theory. It is onvenient to dene the funtion
Gq(k2,mq) = ǫ [ε1g, ε2g, p1, p2]m2qIq(mq) (3.57)
with
Iq(mq) = 1
π2
∫ 1
0
dx1
∫ 1−x1
0
dx2
1
∆q
, (3.58)
where ε is the polarization of the gluon, whih allows one to express the squared amplitude as
〈|Mgg→γγ |2〉 =
(
e2g2
2 cos θW
)4
s6
4M4Z
(∑
q
gqAQ
2
qGq(mq)
)2∑
f
gfAQ
2
fGf (mf )
2 , (3.59)
with s ≡ k2. Notie that in the large energy limit Iq ∼ Jf ∼ 1/s2 [103℄. This shows that double prompt
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photon prodution, in the SM, is non-resonant and is proportional to the quark masses, negleting the
ontributions oming from the masses of the leptons.
3.6 Gauge parameter dependene in the physial basis
When this analysis is extended to a omplete anomalous model suh as the mLSOM [1, 12, 91, 92℄ even
the diret proof of the anellation of the gauge dependene in the Z ′ exhange is quite omplex and not
obvious, although it is expeted at a formal level. We reall that we are working with a broken phase and
the axion has been deomposed into its physial omponent (χ, whih is the axi-Higgs) and the Goldstone
modes. In [92℄ it has been shown that the ounterterms of the theory an be xed in the Stükelberg
phase and then re-expressed, in the Higgs-Stükelberg phase, in the physial base, whih onrm the
orretness of the approah followed in Chap. 2 for the determination of the eetive Lagrangian of the
model after eletroweak symmetry breaking.
The matrix Oχ, needed to rotate into the mass eigenstates of the CP -odd setor, relating the axion
χ and the two neutral Goldstones of this setor to the Stükelberg eld b and the CP -odd phases of the
two Higgs doublets satises the following relation ImH
0
u
ImH0d
b
 = Oχ
 χG01
G02
 ,
where the Goldstones in the physial basis are obtained by the following ombination
GZ = G01
[
fu
vu
MZ
Oχ12 + fd
vd
MZ
Oχ22 + gB
M1
MZ
OAZBO
χ
32
]
+ G02
[
fu
vu
MZ
Oχ13 + fd
vd
MZ
Oχ23 + gB
M1
MZ
OAZBO
χ
33
]
= c1G
0
1 + c2G
0
2
GZ
′
= G01
[
fu,B
vu
M ′Z
Oχ12 + fd,B
vd
M ′Z
Oχ22 + gB
M1
M ′Z
OAZ′BO
χ
32
]
+ G02
[
fu,B
vu
M ′Z
Oχ13 + fd,B
vd
M ′Z
Oχ23 + gB
M1
M ′Z
OAZ′BO
χ
33
]
= c′1G
0
1 + c
′
2G
0
2 . (3.60)
Here we have dened the following oeients
fu = g2O
A
ZW3 − gYOAZY − qBu gBOAZB fd = g2OAZW3 − gYOAZY − qBd gBOAZB
fu,B = g2O
A
Z′W3 − gYOAZ′Y − qBu gBOAZ′B fd,B = g2OAZ′W3 − gYOAZ′Y − qBd gBOAZ′B , (3.61)
and the qBu,d harges are dened in Tab. 3.2. The relations ontaining the physial Goldstones an be
inverted so we obtain
G01 = C1G
Z + C2G
Z′
G02 = C
′
1G
Z + C′2G
Z′ , (3.62)
where we give the expliit expression only for the oeient C′1, sine this is the one relevant for our
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Figure 3.11: Canellation of the spurious poles in the physial basis, mf = 0.
purposes. Then, after the orthonormalization proedure, we obtain
C′1 =
c2√
c22 + c
′2
2
. (3.63)
We illustrate the proof of gauge independene from the Z gauge parameter of the amplitudes in Fig. 3.11.
In this ase the anellation of the spurious poles takes plae via the ombined exhange of the Z
propagator and of the orresponding Goldstone mode GZ . If we isolate the gauge-dependent part in the
Z boson propagator we obtain
MAξ +MBξ
=
(
−1
2
cf2∆
λµν
AV V (p1, p2)
) −i
k2 − ξZM2Z
(
kλkλ
′
M2Z
)(
1
2
cf2∆
λ′µ′ν′
AV V (k1, k2)
)
+4× (4cZγγǫ[p1, p2, µ, ν]) ik2 − ξZM2Z (4cZγγǫ[k1, k2, µ′, ν′])
=
(
−an
2
cf2ǫ[p1, p2, µ, ν]
) −i
k2 − ξZM2Z
(
1
M2Z
)(an
2
cf2ǫ[k1, k2, µ
′, ν′]
)
+4× (4cZγγǫ[p1, p2, µ, ν]) ik2 − ξZM2Z (4cZγγǫ[k1, k2, µ′, ν′]) , (3.64)
where
cZγγ =
[
F
M1
(OAWγ)
2 +
CY Y
M1
(OAY γ)
2
]
Oχ33C
′
1. (3.65)
The oeient cZγγ in theMBξ amplitude (GZ exhange) must be ompared with the massless oeients
cf2 of the MAξ amplitude (Z boson exhange) and the expliit expressions of the oeients CY Y and F
have been already omputed in Se. 2.5. Adding the ontributions of the two diagrams we obtain
MAξ +MBξ
=
{an
2
[
gBg
2
Y θ
BY Y
f R
BY Y
Zγγ + gBg
2
2θ
BWW
f R
BWW
Zγγ
]
ǫ[p1, p2, µ, ν]
} i
k2 − ξZM2Z
(
1
M2Z
)
{an
2
[
gBg
2
Y θ
BY Y
f R
BY Y
Zγγ + gBg
2
2θ
BWW
f R
BWW
Zγγ
]
ǫ[k1, k2, µ
′, ν′]
}
+4×
{
4
[
F
M1
(OAWγ)
2 +
CY Y
M1
(OAY γ)
2
]
Oχ33C
′
1ǫ[p1, p2, µ, ν]
}
i
k2 − ξZM2Z{
4
[
F
M1
(OAWγ)
2 +
CY Y
M1
(OAY γ)
2
]
Oχ33C
′
1ǫ[k1, k2, µ
′, ν′]
}
. (3.66)
At this point, the pattern of anellation an be separated in three dierent setors, a pure BY Y setor,
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a pure BWW and mixed BY Y -BWW setors, and it requires the validity of the relations
(an
2
gBg
2
Y θ
BY Y
f R
BY Y
Zγγ
)2 1
M2Z
+ 4
(
4
CY Y
M1
(OAY γ)
2Oχ33C
′
1
)2
= 0, (3.67)
(an
2
gBg
2
2θ
BWW
f R
BWW
Zγγ
)2 1
M2Z
+ 4
(
4
F
M1
(OAWγ)
2Oχ33C
′
1
)2
= 0, (3.68)
(
an gBg
2
Y θ
BY Y
f R
BY Y
Zγγ an gBg
2
2θ
BWW
f R
BWW
Zγγ
) 1
M2Z
+ 4
(
8
F
M1
(OAWγ)
2CY Y
M1
(OAY γ)
2Oχ33C
′
1
)
= 0.
(3.69)
We have been able to verify that these relations are automatially satised beause of the following
identity, whih onnets the rotation matrix of the interation to the mass eigenstates OA to a omponent
of the matrix Oχ. This matrix appears in the rotation from the basis of Stükelberg axions to the basis
of the Goldstones GZ and GZ′ and of the axi-Higgs χ. The relation is
OABZ
1
MZ
= 2Oχ33C
′
1
1
M1
, (3.70)
with
Oχ33 =
1√
(qBu −q
B
d
)2
M2
1
v2uv
2
d
v2u+v
2
d
+ 1
, (3.71)
with M1 the Stükelberg mass. The origin of this onnetion has to be found in the Yukawa setor and
the ondition of gauge invariane of the Yukawa ouplings.
3.7 Unitarity bounds: the partoni ontribution gg → γγ
In this setion we ompute the gg → γγ ross setion with two on-shell gluons and two on-shell photons
in the nal state. The same omputation is arried out both in the SM and in the mLSOM, where
the harge assignments have been determined as in [93, 60℄, to determine the dierent behavior of these
amplitudes in the two ases. The list of ontributions that we have inluded are all shown in Fig. 3.12.
We report some of the results of the graphs in order to larify the notation. For instane we obtain for
χ
(d)
χ
(e)
χ
(c)
χ
(b)
Z
(a)
Z’
(f)
Figure 3.12: Anomalous ontributions to gg → γγ in the mLSOM.
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diagram (a)
σA(s) =
1
2048π
[∑
q
1
2
cq1A6,q
]2 ∑
f
1
2
cf2A6,f
2 s5
M4Z
, (3.72)
where we have dened the oeients
cq1 = g
2
3
[
gY θ
Y
q O
A
Y Z + g2θ
W
q O
A
WZ + gBθ
B
q O
A
BZ
]
,
cf2 =
[
g3Y θ
Y Y Y
f R¯
Y Y Y
Zγγ + g
3
Y θ
WWW
f R¯
WWW
Zγγ + gY g
2
2θ
YWW
f R
YWW
Zγγ + g
2
Y g2θ
Y YW
f R
Y YW
Zγγ
+gBg
2
Y θ
BY Y
f R
BY Y
Zγγ + gBg
2
2θ
BWW
f R
BWW
Zγγ + gBgY g2θ
BYW
f R
BYW
Zγγ
]
, (3.73)
and the mass MZ′ of the extra Z
′
is given by Eq. (2.181). We reall that Af6 (s) is approximately
Af6 (s) ≈
1
2π2s
− m
2
f
2s2
+O
(
m2f
s2
log
(
m2f
s2
))
, (3.74)
at large values of s. We have seen that the SM ontribution, in the presene of a massive fermion
irulating in the loop is suppressed by a fator that is O
(
m2f/s
2
)
. In the ase of an anomalous model
this ontribution beomes subleading, the dominant one oming from the anomalous parts, proportional
to the hiral asymmetries θf of the anomalous harge assignments between left-handed and right-handed
fermion modes. The amplitude in diagram (b) is given by
σB(s) =
2
π
(
gχgg
)2 (
gχγγ
)2 s3
(s−M2χ)2
. (3.75)
where, for onveniene, we have dened
gχgg =
D
M
Oχ31, (3.76)
gχγγ =
[
F
M
(OAWγ)
2 +
CY Y
M
(OAY γ)
2
]
Oχ31. (3.77)
Here we have used the model-dependent WZ oeients D,F and CY Y already omputed in Se. 2.5.
Proeeding in a similar way, graph ) gives
σC(s) =
1
32π
s3
(s−M2χ)2
(gχgg)
2
[∑
q
C0(s,mq)c
χ,q
gg
]2
(3.78)
where we have used Eq. (3.31) and we have set
C0(s,mf ) = − mf
4π2s
log2
ρf + 1
ρf − 1
. (3.79)
Starting from the Yukawa ouplings shown in Lagrangian (2.1) it is onvenient to dene the following
oeients, whih will be used below
cχ,qgg = g
2
3c
χ,q, q = u, d
cχ,fγγ = e
2cχ,f , q = u, d, ν, e. (3.80)
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Figure 3.13: Partoni ross setion for the anomalous proess gg → γγ with mf = 0, tanβ = 40, gB = 0.1,
Mχ = 10 GeV and M1 = 800 GeV. The solid line refers only to the exhange of the Z and the Z
′
, while the
dashed line refers to the omplete ross setion inluding the χ exhange.
We have used a ondensed notation for the avors, with u = {u, , t}, d = {d, s, b}, ν = {νe, νµ, ντ}
and e = {e, µ, τ}. The ouplings of the physial axion to the fermions are given by
cχ,u = Γu
i√
2
Oχ11 =
mu
vu
iOχ11, c
χ,d = −Γd i√
2
Oχ21 = −
md
vd
iOχ21,
cχ,ν = Γν
i√
2
Oχ11 =
mν
vu
iOχ11, c
χ,e = −Γe i√
2
Oχ21 = −
me
vd
iOχ21. (3.81)
We have also relied on the Oχ matrix elements introdued in Se. 2.9. The fermion masses have been
expressed in terms of the Yukawa ouplings by the relations
mu =
vuΓu√
2
, md =
vdΓd√
2
, mν =
vuΓν√
2
, me =
vdΓe√
2
. (3.82)
The ross setion for the amplitude (d) in Fig. 3.12 is given by
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Figure 3.14: The same as in Fig. 3.13 but with mf 6= 0.
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Figure 3.15: Partoni ross setion for the anomalous proess gg → γγ, with tanβ = 40, gB = 0.1, Mχ = 10 GeV
and M1 = 800 GeV. The solid line refers to the SM with the exhange of the Z boson. The dashed line refers to
the mLSOM ase. The point of minimum divides the anomaly-free region from the region where the anomalous
ontributions dominate.
σD(s) =
s3
32π(s−M2χ)2
(gχγγ)
2
∑
f
C0(s,mf )c
χ,f
γγ
2 , (3.83)
With these notations, we are now ready to express the ross setion for graph e) as
σE(s) =
s3
2048π(s−M2χ)2
[∑
q
C0(s,mq)c
χ,q
gg
]2 ∑
f
C0(s,mf )c
χ,f
γγ
2 . (3.84)
Finally, the ross setion for the Z ′ exhange is given by
σF (s) =
1
2048π
[∑
q
1
2
dq1A6,q
]2 ∑
f
1
2
df2A6,f
2 s5
M4Z′
, (3.85)
where, again, in order to simplify the notation we have dened the oeients
dq1 = g
2
3
[
gY θ
Y
q O
A
Y Z′ + g2θ
W
q O
A
WZ′ + gBθ
B
q O
A
BZ′
]
,
df2 =
[
g3Y θ
Y Y Y
f R¯
Y Y Y
Z′γγ + g
3
2θ
WWW
f R¯
WWW
Z′γγ + gY g
2
2θ
YWW
f R
YWW
Z′γγ + g
2
Y g2θ
Y YW
f R
Y YW
Z′γγ
+gBg
2
Y θ
BY Y
f R
BY Y
Z′γγ + gBg
2
2θ
BWW
f R
BWW
Z′γγ + gBgY g2θ
BYW
f R
BYW
Z′γγ
]
. (3.86)
In the SM ase we work in the unitary gauge, being a tree-level Z exhange, and we have only one
ontribution whose expliit expression is given by
σSM (s) =
1
32768π9
1
s3M4Z
[∑
q
cSM1,q m
2
q log
2
(
ρq + 1
ρq − 1
)]2
×
∑
f
cSM2,f m
2
f log
2
(
ρf + 1
ρf − 1
)2 , (3.87)
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Figure 3.16: Partoni ross setion for the anomalous proess gg → γγ with gB = 0.1, Mχ = 10 GeV and
M1 = 800 GeV. The lines refer to the ross setion evaluated for dierent values of tanβ.
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Figure 3.17: Partoni ross setion for the anomalous proess gg → γγ with tan β = 40, Mχ = 10 GeV and
M1 = 800 GeV. The lines refer to the ross setion evaluated for dierent values of the oupling onstant gB.
where we have dened the SM oeients
cSM1,q = g
2
3
[
gY θ
Y
q O
A
Y Z + g2θ
W
q O
A
WZ
]
cSM2,f =
[
g3Y θ
Y Y Y
f R¯
Y Y Y + g32θ
WWW
f R¯
WWW + gY g
2
2θ
YWW
f R
YWW + g2Y g2θ
Y YW
f R
Y YW
]
.
(3.88)
The partoni SM ross setion is in agreement with unitarity in its asymptoti behavior, whih is given
by
σSM (s→∞) ≈
[∑
q c
SM
1,q m
2
q
]2 [∑
f c
SM
2,f m
2
f
]2
s3M4Z
. (3.89)
In our anomalous model the omplete expression of the same ross setion is given by
σmLSOM (s)
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Figure 3.18: Partoni ross setion for the anomalous proess gg → γγ, with tan β = 40, gB = 0.1 and Mχ = 10
GeV. The lines refer to the ross setion evaluated for dierent values of the Stükelberg mass M1.
=
 12048π s
5
M4Z
[
1
2
∑
q
cq1
A(s,mq)
2π2s
]2 1
2
∑
f
cf2
A(s,mf )
2π2s
2 + 2
π
(
gχgg
)2 (
gχγγ
)2
s3
(s−M2χ)2
+
1
32π
(gχgg)
2 s3
(s−M2χ)2
[∑
q
C0(s,mq)c
χ,q
gg
]2
+
(gχγγ)
2s3
32π(s−M2χ)2
∑
f
C0(s,mf )c
χ,f
γγ
2
+
s3
2048π(s−M2χ)2
[∑
q
C0(s,mq)c
χ,q
gg
]2 ∑
f
C0(s,mf )c
χ,f
γγ
2
+
1
2048π
s5
M4Z′
[
1
2
∑
q
d q1
A(s,mq)
2π2s
]2 1
2
∑
f
df2
A(s,mf )
2π2s
2
+
gχggg
χ
γγs
4
16πM2Z(s−M2χ)
[
1
2
∑
q
cq1
A(s,mq)
2π2s
]1
2
∑
f
cf2
A(s,mf )
2π2s

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1024M2Zπ(s−M2χ)
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∑
q
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2π2s
]1
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∑
f
cf2
A(s,mf )
2π2s
×
×
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C0(s,mf ′)c
χ,f ′
γγ
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q′
C0(s,mq′)c
χ,q′
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+
1
1024π
s5
M2ZM
2
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∑
q
d q1
A(s,mq)
2π2s
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∑
f
df2
A(s,mf )
2π2s
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×
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∑
q′
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1
A(s,mq′ )
2π2s
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∑
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2
A(s,mf ′)
2π2s

+
s4
1024M2Z′ π (s−M2χ)
[
1
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∑
q
d q1
A(s,mq)
2π2s
]1
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A(s,mf )
2π2s
×
×
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C0(s,mq′)c
χ,q′
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
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+
1
16π
gχggg
χ
γγ s
4
M2Z′(s−M2χ)
[
1
2
∑
q
d q1
A(s,mq)
2π2s
]1
2
∑
f
df2
A(s,mf )
2π2s
 , (3.90)
where we have introdued the notation
A(s,mf ) ≡
[
1− m
2
f
s
log2
(
ρf + 1
ρf − 1
)]
. (3.91)
At high energy we an neglet the mass of the axion (s−M2χ ≈ s) and from the limits
A(s→∞,mf ) = 1, C0(s→∞,mf ) = 0, (3.92)
we obtain that the total ross setion redues to
σmLSOM (s→∞) = K
2
π
s, (3.93)
whih is linearly divergent and has a unitarity bound. K ≡ K(sb, gB, αS(s), tanβ) is dened by
K2 = 1
2048M4Z
(∑
q
c1,q
4π2
)2∑
f
c2,f
4π2
2 + 2(gχgg)2(gχγγ)2
+
1
16M2Z
(∑
q
c1,q
4π2
)∑
f
c2,f
4π2
 gχgggχγγ + 116M2Z′
(∑
q
d1,q
4π2
)∑
f
d2,f
4π2
 gχgggχγγ
+
1
1024M2ZM
2
Z′
(∑
q
c1,q
4π2
)∑
f
c2,f
4π2
∑
q′
d1,q′
4π2
∑
f ′
d2,f ′
4π2

+
1
2048M4Z′
(∑
q
d1,q
4π2
)2∑
f
d2,f
4π2
2 . (3.94)
The derivation of the unitarity bound for this ross setion is based, in analogy with Fermi theory, on
the partial wave expansion
dσ
dΩ
= |f(θ)|2 = | 1
2ik
∞∑
l=0
(2l + 1)flPl(cos θ)|2, (3.95)
with an s-wave ontribution given by
dσ
dΩ
=
1
s
|f0|2 + ... (3.96)
Sine unitarity requires that |fl| ≤ 1 we obtain the bound
dσ
dΩ
≤ 1
s
, (3.97)
or, equivalently,
σ ≤ 4π
s
(3.98)
Chapter 3. Unitarity Bound for Gauged Axioni Interations 131
√
s ≥
√
2π
K . (3.99)
The bound is omputed numerially by looking for values sb at whih
s2b =
2π
K(sb, gB, αS(sb), tanβ) (3.100)
where in the total parametri dependene of the fator K, K(sb, gB, αS(sb), tanβ), we have inluded the
whole energy dependene, inluding that oming from running of the oupling (up to three-loop level).
We will analyze below the bound numerially in the ontext of the spei brane model of [93, 60, 64℄.
3.8 Couplings and Parameters in the Madrid Model
We now turn to a brief illustration of the spei harge assignments of the lass of models that we have
implemented in our numerial analysis. These are dened by a set of free parameters, whih an be useful
in order to disern between dierent senarios. In our implementation we rotate the elds from the D-
brane basis to the hyperharge basis and at the same time we redene the Abelian harges and ouplings.
The four U(1) in the hyperharge basis are denoted U(1)Xi with i = A,B,C and UY , where the last
is the hyperharge U(1), whih is demanded to be anomaly-free. This xes the hyperharge generator
in the hyperharge basis in terms of the generator qα (α = a, b, c, d) in the D-brane basis. The U(1)a
and U(1)d symmetries an be identied with (three times) the baryon number and (minus) the lepton
number respetively. The U(1)c symmetry an be identied with the third omponent of right-handed
weak isospin and nally the U(1)b is a PQ-like symmetry. Speially the hyperharge generator is given
by
Y =
1
6
(qa + 3qd)− 1
2
qc, (3.101)
whih in fat is a linear ombination of the two anomaly-free generators (qa + 3qd) and qc, while the
orthogonal ombinations
XA = 3qa − qd, XB = qb, (3.102)
represent anomalous generators in the hyperharge basis. Note that relation (3.101) must be imposed in
these models in order to obtain a orret massless hyperharge generator as in the SM. The set (Y,A,B)
does not depend on the model, while the fourth generator XC is model-dependent and is given by
XC =
(
3 β2 na2
β1
qa + 6 ρ nb1 qb + 2nc1 qc +
3 ρ β2 nd2
β1
qd
)
. (3.103)
As an be seen in the detailed analysis performed in [93, 60, 64℄, the general solutions are parametrized
by a phase ǫ = ±1, the Neveu-Shwarz bakground on the rst two tori βi = 1 − bi = 1, 1/2, the four
integers na2, nb1, nc1 and nd2, whih are the wrapping numbers of the branes around the extra (toroidal)
manifolds of the ompatiation, and a parameter ρ = 1, 1/3, with an additional onstraint in order to
obtain the orret massless hyperharge
nc1 =
β2
2β1
(na2 + 3 ρ nd2). (3.104)
This hoie of the parameters identies a partiular lass of models whih are alled Class A Models [64℄
and all the parameters are listed in Tabs. 3.1, 3.2, 3.3. Whether anomalous or not, the Abelian elds
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Figure 3.19: Lightest eigenvalue related to the generator XB for a model of Class A. We have hosen the ouplings
gc and gd suh that their ratio R = gd/gc.
have mass terms indued by the Stükelberg mehanism, the mass matrix of the U(1) gauge bosons in
the D-brane basis is given by the following expression
(M2)αβ = gαgβM2S
3∑
i=1
cαi c
β
i , (3.105)
where MS is some string sale to be tuned. Greek indies run over the D-brane basis {a, b, c, d}, the
Latin index i runs over the three additional Abelian gauge groups, while the gα and gβ are the ouplings
of the four U(1). The eigenvetors wi=Y,A,B,C and their eigenvalues λi for the matrix (M2)αβ have been
omputed in terms of the various lasses of models in referene [93, 60℄
wY =
1
|wY |
{
gd
3ga
, 0,−gd
gc
, 1
}
α
(3.106)
wi =
1
|wi|
{wia, wib, wic, 1} (3.107)
where the wi=A,B,C are the omponents of the eigenvetors. On the basis of the analysis of the mass
matrix one an derive a plot of the lightest eigenvalue M3, whih orresponds to the XB generator in
the hyperharge basis [64℄. We have reprodued independently the result for the lightest eigenvalue M3,
whih is in agreement with the preditions of [64℄. We have implemented numerially the diagonalization
of the mass matrix and shown in Fig. 3.19 the behavior of the ratioM3/MS as a funtion of the wrapping
number na2 and for several values of the ratio R = gd/gc. This ratio, whih haraterizes the ouplings
of U(1)c and U(1)d, appears as a free parameter in the gauge boson mass matrix. MS , the string sale, is
arbitrary and an be tuned at low values in the region of a few TeV. We have seleted a Stükelberg mass
M3 (whih is essentially the mass of the extra Z
′
) of 800 GeV. From Fig. 3.19, if we hoose the urve
with R = 1 at the peak value, then this value is 13% of the string sale, whih in this ase is lowered to
approximately 6.1 TeV. It is quite obvious that the mass of the extra Z ′ an be reasonably assumed to be
a free parameter for all pratial purposes. The matrix Eiα ≡ (wi)α onstruted with the eigenvetors of
the mass matrix denes the rotation matrix Uiα for the U(1) harges from the D-brane basis {a, b, c, d}
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ν β1 β2 na2 nb1 nc1 nd2
1/3 1/2 1 na2 -1 1 1 - na2
Table 3.1: Parameters for a Class A Model with a D6-brane .
Y XA XB
Hu 1/2 0 2
Hd 1/2 0 -2
Table 3.2: Higgs harges in the Madrid Model.
into the hyperharge basis {Y,A,B,C} as follows
qi =
∑
α=a,b,c,d
Uiαqα , Uiα =
gα
gi
Eiα, (i = Y,A,B,C). (3.108)
So for the hyperharge we nd that
qY =
gd
3gY |wY | (qa − 3qc + 3qd) ≡
1
6
(qa + 3qd)− 1
2
qc, (3.109)
to be identied with the orret hyperharge assignment given in expression (3.101). This identiation
gives a relation between the gauge ouplings
1
g2Y
=
|wY |2
4g2d
=
1
36g2a
+
1
4g2c
+
1
4g2d
. (3.110)
For the third generator a similar argument gives
qB =
ga
gB
wBa qa +
gb
gB
wBb qb +
gc
gB
wBc qc +
gd
gB
wBd qd ≡ qb, (3.111)
where we identify the gauge symmetry U(1)B orresponding to the lightest mass eigenvalue as an anoma-
lous generator qB. The harges qB of the SM spetrum are given in Tab. 3.4. We reall that given a
partiular non-Abelian SU(N) gauge group, with oupling gN , arising from a stak of N parallel branes
and the orresponding U(1) eld living in the same stak, the two oupling onstants are related by
g1 = gN/
√
2N . Therefore, in partiular the ouplings ga and gb are determined using the SM values of
the ouplings of the non-Abelian gauge groups
g2a =
g2QCD
6
, g2b =
g2L
4
, (3.112)
where gL is the SU(2)L gauge oupling, while gc and gd are onstrained by relation (3.110). Imposing
gauge invariane for the Yukawa ouplings [91℄ we obtain the assignments for the Higgs doublets shown
in Tab. 3.2.
3.8.1 Anomalous and anomaly-free regions: numerial results
We have implemented in Candia 1.0 [104℄ a numerial program that will provide full support for the
experimental ollaborations for their analysis of the main signals in this lass of models at the LHC,
with the harge assignments disussed in the previous setion. Candia 1.0 has been planned to deal
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qa qb qc qd
QL 1 -1 0 0
uR -1 0 1 0
dR -1 0 -1 0
L 0 -1 0 -1
eR 0 0 -1 1
NR 0 0 1 1
Table 3.3: SM spetrum harges in the D-brane basis for the Madrid Model.
QL uR dR L eR NR
qY 1/6 - 2/3 1/3 -1/2 1 0
qB -1 0 0 -1 0 0
Table 3.4: Fermion spetrum harges in the Y -basis for the Madrid Model.
with the analysis of extra neutral interations at hadron olliders in spei hannels, suh as Drell-Yan
proesses and double prompt photon proesses with the highest preision. The program is entirely based
on the theory developed in [1, 12, 40, 91, 13, 105℄ and is tailored to determine the basi proesses, whih
provide the signal for the anomalous and anomaly-free extra Z ′ both from string and GUT models. The
QCD orretions, inluding the parton evolution, is treated with extreme auray using the theory of
the logarithmi expansions, developed in the last several years. Here we provide only parton level results
for the anomalous proesses that we have disussed in the previous setions, whih larify the role played
by the WZ Lagrangian in the restoration of unitarity at high energy. A omplete analysis for the LHC is
presented in Chap. 5.
• σ redution by the exhange of χ
We show in Fig. 3.13 a plot of the (small) but inreasing partoni ross setion for double prompt
photon prodution from anomalous gluon fusion. We have hosen a typial SM-like value for the
oupling onstant of the extra Z ′ inluded in the analysis and varied the enter of mass energy of a
few GeV around 4.2 TeV. We show two plots, both in the brane model, one with the inlusion of the
axi-Higgs χ and one without it, with only the exhange of the Z and Z ′. Notie that the exhange
of the χ is a separate gauge invariant ontribution. We have hosen a Stükelberg mass of 800
GeV. The plots show the theoretially expeted redution of the linear growth of the ross setion,
but the improvement is tiny, for these values of the external parameters. In these two plots, the
fermion masses have been removed, as we worked in the hiral limit. The inlusion of all the mass
eets in the amplitude has an irrelevant eet on the growth of the ross setion. This is shown in
Fig. 3.14 where, again, the inlusion of the axi-Higgs lowers the growth, but not in a signiantly
way. We have analyzed the behavior of the ross setions in the presene of a light axi-Higgs (ten or
more GeV), but also in this ase the eets are negligible. This feature an be easily heked from
Eq. (3.90); in fat, the mass term Mχ is ontained in the denominator of the propagator for the
salar, and in the TeV region we have (s −M2χ) ≈ s. The numerial value of the unitarity bound
remains essentially unhanged.
• Anomaly-free and anomalous regions
An interesting behavior shows up in Fig. 3.15, where we ompare the results in the SM and in
the mLSOM for the same ross setion, starting at a lower energy. It is lear that the SM result,
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Figure 3.20: Partoni ross setion for the anomalous proess gg→ γγ with tan β = 40, gB = 0.1, Mχ = 10 GeV
and M1 = 1 TeV. The lines refer to the ross setion evaluated for dierent values of the enter of mass energy√
s.
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Figure 3.21: The partoni ross setion with a parameter hoie as in Fig. 3.20. The dashed upper lines refer to
mLSOM ross setions evaluated with and without the χ exhange, while the dereasing solid line refers to the
SM.
being anomaly-free, is haraterized by a fast-falling ross setion, while the mLSOM result is very
dierent. In partiular, one nds a region of lower energy, where essentially the Model follows the SM
behavior (below 1 TeV) - but smaller by a fator of 10 - the growth of the anomalous ontributions
still being not large, and a region of higher energy, where the anomalous ontributions take over (at
about 2 TeV) and whih drive the growth of the ross setion, as in the previous two plots. There
is a minimum at about 1.2 TeV, whih is the point at whih the anomalous subomponent beomes
sizeable.
• tanβ, gb and M1 variations
The variation of the same behavior shown in the previous plot with tanβ is shown in Fig. 3.16, where
we have varied this parameter from small to larger values (10÷50). The depth of the minimum
inreases as we inrease this value. At the same time, the ross setion tends to fall muh steeper,
starting from larger values in the anomaly-free region.
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Figure 3.22: Partoni ross setion plotted for dierent values of the oupling onstant gB. The parameters are
hosen as before.
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Figure 3.23: Partoni ross setion for the anomalous proess gg → γγ, tan β = 40, gB = 0.1, and Mχ = 10 GeV
plotted for dierent values of the Stükelberg mass M1.
In Fig. 3.17 we study the variation of σ as we tune the oupling gB of the anomalous U(1)B. A
very small value of the oupling tends to erase the anomalous behavior, rendering the anomalous
omponents subleading. The ross setion then falls quite fast before inreasing reahing the bound.
The falling region is quite visible for the two values of gB = 0.001 and 0.01, showing that the set
of minimum points, or the anomaly-free region, is pushed up to several TeV, in this ase above 4.5
TeV. The unitarity bound is weaker, being pushed up signiantly. The situation is opposite for
stronger values of gB.
A similar study is performed in Fig. 3.18, but for dierent Stükelberg masses M1. As this mass
parameters inrease, the anomaly-free region tends to grow wider and the ross setion stabilizes.
For instane, for a value of the Stükelberg mass around 5 TeV, the region in whih σ has a normal
behavior moves up to 3.5 TeV. The explanation of this result has to be found in the fat that the
anomalous growth is ontrolled by the mass of the anomalous Z ′ in the s-hannel, appearing in the
denominator of the ross setion. This suppression is seen both in the diret diagram and in the
ounterterm diagram, whih desribes the exhange of the axi-Higgs. Obviously, it is expeted that
as we redue the oupling of the anomalous gauge boson, the anomalous behavior is redued as
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Figure 3.24: Partoni ross setion for the anomalous proess gg → γγ, tan β = 40 M1 = 800 GeV and Mχ = 10
GeV. The dierent plots show a omparison between the SM and the mLSOM ross setions, at very high energies,
for small value of the oupling onstant gB.
0.8
0.80005
0.8001
0.80015
0.8002
0.80025
0.8003
5 10 15 20 25 30 35 40
M
Z′    
 
[T
eV
]
tan β
gB  = 0.2
gB  = 0.1
gB  = 0.01
Figure 3.25: Behavior of the mass of the additional anomalous Z′ as a funtion of tan β for dierent values of
gB. The variations are very small.
well. The dierent behavior of the ross setion in the SM and mLSOM ases an easily be inferred
from Fig. 3.20 having hosen a Stükelberg mass of the order of 1 TeV. A similar behavior is quite
evident also from Fig. 3.21, from whih it appears that in the mLSOM the deviations ompared to
the SM partoni preditions get sizeable at parton level already at an energy of 4-6 TeV. Notie
also from Fig. 3.14 that the presene of the axi-Higgs seems to be irrelevant for the hosen values
of the ouplings and parameters of the model. We show in Fig. 3.22 a plot of the dependene of
the preditions on gB at larger energy values, whih appears to be quite signiant.
Furthermore, in the TeV region the mLSOM preditions for small values of the oupling onstant
(gB = 0.001) go below the SM predition and this is due to the axi-Higgs exhange, whih is
negative in this kinematial domain. Moving below to 1 TeV the axi-Higgs interferene has an
opposite sign and the mLSOM preditions are above the SM. A similar analysis, this time for a
varying Stükelberg mass, is shown in Fig. 3.23, and also in this ase, as in the previous one, the
results onrm that this dependene is very relevant.
Finally, in Fig. 3.24 we plot the SM and mLSOM results on a larger interval, from 10 to 140 TeV,
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Figure 3.26: Mass of the extra Z′ gauge boson for dierent values of the Stükelberg mass.
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Figure 3.27: Bound for dierent values of the Stükelberg mass and tan β = 40. The bound grows as we redue
the anomalous oupling, and approahes the Standard Model behavior. For gB = 0.01 the model exhibits a bound
around
√
smax = 100 TeV (not shown).
from whih the drastially dierent behavior of the two ross setions are quite lear. Notie that
as we lower gB, for instane down to 10
−4
, the anomaly-free region extends up to energy values
that are of the order of 200 TeV or so. We onlude that the enhanement of the anomalous
ontributions with respet to the SM predition are in general quite large and very sensitive to the
mass of the extra Z ′ and to the strength of the anomalous oupling. Interestingly, a very weakly
oupled Z ′ gives a ross setion that has a faster fall-o ompared to the SM ase in the anomaly-
free region. The mLSOM and SM preditions interset at a very large energy sale (140 TeV), when
the anomalous ontribution starts to inrease.
Before drawing onlusions, it is neessary to omment on the other dependene, that on tanβ,
whih appears to be far less signiant ompared to that on M1 (or M
′
Z) and gB. This third
parameter essentially has a (very limited) inuene on the mass of the extra Z ′ and on the overall
preditions. This is learly shown in Figs. 3.25 and 3.26, where we have varied both tanβ and
gB. Therefore, the mass of the extra Z
′
and the Stükelberg mass may be taken to be essentially
oinident, to a rst approximation.
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Figure 3.28: Bound for dierent values of tanβ, for M1 = 800 GeV.
• The bounds
We onlude our analysis with two plots, depited in Figs. 3.27 and 3.28, whih show the variations of
the bounds with the parameters gB andM1. In the rst plots, shown in Fig. 3.27, we hoose a large
value of tanβ and we have varied both the Stükelberg mass and the strength of the anomalous
oupling. For a Stükelberg mass around 1 TeV, the bound is around 5 TeV, for an anomalous
oupling gB = 0.2. For a smaller value of gB = 0.1 the bound grows to 10 TeV. For a smaller value
of gB = 10
−2
, the bound is around 100÷120 TeV. This result is partiularly interesting, beause it
should allow one to set limits on the Stükelberg mass and the value of the anomalous ouplings at
the LHC in the near future. Smaller values of gB are tested in Fig. 3.28, where the bound is shown
to inrease signiantly as gB gets smaller.
3.9 Conlusions
We have analyzed the onnetion between the WZ term and the GS mehanism in the ontext rst of
simple models and then in a omplete brane model, ontaining three extra anomalous U(1). We have
shown that the WZ method of anellation of the anomaly does not protet the theory from an exessive
growth, whih is bound to violate unitarity beyond a ertain sale. We have also studied the onnetion
between the two mehanisms, illustrating the orresponding dierenes.
We have quantied the unitarity bound for several hoies of the parameters of the theory. The
signiant dependenes are those on the Stükelberg mass M1 and the oupling onstant gB of the
anomalous generator. We have also shown that the exhange of a physial axion χ lowers the ross
setion, but not signiantly, whose growth remains essentially untamed at high energy. We have shown
that in these models one an identify a region that is SM-like, where some anomalous proesses have a
fast fall-o, from a seond region, where the anomaly dominates.
The analysis in this hapter has been onned to the parton level, but we postpone more denitive
preditions for the detetion of anomalous interations at the LHC to Chap. 5.
The approah that we have suggested, the use of BIM amplitudes to searh for unitarity violations at
future olliders, an be a way in the searh to dierentiate between non-anomalous [106℄ and anomalous
extra Z ′ [107℄. Our objetive here has been to show that there is a systemati way to analyze the
two mehanisms for aneling the anomalies at the phenomenologial level and that unitarity issues are
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important in order to haraterize the region in whih a ertain theory starts to be dominated by the
hiral anomaly.
3.10 Appendix. The ross setion
The total ross setion is given by the sum of all the ontributions shown in Fig. 3.12
σmLSOM (s) = σA(s) + σB(s) + σC(s) + σD(s) + σE(s) + σF (s)
+ σAB(s) + σAE(s) + σAF (s) + σBF (s) + σEF (s). (3.113)
The interferene term between Z exhange and χ exhange, diagram (b) in Fig. 3.12, is given by
σAB(s) =
1
16π
[∑
q
1
2
cq1A6,q
]∑
f
1
2
cf2A6,f
 gχgggχγγ s4M2Z(s−M2χ) . (3.114)
The following interferene terms are vanishing
MAM†C +MCM†A = 0, MAM†D +MDM†A = 0,
MBM†C +MCM†B = 0, MBM†D +MDM†B = 0. (3.115)
The interferene term between the exhange of the Z boson and χ exhange, diagram (e) in Fig. 3.12,
gives
σAE(s) =
s4
1024M2Zπ(s−M2χ)
[∑
q
1
2
cq1A6,q
]∑
f
1
2
cf2A6,f

×
∑
f ′
C0(s,mf ′)c
χ,f ′
γγ
∑
q′
C0(s,mq′)c
χ,q′
gg
 , (3.116)
while the interferene term between χ exhange and Z ′ boson exhange ontributes with
σBE(s) = − s
3
16π(s−M2χ)2
gχγγg
χ
gg
∑
f
C0(s,mf )c
χ,f
γγ
[∑
q
C0(s,mq)c
χ,q
gg
]
. (3.117)
The other interferene term in the ross setion is given by
σCD(s) =
s3
16π(s−M2χ)2
gχγγg
χ
gg
[∑
q
C0(s,mq)c
χ,q
gg
]∑
f
C0(s,mf )c
χ,f
γγ
 , (3.118)
so we obtain
σCD(s) + σBE(s) = 0. (3.119)
Other interferene terms also vanish; in fat, we get
MCM†E +MEM†C = 0, MDM†E +MEM†D = 0, (3.120)
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MCM†F +MFM†C = 0, MDM†F +MFM†D = 0. (3.121)
The interferene term between Z exhange and Z ′ exhange takes the form
σAF =
1
1024π
[∑
q
1
2
d q1A6,q
]∑
f
1
2
df2A6,f
∑
q′
1
2
cq
′
1 A6,q′
∑
f ′
1
2
cf
′
2 A6,f ′
 s5
M2ZM
2
Z′
. (3.122)
The interferene term between Z ′ exhange and χ exhange of diagram (b) in Fig. 3.12 is given by
σBF (s) =
1
16π
[∑
q
1
2
d q1A6,q
]∑
f
1
2
df2A6,f
 gχgggχγγ s4M2Z′(s−M2χ) . (3.123)
Finaly, the interferene between Z ′ exhange and χ exhange, diagram (e) in Fig. 3.12, gives
σEF (s) =
s4
1024M2Z′ π (s−M2χ)
[∑
q
1
2
d q1A6,q
]∑
f
1
2
df2A6,f

×
∑
f ′
C0(s,mf ′)c
χ,f ′
γγ
∑
q′
C0(s,mq′)c
χ,q′
gg
 . (3.124)
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Chapter 4
Axions and Anomaly-Mediated
Interations: The Green-Shwarz and
Wess-Zumino Verties at Higher Orders
and g − 2 of the muon
4.1 Introdution to the hapter
Understanding the role played by the Green-Shwarz (GS) and Wess-Zumino (WZ) mehanisms in quan-
tum eld theory is important in order to grasp the impliations of the hiral gauge anomaly at the level of
model building, espeially in the searh of extra trilinear gauge interations at future olliders. In reent
years several proposals oming either from string theory or from theories with extra dimensions have
introdued new perspetives in regard to the various mehanisms of anellation of the gauge anomalies
in eetive low energy Lagrangians, whih require further investigation in order to be fully understood.
These eetive models are haraterized by the presene of higher dimensional operators and interations
of axion-like partiles. In a lass of vaua of string theory this enterprise has some justiation, for in-
stane in orientifold models (see [26, 90, 93℄), where deviations from the Standard Model may appear in
the form of higher dimensional orretions whih are not heavily suppressed and whih ould be aessible
at the LHC.
In anomaly-free realizations of hiral gauge theories the trilinear anomalous gauge interations vanish
(identially) in the hiral limit, by a suitable distribution of harges among the fermions of eah generation
(or inter-generational), showing that residual interations are proportional to the mass dierenes of the
various fermions. In the GS realization this request is far more relaxed and the mehanism requires
only the anellation, in the presene of anomalous ontributions, of the longitudinal omponent of the
anomaly vertex rather than that of the entire triangle diagram. In the WZ ase, the anellation of the
anomaly takes plae at Lagrangian level, rather than at the vertex level, and requires an axion as an
asymptoti state, whih is a generalization of the Peei-Quinn interation.
The eetive eld theory of the WZ mehanism has been analyzed in [1, 40, 91, 13, 105, 92℄, together
with its supersymmetri extensions [108℄ while a string derivation of the GS onstrutions has been
outlined in [69℄. Pseudosalar elds (axion-like partiles) - with a mass and a oupling to gauge elds
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whih are left unrelated - have been the subjet of several investigations and proposals for their detetion
either in ground-based experiments [109℄ or to explain some puzzling results on gamma ray propagation
[110, 80℄, while new solutions of the strong CP -problem in more general senarios have also reeived
attention [111℄. At the same time the searh for extra Z ′ at the LHC from string models and extra
dimensions, together with preision studies on the resonane to unover new eets, has also reeived a
new strength ([112, 113, 106, 114, 29, 115℄).
If the GS and the WZ mehanisms are bound to play any role at future experiments (see for instane
[116℄) remains to be seen, given the very small numerial impat of the anomaly orretions in the leanest
proesses that an be studied, for instane, at the LHC; nevertheless more analysis is needed in order
to understand the theoretial impliations of anomaly mediation and of its various realizations, in the
form of GS and WZ interations, in eetive models.
Both mehanisms are quite triky, sine they show some unusual features whih are not ommon to
the rest of anomaly-free eld theories and it is not hard to nd in the literature several issues whih have
been debated for a long time, onerning the onsisteny of these approahes [94, 96, 97℄.
For instane, in the GS ase, one of them onerns unitarity, due to the laimed presene of extra
double poles [20℄ in a ertain lass of interations whih would render ompletely invalid a perturbative
presription; another one onerns the physial interpretation of the longitudinal subtration, realized
within the same mehanism, whih is usually interpreted as due to the exhange of an axion, whih,
however, as pointed out in [105℄ is not an asymptoti state.
The rst part of this hapter is a study of the organization of the perturbative expansion for anomalous
theories in the presene of ounterterms ontaining double poles in virtual orretions and, in priniple,
in s/t/u−hannel exhanges. Our point of view and onlusions are in ontradition with those of
[20℄, formulated within axial QED, where the analysis of the anomaly pole ounterterm was not taking
into aount the fat that the subtrated term is an intrinsi part of the triangle (anomaly) diagram,
orresponding to one of its invariant amplitudes, in a spei formulation.
The piture that emerges from our analysis is that of onsisteny -rather than of inonsisteny- of
the GS mehanism at the level of eetive eld theory. In other words, it should be possible to subtrat
the longitudinal pole of the anomaly diagram with no further onsequenes at perturbative level. The
struture of the perturbative expansion in the presene of expliit GS ounterterms is worked out and we
detail the methods for the omputations of graphs ontaining extra poles in the propagators and ompare
the general features of this expansion to an ordinary expansion.
In any ase, in the absene of a diret hek of the unitarity equations -whih is hard to perform given
the rather high order at whih these anomalous orretions appear- the problems in perturbation theory
an potentially appear in the form of double poles in some (external ) propagators. A re-examination of
several diagrams brings us to onlude that this situation is avoided.
Coming to a diret phenomenologial appliation, we investigate the role of these verties in the study
of the anomalous magneti moment of the muon. We stress that if the physial mehanism introdued
for the anellation of the anomaly is of WZ type, then a physial axion appears in the spetrum. This is
the ase if the anomalous extra Z ′ reeives its mass both by the Higgs and the Stükelberg mehanisms.
Both for the GS and the WZ ase we outline the role of the anomalous extra Z ′ and of the pseudosalar
exhange up to two-loop level. A previous analysis of the leading ontribution to g − 2 for interseting
brane models an be found in [68℄.
More reently, the GS vertex has been used in the study of the oupling of the Kaluza-Klein (KK)
[116, 117℄ exitations of gauge bosons to fermions, where it has been pointed out the possibility to detet
these oupling at the LHC, for instane in tt¯ prodution. We nd that several of these results are based
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on a still unsatisfatory understanding of the GS mehanism at theoretial level, and our work is an
attempt to larify some of these points. From our analysis will emerge the orret struture of the broken
Ward Identities for the GS vertex, whih are spei of a non-loal theory. These points will be arefully
analyzed in the nal setion of this hapter.
4.2 The GS and WZ verties
The eld theory version of the GS mehanism, deprived of all its stringy features, appears in an attempt to
anel the anomaly by introduing a spei non-loal ounterterm added to the anomalous theory. This
attempt had been the ause of serious debates whih have questioned the onsisteny of the approah.
The mehanism uses a ghost-like partile, whih in string theory is generially identied as an axion -
although there it does not appear as an asymptoti state - to restore the broken Ward Identities due to
the anomaly. A paradigm for the GS mehanism in eld theory is an anomalous version of axial QED in
4-dimensions dened by the Lagrangian
L5QED = ψ (i∂/+ eB/γ5)ψ − 1
4
F 2B (4.1)
plus the ounterterm
Sct = 1
24π2
〈∂B(x)−1(x− y)F (y) ∧ F (y)〉. (4.2)
Federbush [100℄ proposed to reformulate this Lagrangian in terms of one axion and one ghost-like partile
interating via a Wess-Zumino (WZ) ounterterm (see the disussion in Chap. 3). An equivalent formu-
lation of the same subtration ounterterm is given in [94℄, where a transversality onstraint (∂B = 0)
is diretly imposed on the Lagrangian via a multiplier. Eq. (4.2) an be obtained by performing the
funtional integral over a and b of the following ation
L = ψ (i 6 ∂ + e 6 Bγ5)ψ − 1
4
F 2B +
e3
48π2M
FB ∧ FB(a+ b)
+
1
2
(∂µb −MBµ)2 − 1
2
(∂µa−MBµ)2 . (4.3)
The integral on a and b are gaussians and one reovers the non-loal ontribution in (4.2) after partial
integration. Notie that b has a positive kineti term and a is ghost-like. Both a and b shift by the same
amount under a gauge transformation of B
a→ a+Mθ, b→ b +Mθ (4.4)
where θ is the gauge parameter. This seond (loal) formulation of the pole ounterterm ontained in
(4.2) shows the onnetion between this ation and the WZ mehanism. Both ations, in fat, share
some similarities, but desribe dierent theories. In partiular, the WZ ation is obtained by removing
the ghost term (b) and keeping only the axion. This seond theory is haraterized by a unitarity bound,
as shown in Chap. 3. The bound is due to the fat that in eetive models ontaining Wess-Zumino
interations, gauge invariane of the eetive ation requires a anellation between dierent trilinear
verties: the anomalous verties and the axion ounterterm φF ∧ F , while for Green-Shwarz verties
the subtration of the longitudinal omponent of the anomaly is suient to make the eetive vertex
gauge-invariant to all orders. In both ases the physial amplitudes are gauge-independent.
In the WZ ase the proof of gauge independene is rather involved and has been disussed before in
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Figure 4.1: A gauge invariant GS vertex of the AVV type, omposed of an AVV triangle and a single ounterterm
of Dolgov-Zakharov form. Eah term is denoted by ∆λµν GSAV V (a), ∆
λµν
AV V (b) and C
λµν
AV V ().
= + +
(a)
+
(b)A
A
A
(c)
b
(d)
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(e)
b
Figure 4.2: All the ontributions to the GS gauge invariant vertex, for an AAA triangle. The single terms are
denoted by ∆λµν GSAAA (a), ∆
λµν
AAA (b), C
λµν
AV V (), C
µνλ
AV V (d) and C
νµλ
AV V (e).
Chaps. 1, 2. In the GS ase, instead, this is trivial sine the vertex is gauge-invariant by onstrution.
Notie that a loal ounterterm in the form of a Peei-Quinn term is not suient to remove the power-
like growth with energy of a lass of amplitude (BIM amplitudes) that are haraterized by anomalous
prodution and anomalous deay of massless gauge bosons in the initial and nal states, mediated by the
exhange of an anomalous Z ′ in the s-hannel (see Chap. 3 for more details). These amplitudes are quite
interesting sine they evade the Landau-Yang theorem, triggering a Zγγ vertex. The phenomenologial
impliations of these amplitudes are disussed in Chap. 5.
4.2.1 The GS vertex in the AAA and AV V ases
In our analysis, we denote with Tµνλ the three-point funtion in momentum spae, obtained from the
Lagrangians (4.1) and (4.2). In the ase of three axial-vetor urrents we dene the orrelator
(2π)4δ(k1 + k2 − k)∆λµνAAA(k, k1, k2) =
∫
dx1 dx2 dx3 e
i(k1x1+k2x2−kx3)〈J5µ(x1)J5ν (x2)J5λ(x3)〉. (4.5)
and a symmetri distribution of the anomaly for the AAA vertex 1
kλ∆
λµν
AAA(k, k1, k2) =
an
3
ǫ[µ, ν, k1, k2]
k1µ∆
λµν
AAA(k, k1, k2) =
an
3
ǫ[λ, ν, k, k2]
k2ν∆
λµν
AAA(k, k1, k2) =
an
3
ǫ[λ, µ, k, k1]. (4.6)
In the AV V ase, a seond vetor-like gauge interation (Aµ) is introdued in Eq. (4.3) for more generality
and we have
(2π)4δ(k1 + k2 − k)∆λµνAV V (k, k1, k2) =
∫
dx1 dx2 dx3 e
i(k1x1+k2x2−kx3)〈Jµ(x1)Jν(x2)J5λ(x3)〉, (4.7)
1
We have used the following notation an = − i
2pi2
and ǫ[µ, ν, k1, k2] = ǫµναβk1αk2β
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Figure 4.3: Amplitude with two full GS verties and the exhange of an axial-vetor urrent in the s-hannel.
For on-shell external lines the ontributions from the extra poles disappear.
where the anomaly equations are
kλ∆
λµν
AV V (k, k1, k2) = anǫ
µναβk1αk2β
k1µ∆
λµν
AV V (k, k1, k2) = 0
k2ν∆
λµν
AV V (k, k1, k2) = 0. (4.8)
Below we will onsider both the AV V and AAA ases. The GS ounterterm that orresponds to the
exhange of the massless pole of Eq. (4.2) takes the following form in momentum spae in the AV V ase
CλµνAV V (k, k1, k2) = C
µν(k1, k2)k
λ = −an
k2
kλǫ[µ, ν, k1, k2]. (4.9)
Similarly, a GS ounterterm in the AAA ase, with inoming momentum k and outgoing momenta k1, k2,
is dened as
CλµνAAA(k, k1, k2) =
1
3
(
CλµνAV V (k, k1, k2) + C
µνλ
AV V (−k1, k2,−k) + CνλµAV V (−k2,−k, k1)
)
=
1
3
(
Cµν(k1, k2)k
λ − Cνλ(k2,−k)kµ1 − Cλµ(−k, k1)kν2
)
= −1
3
(
an
k2
kλǫ[µ, ν, k1, k2] +
an
k21
kµ1 ǫ[λ, ν, k, k2] +
an
k22
kν2 ǫ[λ, µ, k, k1]
)
, (4.10)
and orresponds to the Dolgov-Zakharov form (DZ) of the anomaly diagram [101℄ (modulo a minus sign).
The re-dened vertex shown in Fig. 4.1 is written as
∆λµν GSAV V (k, k1, k2) = ∆
λµν
AV V (k, k1, k2) + C
λµν
AV V (k, k1, k2) (4.11)
and we obtain a similar expression for the AAA vertex (Fig. 4.2) just by replaing AV V with AAA in
Eq. (4.11) and taking into aount the dierent form of the ounterterms. These gauge invariant verties
trivially satisfy the Ward Identities
kλ∆
λµν GS(k, k1, k2) = k1µ∆
λµν GS(k, k1, k2) = k2ν∆
λµν GS(k, k1, k2) = 0, (4.12)
where again ∆λµν GS refers either to an AV V or to an AAA orrelator.
4.2.2 Impliations of the GS vertex: vanishing of (real) light-by-light sat-
tering at two-loop
To illustrate some of the properties of the GS vertex and its impliations, we onsider a two-loop proess
in whih we have two massless vetor bosons in the initial and in the nal state with the exhange in the
s-hannel of an axial-vetor urrent (Fig. 4.3). The example that we provide here omes from anomalous
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(a)
(c)
(b)
(d)
Figure 4.4: All the ontributions from the GS gauge invariant vertex, in the AVV ase, to the amplitude
V V → V V via an axial-vetor urrent.
(a)
=
(b)
Figure 4.5: The sub-amplitude in Fig. 4.4b after the ontration kλ∆λµνAV V whih gives the anomaly equation.
axial QED, but it an be extended to more realisti models with no major variants. In Fig. 4.3 both the
initial and the nal state ontain anomalous subdiagrams, but the two GS verties are dened in suh a
way to absorb all the longitudinal subtrations terms inside eah of the blobs. The amplitude of suh a
proess is given by
Mµνµ′ν′ = ∆λµν GSAV V (−k,−k1,−k2)
(
− igλλ′
k2
)
∆λ
′µ′ν′ GS
AV V (k, k
′
1, k
′
2). (4.13)
In the expression above, the propagator is deprived of its longitudinal momentum dependene due a
WI. The amplitude in Eq. (4.13) an be deomposed into the four sub-amplitudes shown in Fig. 4.4 after
expanding the two GS verties with Eq. (4.11)
Mµνµ′ν′ = −
(
∆λµνAV V (−k,−k1,−k2)− kλCµν(−k1,−k2)
) igλλ′
k2
(
∆λ
′µ′ν′
AV V (k, k
′
1, k
′
2) + C
λ′µ′ν′(k′1, k
′
2)
)
,
(4.14)
but only two sub-amplitudes survive (Fig. 4.4a) and 4.4b)) beause of the Ward Identities in Eq. (4.12).
We are left with two ontributions whih anel, for on-shell matrix elements. In fat, while o-shell the
graph in Fig. 4.5 spoils unitarity, when instead the four external lines are on-shell the triangle ontribution
(the rst term) redues to the DZ form and the anellation between the two terms is idential. In view
of the struture of the anomaly vertex and of the GS vertex given before, this anellation implies that
the anomaly diagram, for on-shell (axial-vetor) photons and in the hiral limit, is purely longitudinal
(DZ form). A similar result holds also for the AAA ase.
It is then natural to look at more general situations when these types of diagrams appear into higher-
order ontributions. In these more general ases, the anomaly diagram does not oinide with its DZ
form, exept for spei kinematial points (k21 = k
2
2 = k
2
, o-shell), and there is no idential anellation
of the anomalous trilinear gauge interations. We onlude that ompared to the idential anellation
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Figure 4.6: The embedding of the BIM amplitude with GS verties in a fermion/antifermion sattering.
(a) (b)
Figure 4.7: Contributions to the fermion-antifermion sattering with the GS mehanism.
of the anomaly by harge assignment on eah generation, whih eliminates all-together all the trilinear
gauge interations, the GS vertex an be either transversal or vanishing (in the hiral limit) for eah given
avour.
As we have previously mentioned, an anomaly vertex with the addition of the pole ounterterms (i.e.
deprived of the anomaly pole) has been ritiized in previous works in [20℄. There the author brings in
as an example a lass of amplitudes whih are aeted by double poles, laiming a unitarity failure of the
model. We will argue against this interpretation.
4.2.3 Embedding the GS vertex into higher-order diagrams
When we embed the amplitude into higher-order diagrams (see Fig. 4.6), and onsider an on-shell fermion-
antifermion sattering, aording to [20℄, we are fored to move away from a symmetri ongurations of
the loop momenta and the idential vanishing of the anomaly is not ensured any longer, for the reasons
that we have just raised above. In partiular, aording to [20℄, the s-hannel exhange is aeted by a
double pole.
There is no better way to hek the orretness of these onlusions than going through an expliit
omputation of this amplitude.
Expanding the two GS verties, whih are learly non-zero in this ase, we end up with several
ontributions, suh as a graph with two triangle diagrams, and a spei set of ounterterms. The two
ontributions involved in the study of fermion-antifermion sattering are shown in Fig. 4.7. Notie the
presene of the box-triangle diagram (BT ) in the rst graph, whih remains non-trivial to ompute even
in the hiral limit. The seond graph is the only ontribution whih does not disappear, aording to
[20℄, and therefore desribes a spurious s-hannel exhange haraterized by a double pole.
The onlusions of [20℄ are erroneous for two reasons: 1) in this spei ase the double pole anels
in the expliit omputation, so it is not a good ounter example; 2) the anellation or the presene of
double poles should be analyzed together with the anomalous vertex and not separately. This seond
point will be addressed in the next setions.
To prove point 1) we need the two-loop struture of the BT graph, whih is just proportional to its
tree-level axial-vetor form times a form fator G(s), funtion of s = (p1 + p2)
2
,
v¯(p2)γ
λγ5u(p1)G(s). (4.15)
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Figure 4.8: The axial-vetor form fator for the BT diagram.
Expliit expressions of the G(s) oeient in the massless ase are obtained from [118℄ and are given by
ReG(s,mi = 0,mq = 0) = 3 log
(
s
µ2
)
− 9 + 2ζ(2)
ImG(s,mi = 0,mq = 0) = −3, (4.16)
where mi is the mass of the internal fermion with avor i irulating in the triangle diagram while mq is
the mass of the fermioni external leg with avor q.
We have for the two sub-amplitudes in Fig. 4.7
Ma = −G2(s)v¯(p2)γλγ5u(p1) i
k2
u¯(p′1)γλγ
5v(p′2)
Mb = i
∫
d4k1
(2π)4
[
v¯(p2)γ
ν p/1 − k/1
(p1 − k1)2 γ
µu(p1)
1
k21
1
k22
anǫ[µ, ν, k1, k2]
]
1
(k2)2
u¯(p′1)k/γ
5
G(s)v(p′2) = 0 ,
(4.17)
where Mb is identially zero, beause of the equations of motion satised by the external fermion lines
(k = p′1 + p
′
2).
We an easily generalize our analysis to an AAA ase. When an AAA triangle is embedded in the
two-loop fermion-antifermion sattering proess we an formally write the amplitude as follows
S =
∫
d4k1
(2π)4
d4k′1
(2π)4
v¯(p2)γ
ν 1
p/1 − k/1
γµu(p1)
1
k21
1
k22
S µνµ′ν′ u¯(p′1)γµ
′ 1
k/
′
1 − p/′1
γν
′
v(p′2)
1
k′1
2
1
k′2
2 (4.18)
where the tensor sub-amplitude is dened as
S µνµ′ν′ = −∆λµν GSAAA (−k,−k1,−k2)
igλλ
′
k2
∆λ
′µ′ν′ GS
AAA (k, k
′
1, k
′
2)
= −[∆λµνAAA(−k,−k1,−k2) + CλµνAAA(−k,−k1,−k2)]
i
k2
[∆λµ
′ν′
AAA (k, k
′
1, k
′
2) + C
λµ′ν′
AAA (k, k
′
1, k
′
2)].
(4.19)
Using the WI kλ∆λµν GSAAA (−k,−k1,−k2) = 0, we an drop the GS ounterterm Cλµ
′ν′
AAA (k, k
′
1, k
′
2). In this
way the sixteen terms whih ontribute to the sub-amplitude S µνµ′ν′ given in Eq. (4.19) redue to the
four terms shown in Fig. 4.10. Therefore the total femion-antifermion sattering amplitude is given by
the sum of four terms Sa, Sb, Sc and Sd whih are dened below
Sa = −BT λAAA
i
k2
BT λAAA
Sb = i
∫
d4k1
(2π)4
(
v¯(p2)γν
1
p/1 − k/1
γµu(p1)
1
k21
1
k22
)
an
3
kλ
k2
ǫ[µ, ν, k1, k2]
1
k2
BT λAAA
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Figure 4.9: The one-loop GS ounterterms inluded in the BT as its longitudinal part.
(a)
(c) (d)
(b)
Figure 4.10: All the ontributions in the symmetri GS vertex.
Sc = i
∫
d4k1
(2π)4
(
v¯(p2)γν
1
p/1 − k/1
γµu(p1)
1
k22
1
k21
an
3
kµ1
k21
ǫ[ν, λ, k2, k]
)
1
k2
BT λAAA
Sd = i
∫
d4k1
(2π)4
(
v¯(p2)γν
1
p/1 − k/1
γµu(p1)
1
k21
1
k22
an
3
kν2
k22
ǫ[λ, µ, k, k1]
)
1
k2
BT λAAA , (4.20)
where we have dened
BT λAAA(k, p′1, p′2) = −
∫
d4k′1
(2π4)
∆λµ
′ν′
AAA (k, k
′
1, k
′
2)u¯(p
′
1)γ
µ′ 1
k/
′
1 − p/′1
γν
′
v(p′2)
1
k′1
2
1
k′2
2 (4.21)
and the total amplitude is given by
S = Sa + Sb + Sc + Sd. (4.22)
In the Sb sub-amplitude we distribute the anomaly symmetrially on eah vertex and using the following
Ward Identities on the vetor urrents we obtain
kλBT λV AV = kλBT λV V A = 0. (4.23)
This allows us to simplify the Sb expression as follows
Sb = i
∫
d4k1
(2π)4
(
v¯(p2)γν
1
p/1 − k/1
γµu(p1)
1
k21
1
k22
)
an
3
1
(k2)2
ǫ[µ, ν, k1, k2]u¯(p
′
1)k/γ
5G(s)v(p′2) = 0 ,
(4.24)
where we have used the result shown in [118℄.
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Also the third amplitude Sc does not ontribute to S, in fat we have
Sc = i v¯(p2)γνu(p1)an
3
ǫ[ν, λ, ρ, σ]kσ
∫
d4k1
(2π)4
(
kρ1
(k − k1)2k41
)
1
k2
BT λAAA = 0, (4.25)
whih vanishes by symmetry due to the struture of the tensor integral, whih is proportional to kρ.
In the same way also the fourth ontribution vanishes, Sd = 0. This expliit omputations ontradits
the onlusions of [20℄ where the same amplitude was onjetured to be aeted by double poles in the
s-hannel.
There are some onlusions to be drawn. The rst is that the replaement of the two anomaly verties
in the amplitude with two GS verties, in this ase, is irrelevant as far as the fermions are massless.
Equivalently, the longitudinal omponents of the two anomaly verties deouple in the graph and the
only invariant amplitudes oming from the anomaly verties that survive - after the integration on the
seond loop momentum - are the transverse ones. This is one speial ase in whih the anomaly diagram
is transverse in the virtual orretions just by itself. In other ases this does not happen and the extra
poles introdued by the ounterterm are suient to anel those generated by the anomaly. For this
reason the presene of extra poles in a partial amplitude is not neessarily the sign of an inonsisteny.
A
A
A
p3
p2
p1
Figure 4.11: Typial graph in whih the longitudinal anomalous omponent vanishes.
4.2.4 The vertex in the longitudinal/transverse (L/T) formulation
The analysis presented above beomes more transparent if we use a speial parameterization of the
anomaly diagram in whih the longitudinal part of the vertex is separated from the transverse one, as
done in reent studies of radiative orretions to the anomalous magneti moment of the gluon [119℄.
This parameterization is more onvenient than the usual Rosenberg form [42℄.
While the longitudinal omponent of the anomaly diagram is given by its DZ form, one this om-
ponent is subtrated from the general triangle diagram, it leaves behind an anomaly-free vertex whih
is purely transverse and orresponds to the GS trilinear interation. The Ward Identities restrit the
general ovariant deomposition of ∆GSλµν(k3, k1, k2) into invariant funtions to three terms (with all
inoming momenta)
∆GSλµν(k1, k2) = − 1
8π2
(
w
(+)
T
(
k21 , k
2
2 , k
2
3
)
t
(+)
λµν(k1, k2) + w
(−)
T
(
k21 , k
2
2 , k
2
3
)
t(−)µνρ(k1, k2)
+w˜
(−)
T
(
k21 , k
2
2 , k
2
3
)
t˜(−)µνρ(k1, k2)
)
, (4.26)
with the transverse tensors given by
t(+)µνρ(k1, k2) = k1ν ǫµραβ k
α
1 k
β
2 − k2µ ǫνραβ kα1 kβ2 − (k1 · k2) ǫµνρα (k1 − k2)α
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+
k21 + k
2
2 − k23
k23
ǫµναβ k
α
1 k
β
2 (k1 + k2)ρ ,
t(−)µνρ(k1, k2) =
[
(k1 − k2)ρ − k
2
1 − k22
(k1 + k2)2
(k1 + k2)ρ
]
εµναβ k
α
1 k
β
2
t˜(−)µνρ(k1, k2) = k1ν ǫµραβ k
α
1 k
β
2 + k2µ ǫνραβ k
α
1 k
β
2 − (k1 · k2) ǫµνρα (k1 + k2)α , (4.27)
where, due to Bose symmetry (k1, µ↔ k2, ν) we have
w
(+)
T
(
k22 , k
2
1 , k
2
3
)
= +w
(+)
T
(
k21 , k
2
2 , k
2
3
)
,
w
(−)
T
(
k22 , k
2
1 , k
2
3
)
= −w(−)T
(
k21 , k
2
2 , k
2
3
)
, w˜
(−)
T
(
k22 , k
2
1 , k
2
3
)
= −w˜(−)T
(
k21 , k
2
2 , k
2
3
)
. (4.28)
This version of the GS-orreted AVV vertex satises the Ward Identities on all the three external lines.
The expliit expression of these invariant amplitudes an be obtained from [120℄
w˜
(−)
T (k
2
1 , k
2
2 , k
2
3) = −w(−)T (k21 , k22 , k23), (4.29)
k23∆
2w
(−)
T (k
2
1 , k
2
2 , k
2
3) = 8(x− y)∆ + 8(x− y)(6xy +∆)Φ(1)(x, y)
− 4[18xy + 6x2 − 6x+ (1 + x+ y)∆)]Lx
+ 4[18xy + 6y2 − 6y + (1 + x+ y)∆)]Ly , (4.30)
k23∆
2w
(+)
T (k
2
1 , k
2
2 , k
2
3) = 8[6xy + (x+ y)∆]Φ
(1)(x, y) + 8∆
− 4[6x+∆](x − y − 1)Lx
+ 4[6y +∆](x− y + 1)Ly (4.31)
with
Lx = lnx, Ly = ln y, x =
k21
k23
y =
k22
k23
(4.32)
whih involves the salar triangle diagram for general o-shell lines and determines the funtion Φ(1)
[121℄ as
Φ(1)(x, y) =
1
λ
{
2 (Li2 (−ρx) + Li2 (−ρy)) + ln y
x
ln
1 + ρy
1 + ρx
+ ln(ρx) ln(ρy) +
π2
3
}
, (4.33)
where
λ(x, y) ≡
√
∆ , ρ(x, y) ≡ 2 (1− x− y + λ)−1, ∆ ≡ (1 − x− y)2 − 4xy . (4.34)
The full anomaly amplitude is simply obtained by adding the anomaly pole to this expression
∆λµν = wLk
λǫ[µ, ν, k1, k2] + ∆
GS λµν
(4.35)
with wL = 1/(8π
2k2).
In a non-anomalous theory a spei harge assignment -in the hiral limit- sets to zero the entire
trilinear gauge interation (identially), while in theories haraterized by the GS vertex we require the
vanishing of the anomalous part (the anomaly pole). The pole is part of the expression of the triangle
diagram, whih may or may not ontribute in ertain graphs. A typial example is shown in Fig. 4.11
whih is not sensitive (in the massless fermion limit) to the longitudinal omponent of the anomaly, due
to the Ward Identities satised by the fermion antifermion urrents on eah external photon line (we
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Figure 4.12: The muon deay proess via a BT diagram.
are onsidering axial-vetor interations for eah photon). In fat, this is a ase in whih a GS vertex
or a omplete anomaly vertex give the same ontributions. In this sense, the anomaly, for this graph, is
harmless sine the external fermion urrent is onserved, but this situation is not general. In fat, we will
analyze ases in whih a similar situation ours, and others in whih the deoupling of the longitudinal
part requires the subtration of wL from the anomaly diagram. As we have seen above, there are other
ases in whih the GS vertex is identially vanishing, and this happens in graphs in whih the transverse
part of the anomaly diagram is zero, as in light-by-light sattering. The anomaly diagrams are purely
longitudinal, and their replaement with the GS vertex has to give neessarily zero. We ome therefore to
disuss point 2) whih has been raised in the previous setion. We annot address the issue of double poles
only in the DZ ounterterms and forget that the same poles are also present in the triangle anomaly. In
other words: the anellation of the ounterterms in spei graphs takes plae if and only if the anomaly
diagram is harmless.
4.2.5 Examples of expliit GS ounterterms: anomaly in muon deay
In general, a given amplitude ontaining an anomalous extra Z ′ an be harmless if we neglet all the
fermion masses and harmful in the opposite ase. An interesting example is shown in Fig. 4.12 whih
desribes a speial deay of the muon, mediated by a WWZ vertex. In general, in anomalous extensions
of the SM, this amplitude requires a longitudinal subtrations either with the inlusion of a GS or a
WZ ounterterm. For massless fermions, for instane, the proess is anomaly-free. To show this point
onsider the amplitude for the seond diagram in Fig. 4.12 whih is given by
P = i
∫
d4k2
(2π)4
u¯(p′1)γ
µ 1
p/′1 + k/1
γνv(p′2)
1
k21
(
gβν − k
β
2 k
ν
2
M2W
)
1
k22 −M2W
an
3
kβ2
k22
ǫ[α, µ, k, k1]
1
k2
u¯(p2)γ
αu(p1)
= i u¯(p′1)γ
µv(p′2)
1
k2
u¯(p2)γ
αu(p1)ǫ[α, µ, p
′
12, τ ]
∫
d4k2
(2π)4
kτ2
k22 (−p′12 − k2)2
. (4.36)
After using the equations of motion for on-shell spinors with p′1+p
′
2+k1+k2 = 0 and the tensor integral
deomposition in terms of the only momentum in the loop, p′12 = p
′
1 + p
′
2, it is trivial to verify that the
expression vanishes. If we swith-on the external fermion masses, violation of the Ward Identities will
indue a longitudinal oupling of the anomaly pole on the neutral urrent, whih need an expliit GS
subtration. We will ome bak to address the struture of the anomalous ontributions away from the
hiral limit below, when we will analyze the ontribution of similar diagrams to g − 2 of the muon.
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Figure 4.13: Self-energy amplitude.
4.2.6 Self-energy and gauge invariane
Anomalous ontributions, in these models, appear also in the running of the oupling, though at a rather
large order. Also in this ase transversality of the self-energy is ensured by onstrution, being the
GS vertex transverse by denition, however, the separation of the vertex into anomaly graph and GS
ounterterms illustrates how the anellation of all the double poles takes plae.
The orretions appear at three-loop level and are shown in Fig. 4.13. We denote with a, b the GS
verties and assign a number on eah line of all the verties. For instane, in Fig. 4.13 vertex a shares
lines 2 and 4 with vertex b. The anomaly diagrams are denoted by ∆a and ∆b, respetively, and are
separated into the linear ombinations AV V, V AV and V V A as in the previous example, arrying partial
anomalies. The pole ounterterm an be emitted by the vertex either toward the initial or the nal state
of the diagram along the numbered line. For instane Ca2 denotes the DZ ounterterm that is generated
by vertex a with a mixing/ double pole term generated on line 2. Other trivial anellations are obtained
due to the orthogonality relations between DZ ounterterms assoiated to dierent lines when they are
ontrated together.
The expression of the integrand in the amplitude is given by
Mλλ′self = −∆λµν GSAAA,a (k, k1,−k2)
gµµ
′
k21
gνν
′
(k1 − k)2∆
λ′µ′ν′ GS
AAA,b (−k,−k1, k2)
= − [∆AAA,a + CAAA,a]λµν 1
k21(k1 − k)2
[∆AAA,b + CAAA,b]
λ′µν
, (4.37)
whih is given expliitly by
Cλ
′µν
AAA,b(−k,−k1, k2) =
1
3
(
Cλ
′µν
b3 (−k,−k1, k2) + Cµνλ
′
b2 (k1, k2, k) + C
νλ′µ
b4 (−k2, k,−k1)
)
= Cµνb3 (−k1, k2)kλ
′
+ Cνλ
′
b2 (k2, k)k
µ
1 + C
λ′µ
b4 (k,−k1)kν2 . (4.38)
CλµνAAA,a(k, k1,−k2) =
1
3
(
Cλµνa1 (k, k1,−k2) + Cµνλa2 (−k1,−k2,−k) + Cνλµa4 (k2,−k, k1)
)
= Cµνa1 (k1,−k2)kλ + Cνλa2 (−k2,−k)kµ1 + Cλµa4 (−k, k1)kν2 (4.39)
so using the Ward Identities
kµ1∆
λ′µν GS
AAA,b (−k,−k1, k2) = kν2∆λ
′µν GS
AAA,b (−k,−k1, k2) = 0 (4.40)
we an redue the sixteen ontributions of the amplitude Mλλ′self to eight terms.
The GS ounterterms Ca1 and Cb3 are non-zero for o-shell external photons and are needed to
remove the longitudinal poles from the anomaly diagram, while the remaining ounterterm ontributions
are those shown in Fig. 4.14. The latter are transverse just by themselves, as we are going to show. They
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Figure 4.14: Contributions to the self-energy amplitude.
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Figure 4.15: A self-energy amplitude embedded in a physial proess of fermion-antifermion sattering with
on-shell external lines.
are given by
Mλλ′self = −∆λµνAAA,a
1
k21(k1 − k)2
[∆AAA,b + Cb2 + Cb4]
λ′µν
= −
(
∆λµνAAA,a
1
k21(k1 − k)2
∆λ
′µν
AAA,b +∆
λµν
AAA,a
1
k21(k1 − k)2
Cµνλ
′
b2 +∆
λµν
AAA,a
1
k21(k1 − k)2
Cνλ
′µ
b4
)
= Γλλ
′
∆∆ + Γ
λλ′
∆2 + Γ
λλ′
∆4 . (4.41)
The amplitude Γ∆2 an be ast in this form using dimensional regularization in D dimensions
Γλλ
′
∆2 = −
∫
d4k1
(2π)4
∆λµνAAA,a(k, k1,−k2)
1
k21(k1 − k)2
Cµνλ
′
b2 (k1, k2, k)
=
an
3
ǫ[λ, ν, α, k]
an
3
ǫ[ν, λ′, β, k]
∫
d4k1
(2π)4
kα1 k
β
1
k41(k1 − k)2
= −1
2
(an
3
)2
ǫ[λ, ν, α, k]ǫ[ν, λ′, β, k]gαβ
1−D
s
BubD+2(s)
=
(an
3
)2
(kλkλ
′ − k2gλλ′)(1 −D) Bub
D(s)
8π(3− 2ǫ)
= C (kλkλ
′ − k2gλλ′)BubD(s), (4.42)
where the expliit expressions of the two master integrals BubD(s) and BubD+2(s) an be found in [98℄
and
C =
(an
3
)2 1−D
8π(3− 2ǫ) . (4.43)
If we inlude the same amplitude in a fermion-antifermion sattering, see Fig. 4.15, we obtain
S∆2 = −v¯(p2)γλu(p1) 1
k2
(
kλkλ
′
k2
− gλλ′
)
k2C BubD(s)
1
k2
u¯(p′1)γ
λ′v(p′2)
= v¯(p2)γ
λu(p1)
1
k2
C BubD(s) u¯(p′1)γ
λv(p′2), (4.44)
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with
BubD(s) =
iπD/2
(2π)D
µ2ǫ
(
eγ
4π
)ǫ
cΓ
ǫ(1− 2ǫ)(s)
−ǫ(−1)ǫ, (4.45)
where we have used the equations of motion for the on-shell spinors (k = p1 + p2 = p
′
1 + p
′
2). The
transversality of the pole ounterterm omes as a surprise, sine while the total amplitude with GS
verties is transverse by onstrution, the anomalous ontribution, in priniple, is not expeted separately
to be so. The omputation shows that internal double poles, those due to the GS ounterterms, give
ontributions whih are also transversal. This shows one more that there are no apparent inonsistenies
in the perturbative expansion of the theory.
4.3 Higher-order diagrams
Having worked out several examples in whih either the extra poles appear expliitly or anel by them-
selves, signalling a harmless anomaly, we now move to disuss more omplex ases, where these tehniques
will be systematized.
We have two ways to apply the GS vertex at higher-order. We ould use its expliit form -in terms of
its transverse invariant amplitudes- or we ould use it in the form "anomaly diagrams plus ounterterms".
This seond form is the most useful one. The presene of higher poles in the ounterterms, whih balane
those -not expliit- in the anomaly diagrams, an be treated perturbatively as a eld theory of a higher
perturbative order. We will illustrate below one ase from whih we an easily infer the general features
of the perturbative expansion with these types of graphs. It should be lear that the anellation of all
the poles from the external lines takes plae only on-shell, but this is not a problem sine we are interested
in S-matrix elements.
4.3.1 Three-point funtions
For this reason we onsider the four-loop diagram shown in Fig. 4.16 with three symmetri GS verties
of the AAA type onneted together, whih is given by
Mλρτ = i (∆ + C1 + C2 + C6)λµνa
1
k22
(∆ + C2 + C3 + C4)
µρσ
b
1
k24
(∆ + C4 + C5 + C6)
στν
c
1
k26
, (4.46)
where, as done in the previous setions, ∆ denotes an AAA triangle amplitude with a symmetri anomaly
distribution on eah vertex and Ci a single GS ounterterm with the derivative oupling on the i-th line.
At this stage we start simplifying the term (∆+C2+C3+C4)b as (GS)b and in a similar way the c blob
a
b
c
1
2
3
4
5
6
Figure 4.16: A four-loop amplitude given by three GS verties with on-shell external lines.
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using the Ward Identities
Ca2(GS)b = Ca6(GS)c = Cb4(GS)c = 0, (4.47)
and then omit the GS ounterterms Ca1, Cb3, Cc5 in whih the transversality onditions
ǫ1λk
λ
1 = ǫ5τk
τ
5 = ǫ3ρk
ρ
3 = 0 (4.48)
at on the derivative oupling, whih allow to redue the M amplitude to the six ontributions
Mλρτ = i (∆)λµνa
1
k22
(∆ + C2)
µρσ
b
1
k24
(∆ + C4 + C6)
στν
c
1
k26
=
i
k22 k
2
4 k
2
6
(∆a∆b∆c +∆a∆bCc4 +∆a∆bCc6 +∆aCb2∆c +∆aCb2Cc4 +∆aCb2Cc6)
λρτ
= (∆a∆b∆c + Γ4 + Γ6 + Γ2 + Γ24 + Γ26)
λρτ , (4.49)
where the notation Γi and Γij refers to the line orresponding to the ounterterm in Fig. 4.16. At this
ρ
Γ4
k1
τ
µ
ν
σ
λ
k5
k4
k6
k2
k3
ρ
Γ6
k1
τ
µ
ν
σ
λ
k5
k4
k2
k3
k6
Γ2
k1
τ
µ
ν
λ
k2
k6
k4
σ
k5
ρ
k3
Figure 4.17: The Γ4, Γ6 and Γ2 ontributions taken fromM at four-loop level.
point we onsider the ∆a∆bCc4 ontribution represented in Fig. 4.17 with a ounterterm on the line 4
denoted by Γλρτ4
Γλρτ4 = i
∫
d4k4
(2π)4
[
∆λµνa (k1, k2,−k6)
1
k22
∆µρσb (k2,−k3, k4)
1
k24
an
3 k24
kσ4 ǫ[τ, ν, k5, k6]
1
k26
]
, (4.50)
in whih we substitute the Rosenberg parametrization for the triangle amplitude ∆λµνa (k1, k2,−k6) given
by
∆λµνa (k1, k2,−k6) = A1 ǫ[k2, µ, ν, λ]−A2 ǫ[k6, µ, ν, λ]−A3 kν2 ǫ[k2, k6, µ, λ]
+ A4 k
ν
6 ǫ[k2, k6, µ, λ]−A5 kµ2 ǫ[k2, k6, ν, λ] +A6 kµ6 ǫ[k2, k6, ν, λ], (4.51)
and the anomaly equation
kσ4∆
µρσ
b (k2,−k3, k4) = −
an
3
ǫ[µ, ρ, k2, k3]. (4.52)
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We hoose k1 and k5 as independent momenta, so we have
k3 = −(k1 + k5), k2 = k1 + k4 + k5, k6 = k4 + k5, (4.53)
with the on-shell onditions k21 = k
2
5 = k
2
3 = 0. A diret omputation of the Γ
λρτ
4 amplitude shows the
omplete anellation of the spurious double pole relative to the k4 momentum.
In an analogous way we an onsider the ∆a∆bCc6 term or Γ6 in Eq. (4.49), that is
Γλρτ6 = i
∫
d4k6
(2π)4
[
∆λµνa (k1, k2,−k6)
1
k22
∆µρσb (k2,−k3, k4)
1
k24
an
3 k26
kν6 ǫ[σ, τ, k4, k5]
1
k26
]
(4.54)
and the ∆aCb2∆c term or Γ2
Γλρτ2 = i
∫
d4k2
(2π)4
[
∆λµνa (k1, k2,−k6)
1
k22
an
3 k22
kµ2 ǫ[ρ, σ, k3, k4]
1
k24
∆στνc (k4,−k5, k6)
1
k26
]
, (4.55)
for whih the onditions in Eqs. (4.51) and (4.52) have to be modied in a suitable form. After the
expansion of the tensor integrals in terms of the two external momenta k1 and k5 we an onlude that
also in this ase the double poles don't ontribute to the physial on-shell amplitude.
In a similar way we an show the vanishing of the last ontributions ∆a Cb2 Cc4 (Γ24) and ∆a Cb2 Cc6
k1
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Figure 4.18: Representation of Γ24 and Γ26, the two terms with double poles on the internal lines.
(Γ26) shown in Fig. 4.18 due to antisymmetry
Γλρτ24 = i
∫
d4k2
(2π)4
[
∆λµνa (k1, k2,−k6)
1
k22
an
3 k22
kµ2 ǫ[ρ, σ, k3, k4]
1
k24
an
3 k24
kσ4 ǫ[τ, ν, k5, k6]
1
k26
]
= 0. (4.56)
In the ∆aCb2Cc6 ase one obtains the same result after using the anomaly equation, so that
Γλρτ26 = i
∫
d4k2
(2π)4
[
∆λµνa (k1, k2,−k6)
1
k22
an
3 k22
kµ2 ǫ[ρ, σ, k3, k4]
1
k24
an
3 k26
kν6 ǫ[σ, τ, k4, k5]
1
k26
]
, (4.57)
where the ontration
kµ2∆
λµν
a (k1, k2,−k6) = −
an
3
ǫ[ν, λ, k6, k1] (4.58)
gives Γ26 = 0 for antisymmetry. In onlusion, the amplitude M at four-loop level, omposed by three
GS symmetri verties, is not aeted by unphysial massless poles arising from the derivative oupling
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Figure 4.19: Higher-order ontributions to the muon magneti moment in the GS ase.
present on some internal lines. As a result of this analysis it is lear that there are far more anellations
than expeted in some of these omplex diagrams, due to the struture of the pole ounterterms. In
fat eah DZ ounterterm indues a WI on an attahed triangle diagram and brings in antisymmetri
ǫ-tensors into the integrand. This is enough, in many ases, to ause a diagram to vanish by symme-
try/antisymmetry of the integrand.
4.4 WZ and GS interations, anomalous magneti moment of the
muon and muonium
In this setion we move to disuss the role played by the GS and the WZ mehanism in g − 2 of the
muon and in muonium. This is the ase where the L/T deomposition of the anomaly amplitude shows
its diret relevane and the role of the GS and WZ verties an be easily worked out.
Our aim is not to proeed with a omplete study of these orretions, some of whih require a separate
study, but to highlight the role played by the two mehanisms in the ontext of spei proesses whih
an be aurately quantied in future studies. The possibility of searhing for anomalous extra Z ′ and
axions in preision measurements of several observables is hallenging but realisti.
4.4.1 The GS ase
We show in Figs. 4.19 and 4.23 some of the lowest order GS ontributions to the anomalous magneti
moment of the muon and to the hyperne splitting of muonium. Some of the reent theoretial attention
to aµ ≡ g−2 has been foused on the study of eets at two-loop level and higher, suh as those shown in
Fig. 4.19a and 4.19d. The rst indiates generially the hadroni ontributions oming from self-energy
insertions in the lowest order vertex. Of these types are also the orretions oming from the self-energy
graphs involving GS verties. The orretions are tiny, being of order g8 and their omputation involves
a 4-loop graph with ordinary propagators (the two-triangle diagram of Fig. 4.14) and two-loop graphs
related to the pole ounterterms that we have studied in the analysis of the self-energy. Clearly, the
underlying Lagrangian should allow an anomalous extra Z ′ in the spetrum. Working models of this type
have been studied previously, and inlude several anomalous U(1)′s, suh as in the ase of interseting
branes. The presene of a physial axion that mixes with the Higgs setor (the axi-Higgs) via a kineti
Stükelberg term (and eventually a Peei-Quinn breaking term) makes these models quite attrative.
The axi-Higgs is massless in the rst ase and massive in the seond ase. Models with an axi-Higgs are
onstruted using only WZ interations and not GS interations.
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Figure 4.20: Leading order orretions to the anomalous magneti moment of the muon.
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Figure 4.21: Higher-order orretions to the anomalous magneti moment of the muon with a WZ vertex.
4.4.2 Anomalous orretions to aµ
The evaluation of the anomalous orretions to aµ in the GS and WZ ases are quite dierent. In the
WZ ase there is a larger set of ontributing graphs due to the interation of the axion with the fermions
and involve the exhange of an axi-Higgs (massless or massive), whih is proportional to the fermion
mass. The simplest orretions due to the presene of an anomalous extra Z ′ are shown in Fig. 4.20.
These do not involve the anomaly diagram and are the leading ones. They have been omputed in [68℄.
Higher-order orretions are those shown in Fig. 4.21, also involving a physial axi-Higgs.
It is onvenient to desribe in some detail the struture of the perturbative expansion at higher orders
to emphasize the dierenes between the two mehanisms.
The struture of the expansion an be grasped more easily if we work in the hiral limit (all the
fermions are taken to be massless) and fous our attention, for example, on graph (b) in Fig. 4.19 sine in
this ase there is no diret point-like interation of the axion with the fermion. If we deide to anel the
anomaly with WZ ounterterms, we know that we an draw a ounterterm diagram in whih the axion is
emitted and absorbed by the gauge line. In this ase it is lear that the anomaly is potentially harmful
and only a diret omputation is able to show if the ounterterm is zero or not. In this spei diagrams
we know that expliit pole ounterterms are needed, as we have shown in the previous setions. If we
onsider diagram (), however, the appliation of this argument shows immediately that the anomaly, in
this ase, is harmless, sine there is no axion ounterterm of WZ type that we an draw. A similar result
is obtained for diagram (a) in Fig. 4.21. Also in this ase we are unable to draw a WZ ounterterm in
whih the axion is attahed only to gauge lines. Therefore this diagram is also well dened even in the
presene of an anomaly diagram, sine its longitudinal part anels automatially due to the topology
of the graph. In these last two diagrams the gauge lines have to be attahed in all possible ways to the
muon lines for this to happen. Diagram () appears in the massive ase, but it is not a ounterterm.
Coming to the GS ase in the massive fermion ase, the anomaly diagram developes a mass-dependene
in the residue of the anomaly pole, shown in graphs () of Fig. 4.22. As we are going to show in the next
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Figure 4.22: As in Fig. 4.21 for a GS vertex.
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Figure 4.23: Hadroni ontributions (a), higher-order anomalous ontributions (b) and light-by-light ontribu-
tions () to the hyperne splitting in muonium.
setion, this is not an anomaly ounterterm. The only ounterterm is still given only by diagram (b).
More details will be given below and in the nal setion.
4.5 Two-loop Contributions to g − 2: Anomalous Diagrams
In this setion we briey analyze the general struture of these orretions for both mehanisms when
anomaly diagrams are present. The analysis that we follow is lose to the disussions for g− 2 presented
in [122, 123, 124℄, adapted to our ase. Most of the physial disussion arried out in these papers, in
the ase of the muon anomalous magneti moment, has to do with the identiation of the eets due
to hiral symmetry breaking in the omputation of the anomaly diagrams, whih are related both to
perturbative and to non-perturbative eets, treated within the operator produt expansion. In our ase
we will be interested only in the perturbative ontributions with the GS and WZ verties. We will point
out the dierenes ompared to those previous studies while reviewing their derivation in order to be
self-ontained. In the GS ase the anomaly diagram, orreted by the pole subtration, does not satisfy
any longer the Vainshstein relation [125℄ between the longitudinal (wL(q
2)) and transverse (wT (q
2))
omponent of the anomaly vertex
wL(q
2) = 2wT (q
2), (4.59)
whih is obtained in a spei kinematial limit of the anomaly diagram. In partiular, in the hiral
limit, the longitudinal omponent wL of the GS vertex is zero. Away from the hiral limit a pole O(1/q
4)
reappears, multiplied by additional ontributions proportional to the fermion mass squared (m2f ), but
it is not an anomaly pole. The separation between L and T omponents, away from the hiral limit,
for mf 6= 0, an be done in several ways. In [123℄ this is obtained by isolating the anomalous pole
ontribution from the rest. After the subtration of the pole term, the new anomaly-free vertex is still
not transverse and satises a broken WI. The truly transverse omponent (w˜T ) is isolated by ating
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Figure 4.24: Leading ontributions to the hyperne splitting in muonium and denoted as Ni, with i=a,b,,d in
the WZ ase.
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Figure 4.25: Expliit (higher-order) expansion of the diagram in Fig. 4.23 for a trilinear WZ vertex. Eah
amplitude is denoted asMi with i=a,b,,d in the text with p1, p′1 as inoming momenta and p2, p′2 as outoming
ones.
with a spei projetion on the vertex, as we shall see below. This assumes a speial form in the limit
in whih one of the photons is on-shell (k2 → 0) and soft (k → 0). It an be expressed in terms of a
set of salar diagrams whih ome from the rank-2 tensor deomposition of the fermioni triangle (Cij),
and whih are well-known in the literature. The expliit expressions of these integrals, whih are for
instane given in [86℄, are singular in the soft/on-shell photon limit that is needed in order to extrat
their ontribution to g−2. This is the reason for the re-analysis of these ontributions using the operator
produt expansion (OPE), whih in this ase follows the approah of [122, 123℄. In our ase, both for
the GS and WZ verties, the OPE analysis would be similar, and an be performed on the two urrents
arrying large momentum (q2 → ∞), therefore we omit it. In the WZ ase the pseudosalar exhanges
involve a Goldstone and of a physial axion, this seond one being not present in the SM.
We start our analysis by stating our onventions. The oupling of the extra neutral urrent to the
fermions is given by
− ig2
4 cos θW
ψ¯i
(
gZ,Z
′
V γ
µ + gZ,Z
′
A γ
µγ5
)
ψiVµ (4.60)
where the vetor boson Vµ stays for the Z or the Z
′
and the vetor and the axial-vetor ouplings an
be written as
−ig2
4cw
γµgV
Z′,j =
−ig2
cw
1
2
[
−εc2wTL,j3 + εs2w(
Yˆ jL
2
+
Yˆ jR
2
) +
gz
g2
cw(
zˆL,j
2
+
zˆR,j
2
)
]
γµ
−ig2
4cw
γµγ5gA
Z′,j =
−ig2
cw
1
2
[
εc2wT
L,j
3 + εs
2
w(
Yˆ jR
2
− Yˆ
j
L
2
) +
gz
g2
cw(
zˆR,j
2
− zˆL,j
2
)
]
γµγ5. (4.61)
Here j is an index whih represents the quark or the lepton and we have set sin θW = sw, cos θW = cw
for brevity. We denote with zˆR,L the harges of the fermions under the extra anomalous U(1) and with
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gz the oupling onstant of the anomalous gauge interation.
The eletroweak vertex that we need to ompute in order to take into aount the orretions to the
anomalous magneti moment of the muon, due to the exhange of an extra anomalous Z ′, in analogy
with the disussion presented in [123℄, is given by
〈µ¯(p′)|V emρ (0)|µ(p)〉 = u¯(p′)Γρ(p′, p)u(p) =∫
d4q
(2π)4
−i
q2
−i
(p′ − p− q)2 −M2Z
(−ie)(−ie)
(
ig2
4 cos θW
)( −ig2
4 cos θW
)
×
u¯(p′)
[
γµ
i
6p′ − 6q −mµ g
Z′
A,µγ
νγ5 + g
Z′
A,µγ
νγ5
i
6p + 6q −mµ γ
µ
]
u(p)×∫
dx eiq·x
∫
dy ei(p
′−p−q)·y〈0|T {Aγµ(x)Z ′ν(y)Aγρ(0)}|0〉 , (4.62)
where
Aγµ(x) = q¯(x)γµQf q(x) , Z
′
ν(y) = q¯(y)γνγ5 g
Z′
A,f q(y) (4.63)
are the fermion urrents of quarks, and gZ
′
A,f refers to a quark of avor f . The most general CP invariant
expression for a vertex funtion satisfying the urrent onservation is dened by
Γµ = −ieu¯(p2)
[
F1(q
2)γµ + F2(q
2)
qα
4mµ
σαµ + F3(q
2)
(
qµq/− γµq2) γ5
4M2W
]
u(p1) (4.64)
where the oeients Fi(q
2) are the form-fators and q = p2 − p1, MW and mµ denote the mass of the
W and of the muon, respetively. Taking the limit q2 → 0 in the Pauli form-fator we obtain the value
of the anomalous magneti moment
a =
g − 2
2
= F2(0), (4.65)
and using the equation of motion we obtain [124℄
Γµ = aaµ aµ = ieu¯(p2)
1
2mµ
(p1 + p2)µu(p1). (4.66)
We an use a projet operator to extrat F2(0)
F2(0) = lim
k2→0
Tr {(6p+mµ)Λρ2(p′, p)(6p′ +mµ)Γρ(p′, p)} , (4.67)
where (p′ = p+ k)
Λρ2(p
′, p) =
m2µ
k2
1
4m2µ − k2
γρ − mµ
k2
2m2µ + k
2
(4m2µ − k2)2
(p+ p′)ρ (4.68)
is the projetor on the Pauli form fator. The triangle ontribution is obtained from the one-loop orre-
lator of the eletroweak urrents
(2π)4δ(p′ − p− q)∆µνρV AV (q, k) =
∫
dx eiq·x
∫
dy ei(p
′−p−q)·y〈0|T {Aγµ(x)Z ′ν(y)Aγρ(0)}|0〉 (4.69)
with p′ the inoming photon four-momentum. The orresponding tensor struture of the triangle in the
k2 → 0 limit for a fermion of avor f is given by [124℄, obtained from the Rosenberg representation [42℄
∆µνρV AV (q, k) −→
g
π2 cos θW
gZ
′
A,f e
2Q2f q
αqβSµνραβ (k)
∫ 1
0
dx
x(1− x)
x(1 − x)q2 −m2f
Chapter 4. The Green-Shwarz and Wess-Zumino Verties at Higher Orders 165
Sµνραβ (k) = −2kτ ǫτλµρ
(
gαλg
ν
β − gαβgνλ
)
+ gαλǫ
λτνρ
(
kβg
µ
τ − gµβkτ
)
, (4.70)
where k = p′−p. This expression, in the GS ase, is simply modied by the subtration of the longitudinal
pole due to the anomaly. The tensor ∆µνρV AV (q, k) in momentum spae is aeted by the longitudinal
(anomaly) pole, similarly to the ase of axial QED disussed above, in the form of a longitudinal wL(q
2)
ontribution [120℄. In fat the asymptoti behavior at large Q2 = −q2 is given by [122℄
wfL(Q
2) =
g2
cos θW
gZ
′
A,fe
2Q2f
[
1
2π2Q2
− 2 m
2
f
π2Q4
log
Q2
m2f
+O
(
1
Q6
)]
. (4.71)
and in the GS ase it beomes
wL
f (Q2)|GS = − g2
π2 cos θW
gZ
′
A,fe
2Q2f
[
2
m2f
Q4
log
Q2
m2f
+O
(
1
Q6
)]
. (4.72)
Following [123℄ we an always write
∆fµνρ(q, k) = ∆µνρ(q, k)anomaly + ∆˜
f
µνρ(q, k) , (4.73)
where
∆µνρ(q, k)anomaly =
∑
f
gZ
′
A,fe
2Q2fan
(q − k)ν
(q − k)2 ǫµραβq
αkβ , (4.74)
with an = −i/(2π2). The funtion ∆˜fµνρ(q, k) is transverse with respet to the momenta qµ and kρ
qµ∆˜fµνρ(q, k) = 0 , k
ρ∆˜fµνρ(q, k) = 0 , (4.75)
but in the presene of massive fermions we isolate the longitudinal omponents of the orresponding
broken WI
∆˜fµνρ(q, k) = ∆˜
f,long
µνρ (q, k) + ∆˜
f,trans
µνρ (q, k) . (4.76)
Dierentiating the 2nd expression in Eq. (4.75) with respet to kρ we obtain
∆˜µνρ(q, k) = −kσ ∂
∂kρ
∆˜µνσ(q, k) (4.77)
where we have suppressed the avor index f for simpliity. Sine we are interested in the soft photon
limit, the relevant ontributions are those linear in k. In [123℄ these are extrated in the form
∆˜transµνρ (q, k) = k
σ∆µνρσ(q) + ... (4.78)
where the tensor ∆µνρσ(q) is obtained by using the projetion operator Π
νν′
as follows
Πνν
′
(q, k) =
(
gνν
′ − (q − k)
ν
(q − k)2 (q − k)
ν′
)
,
∆µνρσ(q) = − ∂
∂kρ
(
Πνν
′
∆µν′ρ
)
|lim k→0. (4.79)
It is not diult to notie that
Πνν
′
∆µν′ρ = Π
νν′∆˜µν′ρ. (4.80)
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As we have already mentioned, the ation of Πνν
′
is to remove all the longitudinal parts from the ∆µνρ
tensor, inluding the anomalous term. ∆µνρσ(q) in (4.78) has the form
∆µνρσ(q) = i∆(Q
2) [qρǫµνασq
α − qσǫµναρqα] , (4.81)
where q2 = −Q2. We an now try to apply this formalism to the anomalous triangle diagrams. We use
the generi parametrization of a AV V triangle given in [86℄,
∆fµνρ(q, k) = −
g2
π2 cos θW
gZ
′
A,fe
2Q2f
[
A(k,−q,mf)(kρǫνµβσkβ − k2ǫνµρσ)(−q)σ
+A(−q, k,mf)(qµǫνρβσqβ − q2ǫνρµσ)kσ
−B(k,−q,mf)(q − k)νǫρµαβkα(−q)β
]
, (4.82)
where the funtions A(k,−q,mf ) and B(k,−q,mf ) are given by in terms of the tensor-redution oe-
ients Cij as follows
A(k,−q,mf ) = (C11 − C12 + C21 − C23)(k,−q,mf )
B(k,−q,mf ) = (C12 + C23)(k,−q,mf ), (4.83)
and are dened in Eqs. (A.2), (A.3) of Ref. [86℄. The WI on the axial-vetor urrent is given by
(q − k)ν∆fµνρ(q, k) = −
g2
π2 cos θW
gZ
′
A,fe
2Q2f
[
1
2
− 2m2fC0
]
ǫρµαβ k
α(−q)β (4.84)
and the most general expression of the oeient C0 is given in Eq. (A.8) of ref. [86℄. C0 is the salar
three-point funtion with a fermion of mass mf irulating in the loop. In the soft photon limit the
invariant amplitude dened by the right-hand-side of (4.84) redues to (4.71). The purely transverse part
(for mf 6= 0) is obtained by applying the projetion operator given in (4.79)
∆transµνρ (q, k) = −kσ
∂
∂kρ
(
Πνν
′
(q, k)∆fµνσ(q, k)
)
|limk→0
= −kσ ∂
∂kρ
∆Tµνσ(q, k)|lim k→0, (4.85)
where
∆Tµνσ(q, k) = A(k,−q,mf)
[
qαǫαµνσk
2 − kν k
2
(q − k)2 ǫµσαβk
αqβ +
qν k
2
(q − k)2 ǫµσαβk
αqβ + kσǫµναβk
αqβ
]
+A(−q, k,mf)
[
kαǫαµνσq
2 − kν q
2
(q − k)2 ǫµσαβk
αqβ +
qν q
2
(q − k)2 ǫµσαβk
αqβ − qµǫνσαβkαqβ
]
,
(4.86)
Dierentiating with respet to kρ and taking the lim k→ 0 we obtain
∂
∂kρ
∆Tµνσ(q, k)|lim k→0 = A(Q2)
[
ǫρµνσq
2 + qνǫµσρβq
β − qµǫνσρβqβ
]
= A(Q2) [qρǫµνασq
α − qσǫµναρqα] . (4.87)
where A(Q2) denotes the soft limit of the A(−q, k,mf ) amplitude. The intermediate steps to simplify
the ontribution to aµ are those of [126℄. In our ase, with the modiations disussed above, the Pauli
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form-fator for a irulating fermion of avor f we obtain
F2(0)|Z′ = (−e2) g
2
2
16 cos2 θW
1
M2Z′
lim
k2→0
∫
d4q
(2π)4
1
q2
(
M2Z′
q2 −M2Z′
)
×
1
4k2
Tr
{
(6p+mµ)
[
γρ 6k −
(
kρ +
pρ
mµ
6k
)]
[
γµ
(6p − 6q +mµ)
q2 − 2q ·p g
Z′
A,µγ
νγ5 + g
Z′
A,µγ
νγ5
(6p + 6q +mµ)
q2 + 2q ·p γ
µ
]}
×
gZ
′
A,fQf
[
−i∆˜f,longµνρ (q, k) + kσ [qρǫµνασqα − qσǫµναρqα]A(Q2)
]
, (4.88)
where ∆˜f,longµνρ is not anomalous and in the soft photon limit it is given by
∆˜f,longµνρ (q, k) =
qν
q2
w˜fLǫµρασq
αkσ (4.89)
where
w˜fL = −
[
− 2
π2
m2f
q4
log
(−q)2
m2f
+O
(
1
q6
)]
. (4.90)
It is obvious from this analysis that in presene of the GS mehanism there is a two-loop ounterterm
whih removes the pure anomalous ontribution in Eq. (4.88) and is given by see Fig. 4.22b. Diagram ) in
the same gure is the longitudinal part of the diagram and appears in the broken WI that we will disuss
in the last setion. Finally, after some manipulations, similar to those performed in [119, 123, 127, 122℄,
the nal result for the anomalous ontributions to aµ takes the form
F2(0)|Z′ = (−e2Qf )
g22g
Z′
A,µg
Z′
A,f
16 cos2 θW
(
m2µ
M2Z′
)
1
4π2
∫ ∞
mµ
dQ2
(
w˜fL(Q
2) +
M2Z′
Q2 +M2Z′
A(Q2)
)
, (4.91)
where −q2 = Q2 and w˜fL(Q2) vanishes in the hiral limit.
4.5.0.1 The Wess-Zumino Counterterm
A similar analysis an be performed in the ase of the WZ mehanism. The leading non anomalous
one-loop ontributions Fig. 4.20 have been alulated in [68℄ for a spei D-brane model. These are due
to the oupling of the axi-Higgs to the fermions. The organization of the perturbative expansion for a
theory with an axion-like partile has been disussed in [40, 13℄, where the expliit anellation of the
gauge dependene has been disussed on general grounds. We show in Fig. 4.21 the ontribution oming
from the Z ′ propagator (graph a) in the anomalous exhange, the additional graphs b) and ) represent
the axion ounterterm due to the WZ interation (b) and the orretion due to the oupling of the axion
to the massive fermions (). We have omitted a graph similar to () in whih the exhanged pseudosalar
is a Goldstone and anels the gauge dependene of the Z ′ propagator.
The omputation of graph a) follows exatly the analysis of [123℄ and an be performed in dimensional
regularization in the unitary gauge, to give
λ
MS
≡ µ
d−4
16π2
[ 1
d− 4 −
1
2
(
log 4π + 2 + Γ′(1)
)]
,
F2(0)
∣∣∣(f)
anom
=
g22
16π2 cos2 θW
m2µ
M2Z′
1
4π2
Q2fg
Z′,f
A ×
[
log
(
µ2R
M2Z′
)
− 32π2λ
MS
+ log
(
M2Z′
m2µ
)
+
1
2
]
.
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(4.92)
The expression of the extra ontributions when a physial axion is exhanged are given by
F2(k
2)
∣∣
(c)long
= eQµc
χ
µ lim
k2→0
∫
d4q
(2π)4
1
q2
1
(p′ − p− q)2 −M2Z′
×
u¯(p′)
[
γµ
1
6p′ − 6q −mµ γ5 + γ5
1
6p + 6q −mµ γ
µ
]
u(p)×2 mµ
M2Z′
∑
f
eQfc
χ
f
1
(q − k)2 −M2χ
∆µρ(mf , q, k, q − k), (4.93)
where cχf is oupling of the axi-Higgs to the fermions and
∆µρ(mf , q, k, q − k) = ǫµραβqαkβ
(
− 1
2π2
)
I(mf )
I(mf ) ≡ −
∫ 1
0
∫ 1−x
0
dx dy
1
m2f + (x− 1)xq2 + (y − 1)yk2 − 2xyq · k
. (4.94)
Using the projetion operator we get
F2(0)
∣∣
(c)long
= eQµc
χ
µ lim
k2→0
∫
d4q
(2π)4
1
q2
1
(p′ − p− q)2 −M2Z′
×
1
4k2
Tr
{
(6p+mµ)
[
γρ 6k −
(
kρ +
pρ
mµ
6k
)]
×[
γµ
1
6p′ − 6q −mµ γ5 + γ5
1
6p + 6q −mµ γ
µ
]}
×2 mµ
M2Z′
∑
f
eQfc
χ
f
1
(q − k)2 −M2χ
∆µρ(mf , q, k, q − k). (4.95)
The ontribution oming from the diagram in Fig. 4.21b is similar to Fig. 4.21 and we obtain
F2(0)
∣∣
(b)long
= eQµc
χ
µ lim
k2→0
∫
d4q
(2π)4
1
q2
1
(p′ − p− q)2 −M2Z′
×
1
4k2
Tr
{
(6p+mµ)
[
γρ 6k −
(
kρ +
pρ
mµ
6k
)]
×[
γµ
1
6p′ − 6q −mµ γ5 + γ5
1
6p + 6q −mµ γ
µ
]}
×[
−2 mµ
M2Z′
gχγγ
1
(q − k)2 −M2χ
]
ǫµραβq
αkβ . (4.96)
where the oeient gχγγ is the oupling of the axi-Higgs to the photons and it will be given expliitly in
the next setion together with the oeient cχ.
4.5.1 Corretions to muonium
A similar analysis of the role played by both mehanisms in anomalous proesses at higher orders an be
done in the ase of muonium. A reent analysis of the hadroni eets in this type of systems an be found
in [128℄. One of the typial ontributions is given by virtual light-by-light sattering, shown in Fig. 4.23. In
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the presene of anomalous gauge interations a dominant ontribution for the GS ase is given by diagram
(b). Diagram () is subdominant. This is expanded in terms single and double ounterterms, typially
given in Fig. 4.26. In the WZ ase we report some of the orresponding ontributions in Figs. 4.24 and
4.25, where we allow a oupling of the axi-Higgs to the fermions. The leading ontribution are diagrams
(b) and (e) of Fig. 4.24, whih are the analogue of (a) and (b) of Fig. 4.20. The diagrams involving
light-by-light sattering in the presene of a WZ vertex with a physial axi-Higgs χ oupled to fermions
are shown in Fig. 4.25; their expression an be easily obtained by taking into aount some reent results
on two-loop QCD orretions [118℄ and a spei hoie of parameters for an anomalous model developed
and fully desribed in Chaps. 1, 2. So we have
Ma = u¯(p2)
[
e4
∑
f
gZ′a
f
Z′Q
2
f Λµ(s,mf ,me)
]
u(p1)
−i
k2 −M2Z′
(
gµν − k
µkν
M2Z′
)
v¯(p′1)
[
e4
∑
f ′
gZ′a
f ′
Z′Q
2
f ′Λν(s,mf ′ ,mµ)
]
v(p′2), (4.97)
where the axial-vetor vertex funtion Λµ(s,mf ,mext) is given [118℄ in terms of some oeients named
G1 and G2 as
Λµ(s,mf ,mext) = γµγ5G1(s,mf ,mext) +
1
2mext
kµγ5G2(s,mf ,mext) (4.98)
and mext refers to the eletron or the muon. Their expliit expression an be found in [118℄. For Mb,
with an axi-Higgs exhanged in the t-hannel we obtain
Mb = u¯(p2)
[
e2
∑
f
cχ,fγγ Λ(s,mf ,me)
]
u(p1)
i
k2 −m2χ
v¯(p′1)
[
e2
∑
f ′
cχ,f
′
γγ Λ(s,mf ′ ,mµ)
]
v(p′2) (4.99)
with the general oupling of the physial axion
cχ,fγγ = e
2Q2fc
χ,f , (f = u, d, ν, e) (4.100)
and the pseudosalar vertex funtion Λ(s,mf ,mext) (see [118℄)
Λ(s,mf ,mext) = γ5A(s,mf ,mext). (4.101)
We have used a ondensed notation for the avors in Eq. 4.100 with u = {u, , t}, d = {d, s, b}, ν =
{νe, νµ, ντ} and e = {e, µ, τ}, whose expansion yields
cχ,u = Γu
i√
2
Oχ11 =
mu
vu
iOχ11, c
χ,d = −Γd i√
2
Oχ21 = −
md
vd
iOχ21,
cχ,ν = Γν
i√
2
Oχ11 =
mν
vu
iOχ11, c
χ,e = −Γe i√
2
Oχ21 = −
me
vd
iOχ21, (4.102)
where the elements of the Oχ rotation matrix from the interation to the mass eigenstate basis are given
in App. 2.9.
The most diult to analyze are those of higher order, shown in Fig. 4.25
Mc = u¯(p2)
[
e2
∑
f
cχ,fγγ Λ(s,mf ,me)
]
u(p1)
i
k2 −m2χ
v¯(p′1)F (s,mµ)g
χ
γγe
2v(p′2) (4.103)
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Figure 4.26: As in Fig. 4.25 for a GS vertex.
Md = u¯(p2)F (s,me)gχγγe2u(p1)
i
k2 −m2χ
v¯(p′1)F (s,mµ)g
χ
γγe
2v(p′2), (4.104)
with the one-loop anomalous vertex funtion F (s,mext) [118℄
F (s,mext) = 2imext f(s,mext) γ5 (4.105)
where mext is the mass of the external fermion, in this ase the muon mass, and the spei hoie of
oupling given by
gχγγ =
[
F
M1
(OAWγ)
2 +
CY Y
M1
(OAY γ)
2
]
Oχ31 (4.106)
in terms of model dependent parameters dened in Chap. 2.
The simplest orretions are those of Fig. 4.24 and an be written as
Na = u¯(p2)(gZ′aeZ′)γµγ5u(p1)
−i
k2 −M2Z′
(
gµν − k
µkν
M2Z′
)
v¯(p′1)
[
e4
∑
f
gZ′a
f
Z′Q
2
fΛν(s,mf ,mµ)
]
v(p′2),
(4.107)
Nb = u¯(p2)cχ,eγ5u(p1) i
k2 −m2χ
v¯(p′1)c
χ,µγ5v(p′2), (4.108)
Nc = u¯(p2)cχ,eγ5u(p1) i
k2 −m2χ
v¯(p′1)F (s,mµ)g
χ
γγe
2v(p′2), (4.109)
Nd = u¯(p2)cχ,eγ5u(p1) i
k2 −m2χ
v¯(p′1)
[
e2
∑
f
cχ,fγγ Λ(s,mf ,mµ)
]
v(p′2), (4.110)
where the one-loop funtions Λν , F and Λ have been given above and an be found in the literature.
4.6 The longitudinal subtration and the broken Ward Identities
of the GS vertex
There is one last important point that we will address in this nal setion whih onerns the orret
interpretation of the anomaly ounterterm in both (hiral) phases of theory. The GS vertex satises a
broken WI, whih is easy to derive diagrammatially. The identity is similar to that of the ordinary
triangle diagram, but with a subtration of the (massless) anomaly pole. In the massless fermion ase,
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the GS ounterterm restores the WI on the anomaly vertex; in the massive ase the mass-dependent
terms are a signal of hiral symmetry breaking, but are not ounterterms. The only ounterterm is the
anomaly pole. We briey larify this point.
We reall that, for on-shell photons (analogously for gluons) in an anomalous theory, the pole ontri-
bution to the AV V triangle is given by
T λµν = gVKKθ
KK
f g
2
sTr[t
atb]kλǫ[k1, k2, µ, ν]
[
1
2π2s
− m
2
f
2π2s2
log2
(
ρf + 1
ρf − 1
)]
ρf =
√
1− 4m
2
f
s
(4.111)
and the anomalous WI on the axial-vetor line gives
kλT
λµν = gVKK θ
KK
f g
2
sTr[t
atb]
(
ǫ[k1, k2, µ, ν]
1
2π2
+ 2mfT
µν
)
T µν =
mf
2π2
∫ 1
0
∫ 1−x
0
dx dy
ǫ[k1, k2, µ, ν]
m2f − 2xyk1 · k2
. (4.112)
The seond term in the WI above, or Tµν , in a loal gauge theory with spontaneous symmetry breaking
(in an anomaly-free theory), is determined by the BRS invariane of the orrelator. In an anomalous
theory the rst term is the anomaly, while the seond term omes from hiral symmetry breaking. If we
use a WZ ounterterm to restore the gauge symmetry, the WI is modied with the addition of the bF F˜
graph, and the analysis an be found in [92℄. Eq. (4.112) takes a more general form for o-shell gauge
lines. The general orretions to the anomaly pole are of the form
∆λµν = gVKK θ
KK
f g
2
sTr[t
atb]kλǫ[k1, k2, µ, ν]
[
1
2π2s
− 2m2fC0(t, k21 , k22,mf )
]
(4.113)
where C0(t, k
2
1 , k
2
2 ,mf ) is the salar triangle diagram. Also in this ase the C0 terms are not ounterterms.
We don't need to add any mass-dependent term to the GS vertex to restore the WI of the non-loal theory.
These longitudinal ontributions, following the analysis of g−2 in [123℄ and the disussion of the previous
setions, are easily interpreted as the longitudinal parts of the non-anomalous omponents of the vertex,
generated by the breaking of the hiral symmetry. There are two ways to write the broken WI in GS
ase. The rst form is given by
kλ
(
∆λµν + ΓλµνGS
)
+ T µν = 0, (4.114)
in whih the Tµν term, whih is of the form (4.113), is derived simply by ating with the WI on the
GS vertex (anomaly plus massless pole term) and bringing the result to the rst member. The hiral
symmetry breaking orretions to the pole term are then obtained from the deomposition
∆GS λµν = ∆˜λµνlong + ∆˜
λµν
trans (4.115)
where
kλ∆˜
λµν
long =
1
4π2
m2fC0(t, k
2
1 , k
2
2 ,mf )ǫ[µ, ν, k1, k2] ≡ −T µν (4.116)
and
kλ∆˜
λµν
trans = 0. (4.117)
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Figure 4.27: Broken WI in the presene of a GS interation.
A seond form of the same equation is obtained by extrating a massless pole from Tµν
kλ
(
∆λµν + ΓλµνGS +
kλ
k2
T µν
)
= 0, (4.118)
whose expliit form is shown in Fig. 4.27. This result is in disagreement with [117℄, where the authors
write down an exat WI for the GS vertex in the hirally broken phase, identity whih learly does not
exist, sine the pole ounterterm and the eets due to hiral symmetry breaking should be kept separate.
There are other issues onerning the use of this vertex to desribe the mixing of the Kaluza-Klein
exitations of gauge bosons to an axion, laimed to be relevant in tt¯ prodution, whih also point toward
an inonsisteny of these types of formulations in theories with extra dimensions and hiral deloalization
on the brane. These quietly assume that the GS vertex is generated by sewing together loal-interations
(bF F˜ vertex and B b mixing), whih are laimed to be obtained from extra dimensional theories [117℄.
The bilinear mixing is assumed to be physial (i.e. no gauge-xing ondition an remove it). If these
onstrutions were onsistent, this would imply that the anomaly an be removed by adding a nite
number of loal interations. Instead, the anomaly pole an be removed, but at the expense of building a
non-loal theory. This result does not ontradit the use of the WZ mehanism for the "anellation" of
the anomaly, sine the WZ theory, being loal, generates an eetive theory whih is unitary only below
a ertain sale, while remaining gauge invariant at all sales. The theory, in fat, needs to be amended by
higher dimensional operators for the restoration of unitarity, and therefore the desription of axion-like
partile, involving Stükelberg axions and PQ interations, are not unitary at all sales. In fat, the
number of loal interations needed to obtain an anomaly-free theory is innite, whih is the prie to
pay for not having a pole ounterterm as in the GS ase. The presene of BIM amplitudes for the WZ
mehanism provides a lear example of proesses with a non-unitary growth at high energy, as learly
shown in Chap. 3.
4.7 Conlusions
We have investigated the onsisteny of the subtration of pole ounterterm in an anomalous theory,
re-analysing the problem of the generation of double poles in the perturbative expansion due to the extra
subtrations, and in partiular, in some s-hannel exhanges. Having the anomaly diagram a natural
separation into longitudinal and transverse ontributions, the subtration of the longitudinal omponent
an be viewed simply as the remotion of one of its independent invariant amplitudes. If the struture
of a given graph does not render the anomaly vertex harmless, the longitudinal subtration is expliit,
otherwise the subtration vanishes by itself, as does the longitudinal omponent of the anomaly in that
ase.
In priniple, the perturbative expansion for the GS vertex an be formulated diretly in terms of its
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transverse omponents. Away from the hiral limit there is still no anomaly pole, and the deoupling of
the anomaly should hold at all orders and also in the broken hiral phase.
We have argued by expliit examples that the organization of the perturbative expansion in terms of
anomaly diagrams and pole ounterterms (or DZ ounterterms) is just a matter of onveniene, espeially
if a given omputation has to be arried out to higher orders. In this ase, the double poles due to the
ounterterms have to be interpreted as genuine ontributions whih are embedded in two-loop graphs.
We have pointed out that the emergene of double poles is not an isolated ase, but a standard result,
ommon to a spei way to address the tensor deomposition of a Feynman graph.
In this approah the omputation of tensor integrals is performed using salar integrals with higher
power of the denominators and then re-formulated in terms of suitable sets of master integrals. Therefore,
an ordinary perturbative expansion at two-loop level - after integration on one of the loop momenta -
gives -with no surprise- a theory with propagators of seond order and higher.
A nal omment goes to the high energy behavior od the GS vertex. The good high energy behavior
of the vertex is related to its gauge invariane, with BIM amplitudes whih are identially vanishing in the
hiral limit. A similar feature is absent in the WZ ase, whih violates unitarity at high energy. Finally, we
have investigated the emergene of GS and of WZ verties in g−2 of the muon and in muonium, desribing
the dierenes between the SM ase and its anomalous extensions, involving one axion-like partile and
an extra anomalous Z ′, onentrating our attention, in partiular, on the anomalous ontributions, whih
an be studied aurately in the future in view of the planned experiments on g−2 at BNL. In general, in
the WZ ase, the leading ontributions to g−2 ome from the exhange of an axi-Higgs and an anomalous
Z ′, while in the GS ase they involve diretly the transverse omponents of the GS vertex.
4.8 Appendix. Some features of the GS and WZ verties
We omment on the relation between the WZ and GS formulation.
There are several ways to parameterize an anomaly vertex (AV V ), the most well known being the one
due to Rosenberg [42℄ whih involves six invariant amplitudes (A1, A2, ...A6), two of whih are ill-dened
and determined by the Ward Identities of the theory in terms of the nite ones. The presene of an
anomaly pole is not obvious in this formulation, although its struture was learly established by Dolgov
and Zakharov in their work [101℄ using dispersion relations. The basi interpretation of this result is that
the anomaly is not just an ultraviolet but also an infrared eet.
The extration of the anomaly pole from the rest of the amplitude is not so evident from the Rosenberg
parameterization, but is quite obvious from the L/T formulation of this vertex, disussed in Se. 4.2.4.
As we have disussed in the same setion, the GS mehanism orresponds to a redenition of the anomaly
vertex. It means that whenever we enounter an anomaly diagram we replae it with another vertex in
whih the DZ pole has been expliitly removed. In a Lagrangian formulation this operation is equivalent
to the addition of the ounterterm shown in diagram ) of Fig. 4.1. We stress one more that there is no
diret oupling of the axion to the fermion, sine in this approah the axion is not an asymptoti state. As
we have extensively disussed in the previous setions this subtration an be understood in a loal version
of the eetive ation by using Federbush's formulation of the GS mehanism with two pseudosalars,
Eq. (4.3), one of them being atually a ghost, with negative kineti energy. This formulation ould, in
priniple, be extended so to desribe a oupling of one of these two axions to the fermions.
In the WZ ase the loal ounterterm bF ∧ F introdues the axion as an asymptoti state of the
orresponding S-matrix. Therefore, the axion takes an important role in the mehanisms of symmetry
breaking, being this due either to a Higgs setor or to the Stükelberg mehanism, or to both. For this
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reason, in the presene of eletroweak symmetry breaking, there is a diret oupling of the axion to
the fermions via the orresponding Yukawa ouplings. One point whih is worth to stress is that the
WZ mehanism guarantees the gauge invariane of the one-loop eetive ation but not of the trilinear
gauge vertex. The dierenes between the two mehanisms an be seen rather learly, for instane, by
omparing Fig. 4.25 and 4.26. Notie that fermion mass eets, in the WZ ase, indued either by hiral
symmetry breaking and/or eletroweak symmetry breaking ause a diret interation of the axion to the
fermion. If they are both absent, then those diagrams in whih the axion ouples to the fermions are
trivially vanishing.
4.8.1 Gauge hoies
The anellation of the gauge dependene in the perturbative expansion is rather trivial in the GS ase
while it is less straightforward in the WZ ase. In the rst ase, the redenition of the trilinear gauge
vertex is suient to obtain from the beginning a gauge invariant result. For this purpose we may work
diretly in the Rξ gauge, denoting with ξB the gauge-xing parameter. The gauge dependent propagator
for the gauge eld is given by
−i
k2
[
g λλ
′ − k
λ kλ
′
k2
(1− ξB)
]
(4.119)
and the longitudinal omponents disappear whenever they are attahed to a GS vertex, due to the Ward
Identities satised on all the gauge lines. In the WZ ase the anellation of the gauge dependene is
more subtle and has been disussed extensively in Chap. 1.
4.9 Appendix. Simpliations in some of the integrands on higher-
point funtions
4.9.1 Computation of the diagrams in Fig. 4.9
We show the vanishing of the ounterterms in Fig. 4.9. We have
Cλ1 =
∫
d4k1
(2π)4
v¯(p2)γν
1
p/1 − k/1
γµu(p1)
1
k21
1
k22
CµνλAV V (k1,−k2, k)
=
∫
d4k1
(2π)4
v¯(p2)γν
1
p/1 − k/1
γµu(p1)
1
k22
kµ1
k41
an
3
ǫ[λ, ν, k, k2], (4.120)
with k2 = k − k1 so that
Cλ1 = v¯(p2)γνu(p1)
an
3
ǫ[λ, ν, k, ρ]
∫
d4k1
(2π)4
kρ1
(k − k1)2k41
, (4.121)
where the expansion of the integrand funtion yields a result proportional to the independent momentum
kρ and nally Cλ1 = 0. The C2 ounterterm vanishes in an analogous way as C
λ
1 , so we take into aount
the last diagram in Fig. 4.9
Cλ3 =
∫
d4k1
(2π)4
v¯(p2)γν
p/1 − k/1
(p1 − k1)2 γµu(p1)
1
k21
1
k22
CλµνAV V (−k,−k1,−k2), (4.122)
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with k2 = k − k1 and CλµνAV V (−k,−k1,−k2) = an3 k
λ
k2 ǫ[µ, ν, k1, k2]. C
λ
3 is given by the sum of a rst-rank
and a seond-rank tensor integral whih an be further redued with the well-known tensor-redution
tehnique. The general expansion for the two integrands is∫
d4k1
(2π)4
kα1
(p1 − k1)2k21(k − k1)2
= C1 p
α
1 + C2 k
α, (4.123)∫
d4k1
(2π)4
kα1 k
β
1
(p1 − k1)2k21(k − k1)2
= C00 g
αβ + C12 (p
α
1 k
β + pβ1k
α) + C11 p
α
1 p
β
1 + C22 k
αkβ ,(4.124)
rst we notie that all the terms proportional to kα trivially vanish after the ontration with the anti-
symmetri Levi-Civita tensor in Eq. (4.122) and then we onlude Cλ3 = 0 by using the following relations
in Eq. (4.122)
v¯(p2)γνp/1γµǫ[µ, ν, p1, k]u(p1) = 2i v¯(p2)(p
2
1k/− k · p1p/1) γ5u(p1) = 0, (4.125)
v¯(p2)γνγβγµǫ[µ, ν, β, k]u(p1) = 6i v¯(p2)k/ γ
5u(p1) = 0. (4.126)
for massless external fermions with momenta p1 and p2 and k = p1 + p2.
4.9.2 Simpliations of the integrands in Se. 4.2.3
The third amplitude Sc does not ontribute to S, in fat we have
Sc =
∫
d4k1
(2π)4
(
v¯(p2)γν
1
p/1 − k/1
k/1u(p1)
1
k22
1
k21
an
3
1
k21
ǫ[ν, λ, k2, k]
)
1
k2
BT λAAA
= −v¯(p2)γνu(p1)an
3
∫
d4k1
(2π)4
(
1
(k − k1)2
1
k41
ǫ[ν, λ, k − k1, k]
)
1
k2
BT λAAA
= v¯(p2)γνu(p1)
an
3
ǫ[ν, λ, ρ, σ]kσ
∫
d4k1
(2π)4
(
kρ1
(k − k1)2k41
)
1
k2
BT λAAA
∝ v¯(p2)γνu(p1)an
3
ǫ[ν, λ, k, k]
1
k2
BT λAAA = 0, (4.127)
where by the tensor integral deomposition we obtain the following result
ǫ[ν, λ, ρ, σ]kσ
∫
d4k1
(2π)4
(
kρ1
(k − k1)2k41
)
= ǫ[ν, λ, ρ, σ]kσBkρ = 0. (4.128)
Here we omit the expliit form of the oeient of the rank-1 tensor deomposition B, sine it is not
essential for the alulation. We an apply the same arguments to prove that Sd = 0.
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Chapter 5
An Anomalous Extra Z ′ from
Interseting Branes with Drell-Yan and
Diret Photons at the LHC
5.1 Introdution to the hapter
The study of anomalous gauge interations at the LHC and at future linear olliders is for sure a diult
topi, but also an open possibility that deserves lose theoretial and experimental attention. Hopefully,
these studies will be able to establish if an additional anomalous extra Z ′ is present in the spetrum,
introdued by an Abelian extension of the gauge struture of the Standard Model (SM), assuming that
extra neutral urrents will be found in the next several years of running of the LHC [106℄. The interations
that we disuss are haraterized by anomalous verties in whih gauge anomalies anel in some non
trivial way, not by a suitable (anomaly-free) harge assignment of the hiral fermion spetrum for eah
generation.
The phenomenologial investigation of this topi is rather new, while various mehanisms of anel-
lation of the gauge anomalies involving axions have been around for quite some time. Global anomalies,
for instane, introdued for the solution of the strong CP -problem, suh as the Peei-Quinn solution
[129, 22, 130, 131, 132, 133, 134, 135℄ (reviewed in [136℄) require an axion, while loal anomalies, an-
elled by a Wess-Zumino ounterterm, allow an axion-like partile in the spetrum, whose mass and
gauge oupling - dierently from PQ axions - are independent. Similar onstrutions hold also in the
supersymmetri ase and a generalization of the WZ mehanism is the Green-Shwarz mehanism (GS)
of string theory. The two mehanisms are related but not idential, the rst of them being haraterized
by a unitarity bound [105℄. Details on the relation between the two at the level of eetive eld theory
an be found in [105, 98℄.
Interseting brane models, in whih several anomalous U(1)'s and Stükelberg mass terms are present,
may oer a realization of these onstrutions [137, 93, 26, 56℄, whih an also be investigated in a bottom-
up approah by using eetive Lagrangians built out of the requirements of gauge invariane of the
one-loop eetive ation [1℄. In our analysis we will onsider the simplest extension of these anomalous
Abelian gauge fators, whih involves a single anomalous U(1), denoted as U(1)B. The orresponding
anomalous gauge boson B gets its mass via a ombination of the Higgs and of Stükelberg mehanisms.
Axions play a key role in the anellation of the anomalies in these theories although they may appear
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in other onstrutions as well, due to the deoupling of a hiral fermion in anomaly-free theories [13℄.
The presene of an anomalous U(1) in eetive models derived from string theory is quite ommon,
although in all the previous literature before [1℄ and [13, 40, 91℄ the phenomenologial relevane of the
anomalous U(1) had not been worked out in any detail. In partiular, the dynamis of the anomalous
extra gauge interation had been negleted, by invoking a deoupling of the anomalous setor on the
assumption of a large mass of the extra gauge boson. In [1℄ it was shown that only one physial axion
appears in the spetrum of these models, independently of the number of Abelian fators, whih is the
most important feature of these realizations. In our ase, the axion an be massless or massive, depending
on the struture of the salar potential. Reent developements in the study of these models inlude their
supersymmetri extensions [108℄ and their derivations as sympleti forms of supergravity [138, 139℄.
Other interesting variants inlude the Stükelberg extensions onsidered in [29, 30, 74℄ whih depart
signiantly from the Minimal Low Sale Orientifold Model (mLSOM) introdued in [1℄ and disussed
below. Speially these models are also haraterized by the presene of two mehanisms of symmetry
breaking (Higgs and Stükelberg) but do not share the anomalous struture. As suh they do not desribe
the anomalous U(1)'s of these speial vaua of string theory.
Axion-like partiles, beside being a natural andidate for dark matter, may play a role in explaining
some puzzling results regarding the propagation of high energy gamma rays [80, 110℄ due to the osilla-
tions of photons into axions in the presene of intergalati magneti eld. In general, the presene of
independent mass/oupling relations for these partiles allows to evade most of the experimental bounds
oming from CAST and other experiments on the detetion of PQ axions, haraterized by a suppres-
sion of both mass and gauge ouplings of this partile by the same large sale (1010 ÷ 1012 GeV), (see
[109, 140℄). Here we fous our attention on the gauge setor, quantifying the rates for the detetion of
anomalous neutral urrents at the LHC in some spei and very important hannels.
• Drell-Yan
Being leptoprodution the best way to searh for extra neutral interations, it is then obvious that
the study of the anomalous verties and of possible anomalous extra Z ′ should seriously onsider the
investigation of this proess. We desribe the modiations indued on Drell-Yan omputed in the
Standard Model (SM) starting from the desription of some of the properties of the new anomalous
verties and of the orresponding one-loop ounterterms, before moving to the analysis of the orretions.
These appear - both in the WZ and GS ases in the relevant partoni hannels at NNLO in the strong
oupling onstant (O(α2s)). We perform several omparisons between anomalous and non-anomalous
extra Z ′ models and quantify the dierenes with high auray.
• Diret Photons (Di-photon, DP)
Double prompt (diret) photons oer an interesting signal whih is deprived of the fragmentation on-
tributions espeially at large values of their invariant mass Q, due to the steep falling of the photon
fragmentation funtions. In addition, photon isolation may provide an additional help in seleting those
events oming from hannels in whih the ontribution of the anomaly is more sizeable, suh as gluon
fusion. Also in this ase we perform a detailed investigation of this setor. For diret photons, the
anomaly appears in gluon fusion - at parton level - in a lass of amplitudes whih are haraterized by
two-triangles graphs - or BIM amplitudes - using the denitions of Chap. 3.
In both ases the quantiation of the bakground needs extreme are, due to the small signal, and
the investigation of the renormalization/fatorization sale dependene of the preditions is of outmost
importane. In partiular, we onsider all the soures of sale-dependene in the analysis, inluding
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those oming from the evolution of the parton densities (Pdf's) whih are just by themeselves enough
to overshadow the anomalous orretions. For this reason we have used the program Candia 1.0 in the
evolution of the Pdf's, whih has been doumented in [104℄. The implementation of DY and DP proesses
is part of two programs CandiaDY and CandiaAxion for the study of the QCD bakground with the
modiations indued by the anomalous signal. The QCD bakground in DP is omputed using Diphox
[141℄ and Gamma2MC based on Ref. [142℄. The NLO orretions to DP before the implementation of
Diphox have been omputed by Gordon and Corianò bak in 1995 [43℄ and implemented in a Monte
Carlo based on the phase spae sliing method.
In the numerial analysis that we present we have inluded all the ontributions oming from the two
mehanisms as separate ases, orretions that are implemented in DY and DP proesses. We will start
analyzing the ontributions to these proesses in more detail in the next setions, disussing the spei
features of the anomalous ontributions and of the orresponding ounterterms at a phenomenologial
level.
The hapter is organized as follows. After a brief desription of the anomalous interations and the
ounterterms that appear either at Lagrangian level (WZ ase) or at the level of the trilinear gauge vertex
(GS ase), we disuss the main properties of these verties and we address the struture of the orretions
in DY and in DP. Our study is mainly foused on the invariant mass distributions in the two ases. The
need for performing these types of analysis in parallel will be explained below, and there is the hope
that it may be extended to other proesses and observables in the future, suh as rapidity distributions
and rapidity orrelations [143℄. We present high preision estimates of the QCD bakground at NNLO,
whih is the order where, in these proesses, the anomalous orretions start to appear. Other analysis,
of ourse, are also possible, suh as those involving four-fermion deays in trilinear gauge interations
whih ould, in priniple, be sensitive to Chern-Simons terms [1, 69℄ if at least two anomalous U(1)'s are
present in the spetrum. These additional interations are allowed, as disussed in [92℄, whenever the
distribution of the partial anomalies on a diagram is not xed by symmetry requirements. A omplete
desription of these verties has been arried out in [92℄, useful for diret phenomenologial studies.
As we are going to show, the searh for eets due to anomalous U(1) at the LHC in pp ollisions
annot avoid an analysis of the QCD bakground at NNLO. DY and DP are the only two ases where
this level of preision has been obtained in perturbation theory. As we are going to show, the anomalous
eets at the LHC in these two key proesses are tiny, sine the invariant mass distributions are down by
a fator of 103 ÷ 104 ompared to the NNLO (QCD) bakground. The auray required at the LHC to
identify these eets on these observables should be of a fration of a perent (0.1% and below), whih is
beyond reah at a hadron ollider due to the larger indetermination intrinsi in QCD fatorization and
the parton model.
5.2 Anomaly-free versus an anomalous extra Z ′ in Drell-Yan
As we have already mentioned, the best mode to searh for extra Z ′ at the LHC is in the prodution of a
lepton pair via the Drell-Yan mehanism (qq¯ annihilation) mediated by neutral urrents. The nal state
is easily tagged and resonant due to the s-hannel exhange of the extra gauge boson. In partiular, a
new heavier gauge boson modies the invariant mass distribution also on the Z peak due to the small
modiations indued on the ouplings and to the Z − Z ′ interferene. In the anomalous model that we
have investigated, though based on a spei harge assignment, we nd larger rates for these distributions
both on the peak of the Z and of the Z ′ ompared to the other models investigated, if the extra resonane
is around 1 TeV. This orrelation is expeted to drop as the mass of the extra Z ′ inreases. In our ase,
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as we will speify below, the mass of the extra resonane is given by the Stükelberg (M1) mass, whih
appears also (as a suppression sale) in the interation of the physial axion to the gluons and it is
essentially a free parameter.
In DY, the investigation of the NNLO hard satterings goes bak to [144℄, with a omplete omputation
of the invariant mass distributions, made before that the NNLO orretions to the DGLAP evolution
had been fully ompleted. In our analysis we will ompare three anomaly-free models against a model
of interseting brane with a single anomalous U(1). The anomaly-free harge assignments ome from a
gauged B−L Abelian symmetry, a q+u Model -both desribed in [145℄ - and the Free Fermioni Model
analyzed in [107℄. We start by summarizing our denitions and onventions.
In the anomaly-free ase we address Abelian extensions of the gauge struture of the form SU(3)×
SU(2)× U(1)Y × U(1)z, with a ovariant derivative in the W 3µ , BµY , Bµz (interation) basis dened as
Dˆµ =
[
∂µ − ig2
(
W 1µT
1 +W 2µT
2 +W 3µT
3
)− i gY
2
Yˆ BµY − i
gz
2
zˆBµz
]
(5.1)
where we denote with g2, gY , gz the ouplings of SU(2), U(1)Y and U(1)z, with tan θW = gY /g2. After
the diagonalization of the mass matrix we have AµZµ
Z ′µ
 =
 sin θW cos θW 0cos θW − sin θW ε
−ε sin θW ε sin θW 1

 W
3
µ
BYµ
Bzµ
 (5.2)
where ε is a perturbative parameter whih is around 10−3 for the models analyzed, introdued in [145℄
and [107℄. It is dened as
ε =
δM2ZZ′
M2Z′ −M2Z
(5.3)
while the mass of the Z boson and of the extra Z ′ are
M2Z =
g22
4 cos2 θW
(v2H1 + v
2
H2 )
[
1 +O(ε2)
]
M2Z′ =
g2z
4
(z2H1v
2
H1 + z
2
H2v
2
H2 + z
2
φv
2
φ)
[
1 +O(ε2)
]
δM2ZZ′ = −
g2gz
4 cos θW
(z2H1v
2
H1 + z
2
H2v
2
H2). (5.4)
In this lass of models we have two Higgs doublets H1 and H2, whose v.e.v.'s are vH1 and vH2 and an extra
SU(2)W singlet φ whose v.e.v. is vφ. The extra U(1)z harges of the Higgs doublets are respetively
zH1 and zH2 , while for the singlet this is denoted as zφ. Taking the value of vH2 of the order of the
eletroweak sale (≈ 246 GeV), we x vH1 with tanβ = vH2/vH1 , and we still have one free parameter,
vφ, whih enters in the alulation of the mass of the extra Z
′
. Then it is obvious that we an take the
mass MZ′ and the oupling onstant gz as free parameters. We hoose tanβ ≈ 40 in order to reprodue
the mass of the Z boson at 91.187 GeV, hoie that is performed, for onsisteny, also in the anomalous
model. In this last ase the Higgs setor is haraterized only by 2 Higgs doublets, with the v.e.v. of the
extra singlet being replaed by the Stükelberg mass. We dene g2 sin θW = gY cos θW = e and onstrut
the W± harge eigenstates and the orresponding generators T± as usual
W± =
W1 ∓ iW2√
2
T± =
T1 ± iT2√
2
,
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while in the neutral setor we introdue the rotation matrix W
3
µ
BYµ
Bzµ
 =

sin θW (1+ε
2)
1+ε2
cos θW
1+ε2 ε
cos θW
1+ε2
cos θW (1+ε
2)
1+ε2 − sin θW1+ε2 ε sin θW1+ε2
0 ε1+ε2
1
1+ε2

 AµZµ
Z ′µ
 (5.5)
whih relates the interation and the mass eigenstates. Substituting these expression in the ovariant
derivative we obtain
Dˆµ =
[
∂µ − iAµ
(
g2T3 sin θW + gY cos θW
Yˆ
2
)
− ig2
(
W−µ T
− +W+µ T
+
)
−iZµ
(
g2 cos θWT3 − gY sin θW Yˆ
2
+ gzε
zˆ
2
)
−iZ ′µ
(
−g2 cos θWT3ε+ gY sin θW Yˆ
2
ε+ gz
zˆ
2
)]
(5.6)
where we have negleted all the O(ε2) terms. In the limit gz → 0 and ε→ 0 we obtain the SM expression.
The vetor and the axial-vetor ouplings of the Z and Z ′ to the fermions are expressed equivalently in
terms of the left - (zL) and right - (zR) U(1)z hiral harges and hyperharges (YR, YL) of the models
that we have implemented. These an be found in [107℄ for the free fermioni ase and in [145℄ for the
remaining models with a V-A struture given by
−ig2
4cw
γµgV
Z,j =
−ig2
cw
1
2
[
c2wT
L,j
3 − s2w(
Yˆ jL
2
+
Yˆ jR
2
) + ε
gz
g2
cw(
zˆL,j
2
+
zˆR,j
2
)
]
γµ
−ig2
4cw
γµγ5gA
Z,j =
−ig2
cw
1
2
[
−c2wTL,j3 − s2w(
Yˆ jR
2
− Yˆ
j
L
2
) + ε
gz
g2
cw(
zˆR,j
2
− zˆL,j
2
)
]
γµγ5
−ig2
4cw
γµgV
Z′,j =
−ig2
cw
1
2
[
−εc2wTL,j3 + εs2w(
Yˆ jL
2
+
Yˆ jR
2
) +
gz
g2
cw(
zˆL,j
2
+
zˆR,j
2
)
]
γµ
−ig2
4cw
γµγ5gA
Z′,j =
−ig2
cw
1
2
[
εc2wT
L,j
3 + εs
2
w(
Yˆ jR
2
− Yˆ
j
L
2
) +
gz
g2
cw(
zˆR,j
2
− zˆL,j
2
)
]
γµγ5,
(5.7)
where j is an index whih represents the quark or the lepton and we have set sin θW = sw, cos θW = cw
for brevity.
5.2.1 An anomalous extra Z ′
In the presene of anomalous interations we an use the same formalism developed so far for anomaly-
free models with some appropriate hanges. Sine the eetive Lagrangian of the lass of the anomalous
models that we are investigating inludes both a Stükelberg and a two-Higgs doublet setor, the masses
of the neutral gauge bosons are provided by a ombination of these two mehanisms, as an be learly
understood from the expressions of MZ and MZ′ in Eqs. (2.181). In this ase we have as free parameters
the Stüekelberg mass M1 and the anomalous oupling onstant gB, with tanβ as in the remaining
anomaly-free models. As we have already stressed, the analysis does not depend signiantly on the
hoie of this parameter. The value of the Stükelberg mass M1 is loosely onstrained by the D-brane
model in terms of suitable wrapping numbers (n) of the 4-branes whih dene the harge embedding
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QL uR dR L eR NR
qY 1/6 - 2/3 1/3 -1/2 1 0
qB -1 0 0 -1 0 0
Table 5.1: Fermion spetrum harges in the Y -basis for the Madrid Model [64℄.
[64, 93℄ reported in Tabs. 3.1, 3.2, 3.3 of Se. 3.8 and Tab. 5.1. As shown in Se. 2.9, the physial
gauge elds are obtained from the hyperharge basis by means of the rotation matrix OA whih an be
approximated at the rst order as
OA ≃

gY
g
g
2
g 0
g
2
g +O(ǫ
2
1) − gYg +O(ǫ21) g2ǫ1
− g22 ǫ1 gY2 ǫ1 1 +O(ǫ21)
 (5.8)
whih is the analogue of the matrix in Eq. (5.2) for the anomaly-free models, but here the role of the
mixing parameter ǫ1 is taken by the expression
ǫ1 =
xB
M21
. (5.9)
A relation between the two expansion parameters an be easily obtained in an approximate way by a
diret omparison. For simpliity we take all the harges to be O(1) in all the models obtaining
M2Z ∼ g22v2
M2Z′ −M2Z ∼ g2zv2φ
δM2ZZ′ ∼ g2gzv2 (5.10)
giving
ǫ1 ∼ v
2
M21
, (5.11)
whih is the analogue of Eq. (5.9), having identied the Stükelberg mass with the v.e.v. of the extra
singlet Higgs, M1 ∼ gzvφ. This is natural sine the Stükelberg mehanism an be thought of as the
low energy remnant of an extra Higgs whose radial utuations have been frozen and with the imaginary
phase surviving at low energy as a CP -odd salar [13℄. Conerning the harge assignments, the orre-
sponding model is obtained form the intersetion of four branes (a, b, c, d) with generators (qa, qb, qc, qd)
whih are rotated to the hyperharge basis, with an anomaly free hyperharge. The identiation of the
generators involve the solution of some onstraint equations, solutions whih for a T 6 ompatiation are
parametrized by a phase ǫ = ±1; the Neveu-Shwarz bakground on the rst two tori βi = 1−bi = 1, 1/2,
four integers na2, nb1, nc1, nd2, whih are the wrapping numbers of the branes around the extra (toroidal)
manifolds of the ompatiation, and a parameter ρ = 1, 1/3, with an additional onstraint in order to
obtain the orret massless hyperharge. One of the hoie for these parameters is reported in Tab. 3.1
of Se. 3.8.
5.3 The GS and WZ verties and gluon fusion
As we have mentioned above in the previous setions, the two available mehanisms that enfore at
the level of the eetive Lagrangian the anellation of the anomalies involve either PQ-like (axion-like)
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Figure 5.2: A gauge invariant GS vertex of the AVV type, omposed of an AVV triangle and a single ounterterm
of the Dolgov-Zakharov form.
interations - in the WZ ase - or the subtration of the anomaly pole (for the GS ase). In the GS ase,
the anomaly of a given diagram is removed by subtrating the longitudinal pole of the triangle amplitude
in the hiral limit. We have stressed that the ounterterm (the pole subtration) amounts to the removal
of one of the invariant amplitudes of the anomaly vertex (the longitudinal omponent) and orresponds
to a vertex re-denition.
The proedure is exemplied in Fig. 5.2 where we show the triangle anomaly and the pole ounterterm
whih is subtrated from the rst amplitude. The ombination of the two ontributions denes the GS
vertex, whih is made of purely transverse omponents in the hiral limit [98℄ and satises an ordinary
WI. Notie that the vertex does not require an axion as an asymptoti state in the related S-matrix; for
a non-zero fermion mass in the triangle diagram, the vertex satises a broken WI. We now proeed and
summarize some of these properties, working in the hiral limit.
Proesses suh as gg → γγ, mediated by an anomalous gauge boson Z ′, an be expressed in a simplied
form in whih only the longitudinal omponent of the anomaly appears. We therefore set k21 = k
2
2 = 0
and mf = 0, whih are the orret kinematial onditions to obtain the anomaly pole, neessary for a
parton model (fatorized) desription of the ross setion in a pp ollision at the LHC, where the initial
state of the partoni hard-satterings are on-shell.
We start from the Rosenberg form of the AV V amplitude, whih is given by
T λµν = A1ǫ[k1, λ, µ, ν] +A2ǫ[k2, λ, µ, ν] +A3k
µ
1 ǫ[k1, k2, ν, λ]
+A4k
µ
2 ǫ[k1, k2, ν, λ] +A5k
ν
1 ǫ[k1, k2, µ, λ] +A6k
ν
2 ǫ[k1, k2, µ, λ] , (5.12)
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and imposing the Ward Identities to bring all the anomaly on the axial-vetor vertex, we obtain the usual
onditions
A1 = k
2
2A4 + k1 · k2A3
A2 = k
2
1A5 + k1 · k2A6
A3(k1, k2) = −A6(k1, k2)
A4(k1, k2) = −A5(k1, k2), (5.13)
where the invariant amplitudes A3, . . . , A6 are free from kinematial singularities for o-shell external
lines. We set k2 = (k1 + k2)
2 = s. As we have mentioned, in the parton model we take the initial gluons
to be on-shell, while the hadroni ross setion is obtained by onvoluting the hard sattering given above
(orreted by a olor fator) with the Pdf's. The amplitude simplies drastially in this ase and takes
the form
T µνλ = A6k
λǫ[k1, k2, ν, µ] + (A4 +A6) (k
ν
2 ǫ[k1, k2, µ, λ]− kµ1 ǫ[k1, k2, ν, λ]) , (5.14)
in whih the seond piee drops o for physial on-shell photon/gluon lines, leaving only a single invariant
amplitude to ontribute to the nal result
T µνλ = Af6 (s)(k1 + k2)
λǫ [k1, k2, ν, µ] (5.15)
where
Af6 (s) =
1
2π2s
(
1 +
m2f
s
log2
ρf + 1
ρf − 1
)
, ρf =
√
1− 4m
2
f
s
, s < 0. (5.16)
The anomaly pole is given by the rst term of Eq. (5.16)
T µνλc ≡
1
2π2s
(k1 + k2)
λǫ [k1, k2, ν, µ] . (5.17)
The logarithmi funtions in the expression above are ontinued in the following way in the various region
0 < s < 4m2f :
ρf → i
√
−ρ2f ;
1
2
log
(
ρf + 1
ρf − 1
)
→ −i arctan
√
s√
4m2f − s
,
s > 4m2f > 0 :√
−ρ2f → −iρf ; arctan
1√
−ρ2f
→ π
2
+
i
2
log

√
s− 4m2f +
√
s
√
s−
√
s− 4m2f
 . (5.18)
Notie that the surviving amplitude A6 multiplies a longitudinal momentum exhange and, as dis-
ussed in the literature on the hiral anomaly in QCD [103, 101℄, is haraterized by a massless pole in
s, whih is the anomaly pole, as one an learly onlude from Eq. (5.16). This equation shows also how
hiral symmetry breaking eets appear in this amplitude at this speial kinematial point by the mf
terms.
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Figure 5.3: One loop verties and ounterterms for the WZ mehanism.
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Figure 5.4: WI in the WZ ase in the hiral limit.
The subtration of the anomaly pole is shown in Fig. 5.2 and is represented by diagram ). The
ombination of diagrams b) and ) denes the GS vertex of the theory [98℄, with diagram ) desribed
by Eq. (5.17) (−Tc). It is easily veried that in the massless fermion limit and for on-shell gluon lines,
the GS vertex is trivially vanishing by onstrution. In general, for any asymmetri onguration of the
external lines in the vertex, even in the massless limit, the vertex has non-zero transverse omponents
[119, 120℄. The expression is well known [123, 120℄ in the hiral limit and has been shown to satisfy the
Adler-Bardeen theorem [120℄.
For a non-vanishing mf the GS vertex, for generi virtualities, an be dened to be the general
AV V vertex, for instane extrated from [86℄ or, in the longitudinal/transverse formulation, by the
amplitudes given in [120℄, with the subtration of the anomaly pole, as given in [98℄. We will refer to the
anomaly (subtration) ounterterm of diagram b) as to the Dolgov-Zakharov [101℄ (DZ) ounterterm. The
anomaly diagram redues to its DZ form for two on-shell gauge lines (photons/gluons) and in this ase the
transverse omponents ompletely disappear. There are other ases in whih, instead, the longitudinal
omponents anel. This ours if, for instane, a onserved urrent is attahed to the anomalous line,
rendering the anomaly "harmless", as explained in [98℄.
The analogous interation in the WZ ase is shown in Fig. 5.3, where we have attahed a fermion pair
in the nal state to better identify the ontributions. In this ase, beside the anomalous ontribution
of diagram a), the mehanism will require the exhange of a physial axion, shown in diagram b) and
). Diagram b) is the usual WZ ounterterm (or generalized PQ interation) while the third diagram is
non-vanishing only in the presene of fermions of non-zero mass. This third ontribution is numerially
irrelevant and in DY is usually omitted. The WZ mehanism re-establish gauge invariane of the eetive
Lagrangian but is not based on a vertex re-denition and, furthermore, involves an asymptoti axion state.
As shown in Chap. 3 the presene of a unitarity bound in this mehanism is a signal of its limitation as
an eetive theory (see also the disussion in [98℄). We have summarized in an appendix the disussion
of this point in a simple ase.
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Figure 5.5: Generalized WI in the WZ ase.
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Figure 5.6: Generalized WI in the GS ase.
5.3.1 Ward Identities
Both verties satisfy ordinary Ward Identities in the hiral limit and generalized Ward Identities away
from it. In the hiral limit, for instane, the WZ mehanism adds to the eetive ation of the anomalous
theory an interation of the Stükelberg eld (b) with the gluons (bG ∧ G), shown in diagram b) of
Fig. 5.4. In this gure we have shown a diagrammati realization of the WI for this ase.
In WZ, being the anellation based on a loal eld theory, the derivation of the generalized WI an
be formally obtained from the requirement of BRST invariane of the gauge-xed eetive ation, as
shown in [92℄. This is illustrated in Fig. 5.5, in the ase of an anomalous Z ′, where we show the oupling
of the Goldstone - in the broken Higgs phase - to the gluons (diagram b)) and to the massive fermion
(diagram )) [92℄. The normalization of the ounterterm in b) an be hosen to remove the anomaly
of diagram a) when a single fermion runs inside the anomaly loop. Alternatively, the same graphial
representation holds if in the rst and the last diagram we sum over the entire generation. In this ase
the ounterterm is normalized to anel the entire anomaly of the omplete vertex. The analysis in the
GS ase is slightly more subtle. We show in Fig. 5.6 the generalized WI satised by the vertex in the
massive ase. In the massless ase only diagrams a) and b) survive, while the ontribution of diagram )
omes from a diret omputation. It is obtained by multiplying typial pseudosalar interation - suh as
the one shown in Fig. 5.5, diagram ) - by a massless pole. If we denote by T µν the diagram desribing
the deay of a pseudosalar into two gluons, diagram ) takes the form kλ/k2Tµν , with a fatorized pole
on the anomalous external line. We refer to [98℄ for a detailed disussion of these points.
In our analysis we enounter a lass of BIM amplitudes whih are haraterized by two anomaly
verties onneted by an s-hannel exhange of the anomalous gauge boson. These amplitudes grow
quadratially with the energy and are not eliminated by ne tuning Fig. 5.7. The true BIM amplitude is
the one shown in diagram b) and appears in the gluon fusion setor in the WZ ase. In the SM a similar
graph ontributes only if heavy fermions run in the loop. They are omparable in size to the anomalous
BIM amplitude. Obviously, this ontribution would be identially vanishing if all the fermions of a given
generation would be mass-degenerate.
Diagram a) shown in the same gure, instead, is the GS version of theBIM amplitude and is identially
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Figure 5.7: BIM amplitude with an anomalous Z′ exhange.
zero in the hiral limit for on-shell gluon lines, as is the ase in the parton model. For this reason the
gluon fusion setor disappears ompletely for DP (in the GS mehanism), sine the BIM amplitude in
this ase is obtained by replaing diagram b) of this gure with diagram a) whih is indeed vanishing.
We an summarize the basi features of the anomalous setors in anomaly free-models after QCD
fatorization, for generi virtualities of the external gauge lines, aording to the following points:
1) In the SM the residual ontributions oming from anomalous diagrams, suh as in the V V Z, V V Z ′
verties, where V is a gauge eld, are proportional to the mass of the heavy quarks in the anomaly loop.
In the hiral limit, instead, both the anomaly pole ontribution and the transverse omponent of the
anomaly anel by harge assignment.
2) In the GS ase, as we have just disussed, the anomaly pole is absent by denition, while the
transverse ontributions are allowed. This separation between longitudinal and transverse omponents is
less transparent for a heavy fermion mass, whih indue a longitudinal omponent, proportional to m2f/s
2
times a small logarithmi orretion of the ratio of the same variables, away from the hiral limit. This
longitudinal omponent, however, should not be onfused with the anomaly pole and is not shifted or
orreted perturbatively in any way. It an ouple, for instane, to a tt¯ (top) quark urrent beause of a
broken WI and an be interpreted as a manifestation of the GS mehanism at the LHC, but an be easily
overshadowed by SM ontributions. This point will be re-addressed more formally below in Eq. (5.27).
At some speial kinematial points (two massless gauge lines, or three massless gauge lines of the
same virtualities) where the anomalous vertex takes its DZ form, the GS vertex is identially vanishing
in the massless ase. In the presene of a heavy fermion the logarithmi orretion shown in Eq. (5.16)
reappears.
3) In the WZ ase the anomaly pole is not anelled. A seond setor (the exhange of the axion) is
needed to restore the gauge invariane of the eetive ation. In a hadroni ollision the BIM amplitudes
indue very small deviations from the SM behavior after the onvolution with the gluon density. They are
absent in DY at NNLO. In DP they aet the invariant mass distributions - at largeQ - of the photon pair,
for a given enter of mass energy of the two olliding protons. As suh they are sensitive to large (Bjorken)
x-values of the gluon Pdf's, region where the gluon density is rapidly dereasing. In partiular, in DP
their ontribution beomes more sizeable via intereferene with some box-like amplitudes (gg → γγ).
In previous NLO study of this proess [43℄ they had been inluded even though they exeed the NLO
auray, being truly NNLO ontributions. These amplitudes and verties are the basi building bloks
of our numerial analysis and are responsible for all the anomalous signal both in DY and in DP. We will
quantify their impat in the invariant mass distributions in both ases.
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5.4 Invariant mass distributions in Drell-Yan
Our NNLO analysis of the invariant mass distributions for lepton pair prodution, for the omputation
of the QCD setors, is based on the hard satterings of Ref. [144℄, and the NNLO evolution of the
parton distributions (Pdf's) has been obtained with Candia 1.0 [104℄. The anomalous orretions to
the invariant mass distributions have been evaluated separately, sine at NNLO they appear in DY in the
interferene with the lowest order graph, and added to the standard QCD bakground. It is important
to reall that lepton pair prodution at low Q via Drell-Yan is sensitive to the Pdf's at small-x values,
while in the high mass region this proess is essential in the searh of additional neutral urrents. In our
analysis we have seleted a mass of 1 TeV for the extra gauge boson and analyzed the signal and the
bakground both on the peaks of the Z and of the of the new resonane.
At hadron level the olour-averaged inlusive dierential ross setion for the reation H1 + H2 →
l1 + l2 +X , is given by the expression [144℄
dσ
dQ2
= τσZ (Q
2,M2Z)WZ (τ,Q
2) τ =
Q2
S
, (5.19)
where Z ≡ Z,Z ′ is the point-like ross setion and all the information from the hadroni initial state is
ontained in the Pdf's. The hadroni struture funtion WZ(τ,Q
2) is given by a onvolution produt
between the parton luminosities Φij(x, µ
2
R, µ
2
F ) and the Wilson oeients ∆ij(x,Q
2, µ2R, µ
2
F )
WZ(τ,Q
2, µ2R, µ
2
F ) =
∑
i,j
∫ 1
τ
dx
x
Φij(x, µ
2
R, µ
2
F )∆ij(
τ
x
,Q2, µ2F ), (5.20)
where the luminosities are given by
Φij(x, µ
2
R, µ
2
F ) =
∫ 1
x
dy
y
fi(y, µ
2
R, µ
2
F )fj
(
x
y
, µ2R, µ
2
F
)
≡ [fi ⊗ fj ] (x, µ2R, µ2F ) (5.21)
and the Wilson oeients (hard satterings) depend on both the fatorization (µF ) and renormalization
sales (µR), formally expanded in the strong oupling αs as
∆ij(x,Q
2, µ2F ) =
∞∑
n=0
αns (µ
2
R)∆
(n)
ij (x,Q
2, µ2F , µ
2
R). (5.22)
We will vary µF and µR independently in order to determine the sensitivity of the prediiton on their
variations and their optimal hoie.
The anomalous orretions to the hard satterings omputed in the SM will be disussed below. We
just reall that the relevant point-like ross setions appearing in the fatorization formula (5.19) and
whih are part of our analysis inlude, beside the Z and the Z ′ resonane, also the ontributions due to
the photon and the γ − Z, γ − Z ′ interferenes. For instane in the Z ′ ase we have
σγ(Q
2) =
4πα2em
3Q4
1
Nc
σZ′(Q
2) =
παem
4MZ′ sin
2 θW cos2 θWNc
ΓZ′→l¯l
(Q2 −M2Z′)2 +M2Z′Γ2Z′
σZ′,γ(Q
2) =
πα2em
6Nc
gZ
′,l
V g
γ,l
V
sin2 θW cos2 θW
(Q2 −M2Z′)
Q2(Q2 −M2Z′)2 +M2Z′Γ2Z′
,
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Figure 5.8: qq¯ → Z,Z′ at LO and NLO (virtual orretions).
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Figure 5.9: qq¯ → Z, Z′ at NNLO (virtual orretions).
σZ′,Z(Q
2) =
πα2em
96
[
gZ
′,l
V g
Z,l
V + g
Z′,l
A g
Z,l
A
]
sin4 θW cos4 θWNc
(Q2 −M2Z)(Q2 −M2Z′) +MZΓZMZ′ΓZ′
[(Q2 −M2Z′)2 +M2Z′Γ2Z′ ] [(Q2 −M2Z)2 +M2ZΓ2Z ]
.
(5.23)
where NC is the number of olours, ΓZ′→l¯l is the partial deay width of the gauge boson and the total
hadroni widths are dened by
ΓZ ≡ Γ(Z → hadrons) =
∑
i
Γ(Z → ψiψ¯i),
ΓZ′ ≡ Γ(Z ′ → hadrons) =
∑
i
Γ(Z ′ → ψiψ¯i), (5.24)
where we refer to hadrons not ontaining bottom and top quarks (i.e. i = u, d, c, s). We also ignore
eletroweak orretions of higher-order and we have inluded the top-quark mass and QCD orretions.
We have inluded only tree level deays into SM fermions, with a total deay rate for the Z and Z ′ whih
is given by
ΓZ =
∑
i=u,d,c,s
Γ(Z → ψiψ¯i) + Γ(Z → bb¯) + 3Γ(Z → ll¯) + 3Γ(Z → νlν¯l), (5.25)
ΓZ′ =
∑
i=u,d,c,s
Γ(Z ′ → ψiψ¯i) + Γ(Z ′ → bb¯) + Γ(Z ′ → tt¯) + 3Γ(Z ′ → ll¯) + 3Γ(Z ′ → νlν¯l). (5.26)
Coming to illustrate the ontributions inluded in our analysis, these are shown in some representa-
tive graphs. The omplete NNLO expressions of the hard satterings and the orresponding Feynman
diagrams an be found in [144℄.
• SM QCD ontributions
We show in Fig. 5.8 the leading O(αw) and some typial next-to-leading order O(αwαs) (LO, NLO)
ontributions to the proess in the annihilation hannel (virtual orretions). Examples of higher-order
virtual orretions inluded in the hard satterings are shown in Fig. 5.9, whih are of O(α2sαw), while
the orresponding real emissions, integrated over the nal state gluons, are shown in Fig. 5.10 at NLO
(graph g)) and NNLO (graphs h) and i)).
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(g) (h) (i)
Figure 5.10: qq¯ → Z,Z′ with real orretions at NLO (g) and at NNLO (h), (i).
(l)
Z, Z’
(j) (k) (m)
Figure 5.11: Anomalous ontributions for Z′ prodution in the gg, qq¯ and qg setors at lower orders.
• Anomalous orretions
We show in Fig. 5.11 the leading anomalous orretions to leptoprodution. At O(αsαw) there is a
rst ontribution oming from the interferene between graph j) and the leading order qq¯ annihilation
vertex (graph a) of Fig. 5.8. The square of the same graph appears in the anomalous orretions at
O(α2sαw). Other ontributions that we have inluded are those due to the exhange of a physial axion
and Goldstone modes, whih an be removed in the unitary gauge. Of higher order are the ontributions
shown in diagram k), l) and n), whih ontribute via their interferene with NLO tree level graphs. For
instane k) interferes with diagram g) of Fig. 5.10, while m) interferes with the LO annihilation graph.
The analogous ontributions in the WZ and GS ases are obtained by replaing the triangle graph with
the GS vertex, as in Fig. 5.2, or, for the WZ ase, with Fig. 5.3. Notie that in Fig. 5.3, in the WZ
ase the anomaly pole is automatially anelled by the WI on the lepton pair of the nal state, if the
two leptons are taken to be massless at high energy, as is the ase. Then, the only new ontributions
from the anomaly vertex that survive are those related to the transverse omponent of this vertex. This
is an example, as we have disussed in [98℄, of a "harmless" anomaly vertex. A similar situation ours
whenever there is no oupling of the longitudinal omponent of the anomaly to the (transverse) external
leptoni urrent. This property ontinues to hold also away from the hiral limit, sine the orretions
due to the fermion mass in the anomaly have the typial struture
∆µνρ(q, k)anomaly =
∑
f
gZ
′
A,fe
2Q2fan
(q − k)ν
(q − k)2
(
1
2
− 2m2fC0
)
ǫµραβq
αkβ + ∆˜trans , (5.27)
where ∆˜trans is the truly transversal omponent away from the hiral limit. The most general expression
of the oeient C0 is given in Eq. (A.8) of ref. [86℄. C0 is the salar three-point funtion with a fermion of
mass mf irulating in the loop. In both mehanisms anomaly (stritly massless) eets are omparable
with the orresponding ontributions oming from the SM for massive fermions. It should be lear by
now that in the WZ ase the anomaly pole is not anelled, rather an additional exhange is neessary
to re-establish the gauge independene of the S-matrix (the axion). In DY this setor does not play a
signiant role due to the small mass of the lepton pair. As we have disussed above, the anellation of
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Figure 5.12: Anomalous ontributions for the gg → gg proess mediated by an anomalous Z′ at higher pertur-
bative orders.
the anomaly is due, in this ase, to the WI of the leptoni urrent and there is no axion exhanged in the
s-hannel.
5.4.1 Preision studies on the Z resonane
The quantiation of the orretions due to anomalous Abelian gauge strutures in DY requires very
high preision, being these of a rather high order. For this reason we have to identify all the soures
of indeterminations in QCD whih ome from the fatorization/renormalization sale dependene of the
ross setion, keeping into aount the dependene on µF and µR both in the DGLAP evolution and in
the hard satterings. The set-up of our analysis is similar to that used for a study of the NNLO DGLAP
evolution in Refs. [85, 146℄, where the study has overed every soure of theoretial error, inluding the
one related to the various possible resummations of the DGLAP solution, whih is about 2 − 3% in DY
and would be suient to swamp away any measurable deviation due to new physis at the LHC.
These previous studies have been foused on the DY distributions on the resonane peaks, in partiular
on the peak of the Z, where the auray at the LHC is of outmost importane for QCD partonometry.
The presene of anomalous orretions on the Z peak is due both to the anomalous omponents of the
Z in the anomalous models and to the interferene between the Z ′ and the Z, that we have taken into
aount. Notie that in DY the treatment of the anomalous orretions to the Z is drastially simplied
if we neglet the (small) mass of the lepton pair, as usual. In fat, these are due to trilinear (anomaly)
verties whih involve the BBB, BY Y , BW3W3 and BGG gauge elds - in the interation basis - all of
them involving interations of the Stükelberg eld with the orresponding eld-strengths of the gauge
elds, suh as bFB ∧ FB, bFY ∧ FY , bFW ∧ FW and bFG ∧ FG, where G denotes the gluon eld. The
only ontribution that is relevant for the LHC is then one obtained by projeting the bFG ∧FG vertex on
the physial axion χ, whose mass is, in priniple, a free parameter of the anomalous models. It is then
lear that the axion hannel plays a more important role in the prodution of the top, due to its large
mass, than in leptoprodution. We will now briey summarize the results for the new ontributions in
DY, starting from the non-anomalous ones.
In the qq¯ setor we have two ontributions involving triangle fermion loops see Fig. 5.11 k,m. The
one depited in Fig. 5.11m is a two-loop virtual orretion with a Z or a Z ′ boson in the nal state,
while in Fig. 5.11k we have a real emission of a gluon in the nal state whih is integrated out. The rst
ontribution has been alulated in [118, 147, 148, 149℄,
∆Vqq¯(x,Q
2, µ2F ,m
2) = δ(1− x)aZ′q aZ
′
Q CFTf
1
2
(αs
π
)2
×[
θ(Q2 − 4m2)G1(m2/Q2) + θ(4m2 −Q2)G2(m2/Q2)
)
(5.28)
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where CF and Tf are the olor fators, q = u, d, c, s, Q = t, b and m the mass of the heavy avors, while
in the massless limit the funtions G1 and G2 are given by
G1(m = 0) = 3 log
(
Q2
µ2R
)
− 9 + 2ζ(2)
G2(m = 0) = 0 (5.29)
and Q represents the invariant mass of the system. The ontribution of Fig. 5.11k in the massless limit
(a) (b)
Figure 5.13: GS mehanism: anomalous ontribution and ounterterm for the qq¯ sattering setor.
is given by
∆Rqq¯(x,Q
2, µ2F ,m = 0) = a
Z′
q a
Z′
Q CFTf
1
2
(αs
π
)2
×
{
(1 + x)
(1− x)+ [−2 + 2x(1− log(x))]
}
, (5.30)
while in the qg setor we have the ontribution shown in Fig. 5.11l whih is given by
∆qg(x,Q
2, µ2F ,m
2)
= aZ
′
q a
Z′
Q T
2
f
1
2
(αs
π
)2
× [θ(Q2 − 4m2)H1(x,Q2,m2) + θ(4m2 −Q2)H2(x,Q2,m2)] (5.31)
with the massless limit of H1(x,Q
2,m2) given by
H1(x,Q
2,m = 0)
= 2x
[
log
(
1
x
)
log
(
1
x
− 1
)
+ Li2
(
1− 1
x
)]
+ 2
(
1− 1
x
)[
1− 2x log
(
1
x
)]
. (5.32)
Separating the anomaly-free from the anomalous ontributions, the fatorization formula for the invariant
mass distribution in DY is given by
dσ
dQ2
= τσZ (Q
2,M2Z)
{
WZ(τ,Q
2) +W anomZ (τ,Q
2)
}
(5.33)
W anomZ (τ,Q
2) =
∑
i,j
∫ 1
τ
dx
x
Φij(x, µ
2
R, µ
2
F )∆
anom
ij (
τ
x
,Q2, µ2F ) (5.34)
∆anomij (x,Q
2, µ2F )
= ∆Vqq¯(x,Q
2, µ2F ,m = 0) + ∆
R
qq¯(x,Q
2, µ2F ,m = 0) + ∆qg(x,Q
2, µ2F ,m = 0) (5.35)
that we will be using in our numerial analysis below.
5.4.2 Di-lepton prodution: numerial results
We have used the MRST-2001 set of Pdf's given in Refs. [150℄ and [151℄. We start by showing in Fig. 5.14
various zooms of the dierential ross setion on the peak of the Z - for all the models - both at NLO and
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(d) SM vs Anomaly free models at NNLO
Figure 5.14: Zoom on the Z resonane for anomalous Drell-Yan in the µF = µR = Q at NLO/NNLO for all the
models.
at NNLO. We have kept the fatorization and renormalization sales oinident and equal to Q, while the
mass of the extra Z ′ has been hosen around 1 TeV. The anomaly-free models, from the SM to the three
Abelian extensions that we have onsidered (Free Fermioni [107℄ and U(1)B−L [145℄ in Fig. 5.14, while
U(1)q+u appears in Tab. 5.4 ) show that the ross setion is more enhaned for the mLSOM, illustrated
in Fig. 5.14a, . The plots show a sizeable dierene (at a 3.5 % level) between the anomalous and
all the remaining anomaly-free models. A omparison between (a) and () indiates, however, that this
dierene has to be attributed to the spei harge assignment of the anomalous model and not to the
anomalous partoni setor, whih is present in () but not in (a). The anomalous orretions in DY
appear at NNLO and not at NLO, while in both gures the dierene between the SM and the mLSOM
remains almost unhanged.
Moving from NLO to NNLO the ross setion is redued. Dening the K-fator
σNNLO − σNLO
σNLO
≡ KNLO (5.36)
in the ase of the mLSOM this fator indiates a redution of about 4% on the peak and an be attributed
to the NNLO terms in the DGLAP evolution, rather than to the NNLO orretions to the hard satterings.
This point an be explored numerially by the (order) variation [152, 85℄
∆σ ∼ ∆σˆ ⊗ φ+ σˆ ⊗∆φ
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dσnlo/dQ [pb/GeV℄ for the mLSOM with M1 = 1 TeV, tan β = 40, Candia 1.0 evol.
Q [GeV] gB = 0.1 gB = 0.36 gB = 0.65 gB = 1 σ
SM
nlo
(Q)
90.50 3.8551 · 10+2 3.8711 · 10+2 3.9106 · 10+2 3.9902 · 10+2 3.8543 · 10+2
90.54 3.9712 · 10+2 3.9877 · 10+2 4.0284 · 10+2 4.1105 · 10+2 3.9704 · 10+2
90.59 4.0861 · 10+2 4.1030 · 10+2 4.1449 · 10+2 4.2294 · 10+2 4.0852 · 10+2
90.63 4.1988 · 10+2 4.2162 · 10+2 4.2592 · 10+2 4.3461 · 10+2 4.1979 · 10+2
90.68 4.3084 · 10+2 4.3263 · 10+2 4.3705 · 10+2 4.4596 · 10+2 4.3075 · 10+2
90.99 4.9041 · 10+2 4.9245 · 10+2 4.9749 · 10+2 5.0766 · 10+2 4.9031 · 10+2
91.187 5.0254 · 10+2 5.0463 · 10+2 5.0981 · 10+2 5.2024 · 10+2 5.0243 · 10+2
91.25 5.0143 · 10+2 5.0352 · 10+2 5.0869 · 10+2 5.1911 · 10+2 5.0133 · 10+2
91.56 4.6103 · 10+2 4.6296 · 10+2 4.6772 · 10+2 4.7732 · 10+2 4.6094 · 10+2
91.77 4.1178 · 10+2 4.1350 · 10+2 4.1776 · 10+2 4.2635 · 10+2 4.1170 · 10+2
92.0 3.5297 · 10+2 3.5444 · 10+2 3.5810 · 10+2 3.6547 · 10+2 3.5289 · 10+2
Table 5.2: Invariant mass distributions at NLO for the mLSOM and the SM around the peak of the Z. The
mass of the anomalous extra Z′ is taken to be 1 TeV with µF = µR = Q.
dσnnlo/dQ [pb/GeV℄ for the mLSOM with M1 = 1 TeV, tan β = 40, Candia 1.0 evol.
Q [GeV] gB = 0.1 gB = 0.36 gB = 0.65 gB = 1 σ
SM
nnlo(Q)
90.50 3.6845 · 10+2 3.6997 · 10+2 3.7374 · 10+2 3.8132 · 10+2 3.6835 · 10+2
90.54 3.7956 · 10+2 3.8112 · 10+2 3.8500 · 10+2 3.9282 · 10+2 3.7945 · 10+2
90.59 3.9054 · 10+2 3.9215 · 10+2 3.9615 · 10+2 4.0419 · 10+2 3.9043 · 10+2
90.63 4.0132 · 10+2 4.0298 · 10+2 4.0708 · 10+2 4.1535 · 10+2 4.0121 · 10+2
90.68 4.1180 · 10+2 4.1351 · 10+2 4.1772 · 10+2 4.2621 · 10+2 4.1169 · 10+2
90.99 4.6879 · 10+2 4.7073 · 10+2 4.7554 · 10+2 4.8523 · 10+2 4.6866 · 10+2
91.187 4.8040 · 10+2 4.8239 · 10+2 4.8733 · 10+2 4.9727 · 10+2 4.8027 · 10+2
91.25 4.7935 · 10+2 4.8134 · 10+2 4.8627 · 10+2 4.9619 · 10+2 4.7922 · 10+2
91.56 4.4076 · 10+2 4.4259 · 10+2 4.4713 · 10+2 4.5628 · 10+2 4.4064 · 10+2
91.77 3.9371 · 10+2 3.9535 · 10+2 3.9941 · 10+2 4.0759 · 10+2 3.9360 · 10+2
92.0 3.3750 · 10+2 3.3891 · 10+2 3.4239 · 10+2 3.4942 · 10+2 3.3741 · 10+2
Table 5.3: Invariant mass distributions at NNLO for the mLSOM and the SM around the peak of the Z. The
mass of the anomalous extra Z′ is taken to be 1 TeV with µF = µR = Q.
∆σ ≡ |σNNLO − σNLO| (5.37)
whih measures the error hange in the hadroni ross setion σ going from NLO to NNLO (∆σ) in
terms of the analogous hanges in the hard satterings (∆σˆ) and parton luminosities ∆φ). The dominane
of the rst or the seond term on the rhs of Eq. (5.36) is an indiation of the dominane of the hard
satterings or of the evolution in moving from lower to higher order. The same dierenes emerge also
from Tabs. 5.2, 5.3. Dierenes in the resonane region of this size an be onsidered marginally relevant
for the identiation of anomalous omponents in this observables. In fat, in [85℄ a high preision study
of this distributions on the same peak (in the SM ase) shows that the total theoretial error is reasonably
below the 4 % level and an derease at 1.5-2 % level when enough statistis will allow to redue the
experimental errors on the Pdf's. It is then obvious that the isolation/identiation of a spei model
- whether anomalous or not - appears to be rather diult from the measurement of a single observable
even with very high statistis, suh as the Z resonane. The evolution of the Pdf's has been performed
with Candia 1.0 [104℄ whih allows independent variations of µF and µR in the initial state. This analysis
is shown in Fig. 5.15, where we vary µF up to 2Q, while we have taken 1/2µF ≤ µR ≤ 2µF . We observe
that by inreasing both sales there is an enhanement in the result and this is due to the logarithms
lnµ2R/µ
2
F and lnQ
2/µ2F , ontained in the hard satterings. The sale variations indue hanges of about
4% in the SM ase at NNLO and about 3.5% in the mLSOM on the peak of the Z. Notie that the
variations are not symmetri as we vary the sales and the perentual hanges refer to the maximum
variability. This typial sale dependene is universal for all the studies presented so far on the peak of
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σnnlotot [fb℄,
√
S = 14 TeV, M1 = 1 TeV, tan β = 40
gz mLSOM U(1)B−L U(1)q+u FreeFerm.
0.1 5.982 3.575 2.701 1.274
0.173 0.133 0.177 0.122
0.277 0.445 0.252 0.017
0.36 106.674 105.567 53.410 42.872
2.248 1.733 2.308 1.583
4.937 13.138 4.991 0.586
0.65 240.484 143.455 108.344 51.155
7.396 5.700 7.592 5.205
11.127 17.853 10.124 0.699
1 532.719 317.328 239.401 113.453
17.810 13.720 18.274 12.530
24.639 39.491 22.370 1.550
Table 5.4: Total ross setions, widths and σtot×BR(Z → ll¯), where BR(Z → ll¯) = ΓZ′→ll¯/ΓZ′ , for the mLSOM
and three anomaly-free extensions of the SM; they are all shown as funtions of the oupling onstant.
the Z and is a limitation of the parton model predition. After a large data taking, optimal hoies for
the Pdf's and for µR and µF will allow a onsiderable redution of this indetermination. In Fig. 5.15b we
repeat the same analysis, for the same .m. energy, this time for Q ∼ 1 TeV, on the Z ′ resonane in the
mLSOM, for a sizeable oupling of the anomalous gauge boson, gB = 1. Compared to the value on the
Z peak, the redution of the ross setion is by a fator of 2× 104. Also in this interval the variation of
the dierential ross setion with the two sales is around 3%. We have added Tab. 5.4 in whih we show
results for the total ross setions for the various models at the Z peak. In the rst line of eah olumn
we show the results for the total ross setion in [fb], in the 2nd line the total width ΓZ′ , expressed in
GeV and in the 3rd line the observable σtot × BR(Z → ll¯), where BR(Z → ll¯) = ΓZ′→ll¯/ΓZ′ . These
quantities refer to the value of the oupling onstant gz listed in the rst olumn.
1
We show in Fig. 5.16a,b two plots of the results for the mLSOM of the DY ross setion on the peak
of the Z and of the extra Z ′, where we vary the sales both in the hard satterings and in the parton
luminosities. We have added and subtrated the anomalous setor in order to estimate their size respet
to the remaining ontributions. As we have already pointed out, the sale variability at NNLO is larger
than the hanges indued on the result by the anomalous graphs. The anomalous eets are more visible
at large Q (subg. (b)), on the resonane of the extra Z ′, and are due to the behavior of the anomalous
omponents at large-x due to a growing Q. In Fig. 5.17a we show a plot of the mLSOM for dierent
values of gB and for dierent values of µR and µF . The rst peak (purple line) orresponds to gB = 0.1
the 2nd (blue line) to gB = gY and so on. As gB grows the width of eah peak gets larger but the
peak-value of the ross setion dereases. Dierent hoies of gB orrespond to slightly dierent values
of the mass of the extra Z ′ beause of the relation between the Stükelberg mass M1 and MZ′ given in
Eq. (2.181). For a xed value of the oupling, the eets due to the variations of the sales beome visible
only for gB = 1 and in this ase they are around 2-3%. In the ase gB = 1 (red line), the uppermost lines
orrespond to the hoie µF = 2Q, µR = 1/2µF and µR = 2µF , while the lowermost lines orrespond to
the hoie µF = Q, µR = 1/2µF and µR = 2µF . Again, we notie that if we inrease µF and µR the
ross setion grows.
In Fig. 5.17b we show the result of a omparison between the mLSOM and the anomaly-free extensions.
We have also inluded the µR/µF sale dependene, whih appears as a band, and the variations with
respet to gB. As shown in this gure, the red lines orrespond to the mLSOM, the blue lines to the
U(1)B−L model, the green lines to the free fermioni model and the purple lines to U(1)q+u. Right as
1
Notie that we have hosen gz = gB for the mLSOM.
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Figure 5.15: Zoom on the Z resonane for anomalous Drell-Yan for varying fatorization and renormalization
sales at NNLO for the SM and the mLSOM. Results are shown for Q ∼ 91 GeV (a) and 1 TeV (b) both for√
S = 14 TeV.
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Figure 5.16: Plot of the DY invariant mass distributions on the peak of the Z (a) and of the Z′ (b). Shown are
the total ontributions of the mLSOM and those in whih the anomalous terms have been removed. The variation
of the result on µF and µR is inluded both in the hard satterings and in the luminosities (Φ(µF /µR)).
before, the rst peak orresponds to gB = 0.1, the 2nd to gB = gY et. The peak-value of the anomalous
model is the largest of all, with a ross setion whih is around 0.022 [pb/GeV℄, the free fermioni appears
to be the smallest with a value around 0.006 [pb/GeV℄.
5.5 Diret Photons with GS and WZ interations
The analysis of pp → γγ proeeds similarly to the DY ase, with a numerial investigation of the
bakground and of the anomalous signal at parton level.
We start lassifying the strong/weak interferene eets that ontrol the various setors of the proess
and then identify the leading ontributions due to the presene of anomaly diagrams. Diret photons
are one of the possible hannels to detet anomalous gauge interations, although, as we are going to see,
also in this ase the anomalous signal remains rather small. Diret photons are produed by partoni
interations rather than as a result of the eletromagneti deay of hadroni states. At leading order (LO)
they arry the transverse momentum of the hard satterers, oering a diret probe of the underlying
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Figure 5.17: (a) Anomalous Z′ resonanes obtained by varying gB. (b) Comparisons among anomalous Drell-Yan
in the mLSOM versus several anomaly-free models.
(b)(a) (c)
Figure 5.18: qq¯ setor for the proess qq¯ → γγ inluding virtual orretions at LO (a) and NLO (b,).
quark-gluon dynamis. The two main hannels in pp ollisions are the annihilation qq¯ and Compton
(qg), the seond one being roughly 80% of the entire signal at large pT (from pT = 4 GeV on). The
annihilation hannel is subleading, due to the small antiquark densities in the proton. The ross setion
is also strongly suppressed (by a fator of approximately 10−3) ompared to the jet ross setion. For this
reason the eletromagneti deay of the produed hadrons is a signiant soure of bakground, oming
mostly from the π0 → γγ deay. In this ase the angular opening of the two photons is in general rather
small, due to the small pion mass, and proportional to their energy asymmetry ((E1 − E2)/(E1 + E2)).
A limitation in the granularity of the detetor, therefore, may ause the two photons to be unresolved
experimentally, giving a spurious signal for diret photons. Even in the presene of enough granularity in
the detetor, very asymmetri deays an also ause the failure of the experimental apparatus to resolve
the low energy photon. A seond soure of bakground is due to η → γγ deay, whih is about 20% of
the pion ontribution. These two ontributions aount for almost all the bakground to diret photons.
The overall signal to bakground, though small, is supposed to raise with an inreasing pT . This is due to
the steepening of the π and η spetra -at higher Q2- respet to the pT spetra of the parent jet, so there
are smaller frations of these partiles that an fragment into photons. The redution of the bakground
an be performed either using reonstrution of the ontributions due to the pions by measurements of
the invariant mass of the pair in the nal state, or by imposing isolation uts. In the isolation proedure
one an eliminate events with more than 2 partile in the nal state, onsidering that emissions from
fragmentation are usually aompanied by a large multipartile bakground. The seletion of appropriate
isolation uts are one of the way to render the anomalous signal more signiant, onsidering that the
tagged photon signal, although being of higher-order in αs (NNLO in QCD), is haraterized by a two-
photon-only nal state. As we are going to see this signal is non-resonant, even in the presene of an
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(e) (f) (g)
Figure 5.19: Real emissions for qq¯ → γγ at NLO.
(g) (i)(h)
Figure 5.20: qg setor for the proess qg → γγ.
s-hannel exhange, due to the anomaly.
We show in Fig. 5.18 a partial list of the various bakground ontributions to the DP hannel in pp
ollisions. We show the leading order (LO) ontribution in diagram (a) with some of the typial virtual
orretions inluded in (b) and (). These involve the qq¯ setor giving a ross setion of the form
σqq¯ = α
2
em(c1 + c2αs). (5.38)
These orretions are the NLO ones in this hannel. The infrared safety of the proess is guaranteed at
the same perturbative order by the real emissions in Fig. 5.19 with an integrated gluon in the nal state,
whih are also of O(α2emαs).
A seond setor is the qg one, whih is shown in Fig. 5.20, also of the same order (O(αsαem)). These
orretions are diagrammatially the NLO ones. In general, the NLO predition for this proess are
improved by adding a part of the NNLO (or O(α2emα
2
s)) ontributions, suh as the box ontribution (j) of
the gg setor whih is of higher order (O(α2emα
2
s)) in αs, the reason being that these ontributions have
been shown to be sizeable and omparable with the genuine NLO ones. All these orretions have been
omputed long ago [43℄ and implemented independently in a omplete Monte Carlo in [141, 153℄ with a
more general inlusion of the fragmentation. More reently, other NNLO ontributions have been added
to the proess, suh as those involving the gg setor through O(α2emα
3
s),
σgg = α
2
em(d1α
2
s + d2α
3
s), (5.39)
shown in graphs (k), (l), (m). The other setors have not yet been omputed with the same auray, for
instane in the qq and qq¯ hannels they involve 2 to 4 emission amplitudes whih need to be integrated over
2 gluons. For instane, graph (m) is a real emission in σgg whih is needed to anel the infrared/ollinear
singularities of the virtual ones at the same order.
The anomalous ontributions are shown in Figs. 5.22, 5.23, 5.24, 5.25 and 5.26.
2
One of the most
important partoni proess, in this ase, is the BIM amplitude shown in diagram (n) whih violates
unitarity at very high energy. In the WZ ase, where the axion b appears in trilinear interations not as a
2
As stated in the previous setions, the diagram in Fig. 5.25 vanish beause of a WI.
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(j) (k) (l) (m)
Figure 5.21: gg setor for the proess gg → γγ with virtual and real radiative orretions.
+ + +
(q)(p)(o)(n)
Z’
(n)
Z’
Figure 5.22: Anomalous ontributions for gg → γγ involving the BIM amplitude and its interferene with the
box graphs.
virtual state (suh as in (bF ∧F )) this amplitude has two main properties; 1) it is well dened and nite in
the hiral limit even for on-shell physial gluons/photons and 2) it is non-resonant and an grow beyond
the unitarity limit. Working in the hiral limit, its expression is given by the Dolgov-Zakharov limit of
the anomaly amplitude (Eqs. (5.15) and (5.16), with mf = 0), whih appears both in the prodution
mehanism of the extra Z ′, (gg → Z ′), where the Z ′ in the s-hannel is virtual, and in its deay into
two photons. We reall from Chap. 3 that the presene of an anomaly in the initial and in the nal state
anels the resonane of a given hannel. For simpliity we onsider amplitude Fig. 5.22n, assuming to
have photons both in the initial and in the nal state. The amplitude is given by
Aµνµ
′ν′
BIM =
an
k2
kλǫ[µ, ν, k1, k2]
−i
k2 −M2
(
gλλ
′ − k
λkλ
′
M2
)
an
k2
(−kλ′)ǫ[µ′, ν′, k′1, k′2]
=
an
k2
ǫ[µ, ν, k1, k2]
−i
k2 −M2
kλ
′
(M2 − k2)
M2
an
k2
(−kλ′)ǫ[µ′, ν′, k′1, k′2]
=
an
k2
ǫ[µ, ν, k1, k2]
(−ik2
M2
)
an
k2
ǫ[µ′, ν′, k′1, k
′
2]
= −an
M
ǫ[µ, ν, k1, k2]
i
k2
an
M
ǫ[µ′, ν′, k′1, k
′
2]. (5.40)
where M denotes, generially, the mass of the anomalous gauge boson in the s-hannel. If we multiply
this amplitude by the external polarizators of the photons, square it and perform the usual averages,
one nds that it grows quadratially with energy. The additional ontributions in the s-hannel for this
amplitude are shown in Fig. 5.27. The exhange of a massive axion (Fig. 5.27b), due to a mismath
between the oupling and the parameteri dependene between Fig. 5.27a and b, does not erase the
growth (see the disussion in the appendix). This mismath is at the origin of the unitarity bound for
this theory analyzed. The identiation of this sale in the ontext of QCD is quite subtle, sine the lak
of unitarity in a partoni proess implies a violation of unitarity also at hadron level, but at a dierent
sale ompared to the partoni one, whih needs to be determined numerially diretly from the total
hadroni ross setion σpp. Overall, the onvolution of a BIM amplitude with the parton distributions
will ause a suppression of the rising partoni ontributions, due to the small gluon density at large
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+ ...
Z’
(r)
(h)
Figure 5.23: Total amplitude for qg → γγ.
+ ...
(h)
Z’
(t)
Figure 5.24: Another onguration for the total amplitude of the qg → γγ proess.
Bjorken x. Therefore, the graphs do not generate a large anomalous signal in this hannel. However, the
problem of unitarizing the theory by the inlusion of higher dimensional operators beyond the minimal
dimension-5 operator bF ∧ F remains.
The anomalous terms, beside the (n)(n)
∗
ontribution with the exhange of an extra Z/Z ′ whih
arry an anomalous omponent, whih is O(α2emαsα
2
w), inlude the interferene between the s/t/u box
diagrams of gg → γγ with the same BIM amplitude (n). In the gg setor the anomalous terms give,
generially, an expression of the form
σangg = α
2
em(a1α
2
sαw + a2α
2
sα
2
w), (5.41)
with the rst ontribution oming from (n)(o)
∗
and from the interferene with the (gg → γγ) box
diagram, while the seond from (n)(n)∗. Other ontributions whih appears at O(α2emαsαw) are those
shown in Fig. 5.23 whih involve 2 anomaly diagrams (r) and their interferene with the NLO real emission
diagram of type (m). These ontributions are phase-spae suppressed. If we impose isolation uts on the
amplitude, we an limit our analysis, for the anomalous signal, only to 2-to-2 proesses.
5.5.1 Heliity amplitudes: massless box diagrams and anomalous interfer-
enes
Moving to the omputation of the anomalous ontributions to g(p1,±) + g(p2,±)→ γ(k1,±) + γ(k2,±),
oming from the 2-to-2 setor we identify the following non-vanishing heliity amplitudes for the diagrams
shown in Fig. 5.22, with the usual onventions
s = (p1 + p2)
2
t = (p1 − k1)2 = −s/2(1− cos θ)
u = (p1 − k2)2 = −s/2(1 + cos θ), (5.42)
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Z’
(s)
Figure 5.25: Single diagram with an exhanged Z′ boson in the s-hannel.
(u) (v)
Z’
Z’
Figure 5.26: Generi representation of the qg → γγ proess in the presene of a GS vertex of the AV V type.
where θ is the angle between ~p1 and ~k1, and we obtain
MZ++++ =
s
(2π)4M2Z
,
MZ−−−− =
s
(2π)4M2Z
,
MZ++−− = i ǫ[k1, k2, p1, p2]
(
t2 − u2)3 − s2 (t4 − u4)
8M2Z π
4 s3 t2 u2
−
(
t2 − u2)4 − 2 s2 (t2 − u2)2 (t2 + u2)+ s4 (t4 + u4)
32M2Z π
4 s3 t2 u2
,
MZ−−++ = −i ǫ[k1, k2, p1, p2]
(
t2 − u2)3 − s2 (t4 − u4)
8M2Z π
4 s3 t2 u2
−
(
t2 − u2)4 − 2 s2 (t2 − u2)2 (t2 + u2)+ s4 (t4 + u4)
32M2Z π
4 s3 t2 u2
,
Mχ++++ =
16s2
(s−M2χ)
,
Mχ−−−− =
16s2
(s−M2χ)
,
Mχ++−− = −32 iǫ[k1, k2, p1, p2]
s2
(
t4 − u4)− (t2 − u2)3
s2
(
s−M2χ
)
t2 u2
− 8
(
t2 − u2)4 − 2 s2 (t2 − u2)2 (t2 + u2)+ s4 (t4 + u4)
s2
(
s−M2χ
)
t2 u2
,
Mχ−−++ = 32 iǫ[k1, k2, p1, p2]
s2
(
t4 − u4)− (t2 − u2)3
s2
(
s−M2χ
)
t2 u2
− 8
(
t2 − u2)4 − 2 s2 (t2 − u2)2 (t2 + u2)+ s4 (t4 + u4)
s2
(
s−M2χ
)
t2 u2
, (5.43)
where again Z indiates either Z or Z ′ and the Mχ refers to the ontributions with the exhange of a
axi-Higgs. In the above formulas we have omitted all the oupling onstants to obtain more ompat
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Figure 5.27: Complete list of amplitudes inluded in the type of graphs shown in Fig. 5.22. They also have the
exhange of a physial axion and ontributions proportional to the mass of the internal fermion.
results. The heliity amplitudes for the massless box ontribution have been omputed in [154℄ and are
given by
M box−−++ = 1,
M box−+++ = 1,
M box++++ = −
1
2
t2 + u2
s2
[
ln2
( t
u
)
+ π2
]
− t− u
s
ln
( t
u
)
− 1,
M box+−−+ = −
1
2
t2 + s2
u2
ln2
(
− t
s
)
− t− s
u
ln
(
− t
s
)
− 1
− iπ
[
t2 + s2
u2
ln
(
− t
s
)
+
t− s
u
]
,
M box+−+−(s, t, u) = M
box
+−−+(s, u, t), (5.44)
giving a dierential ross setion
dσbox
d cos θ
=
α2emα
2
sN
2
c
64π s
∑
f
Q2f
2 {|M box−−++|2+4 |M box−+++|2+|M box++++|2+|M box+−−+|2+|M box+−+−|2}. (5.45)
The interferene terms are listed in Fig. 5.22 and the interferene dierential ross setion is given by
dσint
d cos θ
=
∑
Z=Z,Z′
dσZ,box
d cos θ
+
dσχ,box
d cos θ
, (5.46)
where
dσZ,box
d cos θ
=
1
256πs
∑
q
1
2
cq1
∑
q′
1
2
cq
′
2
∑
f
Q2fαemαsNcRe
[
2MZ++++M
∗box
++++ + (M
Z
++−− +M
Z
−−++)M
∗box
++−−
]
= − 1
8192π5M2Z
∑
q
1
2
cq1
∑
q′
1
2
cq
′
2
∑
f
Q2fαemαsNc
[(
cos2 θ + 1
)
log2
(
1− cos θ
1 + cos θ
)
+4 cos θ log
(
1− cos θ
1 + cos θ
)
+
(
cos2 θ + 1
)
π2 + 8
]
, (5.47)
dσχ,box
d cos θ
=
gχggg
χ
γγ
256πs
∑
f
Q2fαemαsNcRe
[
2Mχ++++M
∗box
++++ + (M
χ
++−− +M
χ
−−++)M
∗box
++−−
]
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Figure 5.28: The NNLO gluon luminosity as a funtion of τ = Q2/S for various value of the invariant mass of
the photon pair (Q) and energy of the hadroni beam (S) at the LHC evolved with Candia 1.0.
= − s
32π(s−M2χ)
gχggg
χ
γγ
∑
f
Q2fαemαsNc
[(
cos2 θ + 1
)
log2
(
1− cos θ
1 + cos θ
)
+4 cos θ log
(
1− cos θ
1 + cos θ
)
+
(
1 + cos2 θ
)
π2 + 8
]
, (5.48)
where g3 is the strong oupling onstant while gB is the anomalous oupling onstant of the model. Here
M box++−− = M
box
−−++ and we have used the parameters of the mLSOM, expliitly given in Chaps. 2, 3. The
rotation matrix elements from the hyperharge basis to the physial basis after eletroweak symmetry
breaking of the neutral gauge setor (OA) and rotation matrix elements of the CP -odd setor (Oχ) are
dened in App. 2.9, while the ouplings of the physial axion to the gluons and the photons, gχgg and g
χ
γγ ,
are given in Eqs. 4.106. The axial-vetor oupling gZA,q of the neutral gauge bosons to a quark avour q
gZA,q =
1
2
(QR,qZ −QL,qZ ), (Z = Z,Z ′) (5.49)
5.5.2 Numerial analysis for diret photons
In our numerial implementation of double prompt photon prodution we ompare the size of the anoma-
lous orretions respet to the SM bakground evaluated by a Monte Carlo [141, 142℄. Sine the anomalous
signal is small ompared to that of the SM, we have extrated both for the SM ase and the anomalous
ase the gg setor and ompared them at hadron level by onvoluting the partoni ontributions with
the Pdf's (see Fig. 5.28). In this omparison, the SM setor is given by the graphs shown in Fig. 5.21
plus the interferene graphs shown in Fig. 5.22. In the SM ase this seond set of graphs ontributes
proportionally to the mass of the heavy quarks in the anomaly loop. At high energy the hard satterings
oming from this interferene are essentially due to the mass of the top quark running inside a BIM am-
plitude and are, therefore, related to heavy quark eets. In the anomalous ase the same set of graphs
is onsidered, but now the anomaly ontributions are expliitly inluded. The hadroni dierential ross
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setion due to the anomalous interations for massless quarks is given by
dσ
dQ
=
∫ 2π
0
dφ
∫ 1
−1
d cos θ
τ
4Q
∫ 1
τ
dx
x
Φgg(
τ
x
)∆(x, θ),
Φgg(y) =
∫ 1
y
dz
z
g(y/z)g(z),
∆(x) = δ(1 − x)
[
dσZ
d cos θ
+
dσZ′
d cos θ
+
dσχ
d cos θ
+
dσint
d cos θ
]
dσint
d cos θ
=
dσZ,box
d cos θ
+
dσZ
′,box
d cos θ
+
dσχ,box
d cos θ
. (5.50)
The ontributions whih are part of this setor due to exhange of a Z or a Z ′ and a χ (see (a), (b) and
(f) of the BIM set in Fig. 5.27) are those labelled above, while σint refers to the interferenes shown in
Fig. 5.22, with the inlusion of a Z ′ and a physial axion (suh as Fig. 5.27b).
Dening
σgg→γγ ≡
∫ 2π
0
dφ
∫
d cos θ ∆(x, θ) (5.51)
the hadroni ross setion takes the form of a produt of the gluon luminosity and the partoni gg → γγ
ross setion
dσ
dQ
=
Q
4S
σgg→γγΦ(τ). (5.52)
5.5.3 The gg setor
Coming to the analysis of the gluon fusion setor, the result of this study is shown in Fig. 5.29 where
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Figure 5.29: Comparison plots for the gluon setor in the SM and in the anomalous model for a resonane of 1
TeV. The box-like ontributions are not inluded, while they appear in the interferene with the BIM amplitudes.
we plot the gluon ontribution to the hadroni ross setion for both the SM and the mLSOM, having
hosen M1 = 1 TeV. We have used the MRST99 set of parton distributions to generate the NNLO gluon
luminosity with αs(MZ) = 0.1175, Q =
1
2µR and
√
S = 14 TeV. We have hosen tanβ = 40 and dierent
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Figure 5.30: (a): SM ontributions for the gluon-gluon hannel obtained with the Monte Carlo Gamma2MC.
These are indiated by dotted lines and inlude all the interferenes and the box graphs. Shown are also the
anomalous ontributions of the mLSOM (no box). (b): as in (a) but we have inluded the Monte Carlo results
for the SM qq hannel at NLO.
values of gB. The size of the ross setion is around 10
−6
[pb/GeV℄ - right on the mass of the resonane
- for both models, with a dierene that grows as we rise the oupling onstant for the anomalous U(1)
(gB). We have hosen four possible values for gB: a small parametri value (gB = 0.1); equal to the
oupling of the hyperharge gY at the same sale (gB = gY ) or to the SU(2)w oupling g2 (gB = g2) or,
nally, parameterially sizeable, with gB = 1. In the interferene graphs used for this omparison between
the anomalous signal of the mLSOM and the SM (in this seond ase the BIM amplitudes ontribute
via the heavy quark mass in the loops) we have inluded, beside the BIM amplitude, the entire set
of ontributions shown in Fig. 5.27, with the exhange of a Z, a Z ′ and the axi-Higgs χ. We have
hosen a light Stükelberg axion with mχ = 30 GeV. For Q around mχ the anomalous signal grows quite
substantially, as we are going to show next. The overall atness of the result in this region - the width
of the interval is just 5 GeV in Fig. 5.29 - shows that the orretions are non-resonant and rather small.
They are also overlapping for both models and the extration of additional information onerning the
anomalous setor appears to be very diult. Before we get into a more detailed analysis of the various
ontributions to this setor, we mention that we have performed isolation uts on the ross setion of the
SM bakground in DP with a hoie of R = 0.4 for the radius of the one of isolation of the photons.
This is dened in terms of an azimuthal angle φ and pseudorapidity η = ln tan θ/2, with a maximal value
of transverse energy ETmax = 15 GeV in the one, as implemented in [142℄. We show a more detailed
investigation of the results for the various ontributions in the gg setor in Fig. 5.30a,b. The dotted lines
are the results obtained by the Monte Carlo and inlude both 2-to-2 and 2-to-3 ontributions (pure QCD)
with and without uts, omputed at LO and at NLO. The size of these ontributions is around 2× 10−6
pb/GeV in the SM ase. We show in the same subgure the anomalous orretions in the mLSOM, whih
vary between 10−9 and 10−7 pb/GeV. Therefore, for gB ∼ 1, the anomalous setor of the mLSOM (the
square of the box terms here are not inluded for the MSLOM) is suppressed by a fator of 10 respet
to the signal from the same setor oming from the SM. In subg. (b) we show the same ontributions
but we inlude in the SM also the quark hannel (shown separately from the gluon hannel), whih is
around 10−4 pb/GeV. Therefore, the quark setor overshadows the anomalous orretions by a fator of
approximately 103, whih are diult to extrat at this value of the invariant mass.
A omparison between the dierential ross setion obtained by the Monte Carlo and the anomalous
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Figure 5.31: (a) Plot of the invariant mass distribution for Q ∼ 1TeV and for a Stükelberg mass of 1 TeV showing
a omparison between the anomalous ontributions (anomalous massless and massive BIM + interferene with
the box) and the SM ontributions. All the setors at one-loop and two-loop have been obtained with the Monte
Carlo Gamma2MC. (b) As in the previous gure but the invariant mass distribution has been hosen around 2
TeV.
ontributions is shown in Fig. 5.31a, from whih one an see that the anomalous omponents are down
by a fator of 103 − 107 respet to the bakground, depending on the value of the anomalous oupling
gB.
A similar omparison between anomalous signal and bakground for a 1 TeV extra gauge boson but
at larger invariant mass (2 TeV) of the di-photon is shown in Fig. 5.31b. In both ases the ratio between
the size of the anomalous signal and the bakground is 10−3, showing the large suppression as in the
other regions.
• Anatomy of the gluon setor
We show in Fig. 5.32a and b) two plots that illustrate the size of the various ontributions to the gg setor
in the SM and in the anomalous model. We have separated these ontributions into several omponents
in the mLSOM and SM ases.
In the anomalous model we have pure BIM-like amplitudes:
1) the square of the BIM set shown in Fig. 5.27, whih ontains the s-hannel exhanges of the Z,
of the Z ′ and of the χ. In Figs. 5.32a and b) these ontributions are indiated as BIM + χ.
Analogously, in the SM ase we have that
1
′
) the BIM amplitudes ontribute away from the hiral limit due to the exhange of the Z gauge
boson and with top/bottom quarks running inside eah of the two loops. In Figs. 5.32a and b the
ontributions in the SM are denoted by SM: massive BIM, and are just obtained by squaring the single
BIM amplitude of Fig. 5.27a. In the SM this omponent is sizeable around the threshold s = 4m2t , with
mt being the mass of the top quark, whih explains the usp in the gure around this energy value.
The interferenes sets of the mLSOM (BIM-Box) in whih the BIM amplitudes interfere with the
box graphs:
2) these are denoted as Z-Box + Zp-Box + χ-Box. The three box diagrams are those shown in
Fig. 5.22, orresponding to graphs (o), (p) and (q) in this gure.
In the SM we have similar ontributions. These are generated by
2
′
) interfering the same box graphs mentioned above with the graph in Fig. 5.27a. In the SM ase,
as we have already mentioned, these ontributions are due to heavy quarks, having negleted the mass
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Figure 5.32: Plots of the various anomalous and box-like omponents in the SM and mLSOM setor at (a) lower
Q and (b) higher Q.
of the leptons and of the light quarks. This interferene is denoted as Z-Box.
Finally,
3) In both ases we have the squared Box ontributions, whih are just made from the o), p) and
q) diagrams of Fig. 5.22.
From a look at Figs. 5.32a and b) it is quite evident that the ontributions obtained by squaring the
three box diagrams are by far the most important at
√
S = 14 TeV. We have tried to over both the
region Q < 400 GeV and the region 400 GeV < Q < 1 TeV. The seond largest ontributions, in these two
plots, are those due to the interferene between the BIM amplitudes and the box. These ontributions
are enhaned beause of the presene of the box amplitude. Notie that in the SM ase this interferene is
small and negative for Q < 400 GeV (see Fig. 5.32a) and is not reported. In the seond region (400 GeV
< Q < 1 TeV) this ontribution gets sizeable around the two-partile ut of the salar triangle diagram
due to the top quark in the loop and shows up as a steepening in the line labeled as Z-box in Fig. 5.32b.
The pure anomalous ontributions, due to the squared BIM amplitudes are down by a fator of
about 105 respet to the dominant box ontributions. A similar trend shows up also in the SM ase.
Around the 2-partile ut the BIM amplitudes both in the SM and in the mLSOM have a similar behavior,
but dier substantially away from this point in the larger-Q and smaller-Q region. These are the two
regions where the eets of the anomaly are more apparent. For instane, for Q < 200 GeV the steep
rise of the anomalous ontributions of the BIM + χ line is due to the fat that Q is getting loser to
the resonane of the axion χ. In the SM the same region is haraterized by a suppression by the ratio
mf
2/Q2. At largerQ values, the growth of the anomalous ontributions are due to the bad behavior of the
anomaly, whih grows quadratially with energy, as we have disussed above. This trend is more visible
in Fig. 5.32b (red line) in the region Q > 800 GeV. The possibility of inreasing the di-photon (gluon-
fusion) signal is related to the possibility of imposing suitable kinematial onstraints in the analysis
of the nal state - or phase-spae uts - in the experimental analysis. To ahieve this goal there are
several features of the proess that should be kept into aount. The rst is the sharp derease of the
ross setion at large invariant mass Q of the di-photon nal state; the seond is its inrease with
√
S,
the ollision energy of the two olliding protons. In the rst ase we have an inrease of the relevant
parameter τ = Q2/S haraterizing the gluon density; in the seond ase this is redued onsiderably,
giving a fast enhanement of the gluon luminosity.
Sine bounds on the oupling of the anomalous models may ome both from a ombined analysis of
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Figure 5.33: Double photon invariant mass ross setion at Q = MZ plotted as a funtion of the energy. Here
the SM ontributions inlude the massive BIM + Box + interferene, while the mLSOM ontributions inlude
the massless and massive BIM + interferene.
both DY and of the di-photon ross setion, we have hosen Q around the Z peak (small Q option) and
the same luminosity evaluated on the peak of the extra Z ′ (large Q option), both as a funtion of the
ollisional energy S. This is shown in Fig. 5.33. The anomalous signal grows with
√
S but the non-unitary
growth is not apparent at LHC energies after onvolution with the parton densities; on the other end,
the growths in the SM and in the anomalous setor of the mLSOM appear to be, at LHC energies, quite
similar.
If an extra Z ′ is found in DY, then the analysis of di-photon both on the peak of the Z and on the
peak of the Z ′ ould be used to set reasonable bounds on the oupling of the underlying model, trying
to unover the possible presene of an anomalous signal. A τ ∼ 10−4 an be reahed at the Z peak for
a ollision energy of 10 TeV, whih auses an enhanement of the anomalous ross setion by a fator of
approximately 104 respet to the same anomalous ontribution measured for Q ∼ 1 TeV.
In a nal gure we show the shapes of the distributions for the SM and the mLSOM using the Monte
Carlo with a binning of the ross setion in both ases. This is provided in Fig. 5.34, where the olored
lines on top of eah bin indiate the small anomalous signal in the ross setion.
5.6 Conlusions
Both DY and DP have some speial features, being haraterized by a lean nal state. In DY the
identiation of a new resonane in the neutral urrent setor would bring to the immediate onlusion
that an extra Z ′ is present in the spetrum, but would give not spei indiation onerning its true
nature. Current experimental bounds onstrain the mixing of a possible extra neutral omponent with
the Z gauge boson, with a mass whih should be larger than 800 GeV, rendering the future searh of
extra neutral interations, at least for DY, quite deliate, being the allowed mass range at the tail of the
invariant mass distribution of this proess. For this reason, the identiation of a restrited mass range
for the extra gauge boson would be ruial for its disovery, but unfortunately, there is no extension of
the SM that omes with a denite predition for it.
In interseting brane models one enounters a similar indetermination and for this reason in our
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Figure 5.34: Binned ross setions for the SM and the mLSOM. The small anomalous orretions are the thik
lines at the top of eah bin.
onstrution the Stükelberg mass has been assumed to be a free parameter. If an extra s-hannel
resonane is found, then the investigation of its spei properties would require muh more eort and
several years of data olletion at the LHC, espeially for larger mass values (above 1.5 TeV or so) of the
extra Z ′. A sizeable width of the resonane ould then allow to study the V-A struture of the oupling,
though this study is quite omplex. In most of the models studied so far the orresponding widths are
expeted to be quite small (≪ 30 ÷ 40 GeV) even for sizeable ouplings (gB ∼ O(1)) [107℄, probably
below or barely lose to the limits of the eetive resolution of the detetor.
Under these onditions, deiding over the true nature of the extra Z ′, whether anomalous or not,
would then be far more hallenging and would require a parallel study of several independent hannels.
For this reason we have analyzed two proesses whih are both aeted by anomalous ontributions and
ould be used for orrelated studies of the same interation.
We have seen that hanges in the fatorization/renormalization sales both in the hard satterings and
in the evolution of the PDF's an easily overshadow the anomalous orretions, making a NLO/NNLO
analysis truly neessary. We have foused our investigation on an extra Z ′ of mass 1 TeV and searhed
for anomalous eets in the invariant mass distributions on the Z peak, at 1 TeV and for large Q values
(up to 2 TeV). From our analysis the large suppression of the anomalous signal ompared to the QCD
bakground is rather evident, although there are ways to improve on our results. In fat, our analysis
has been based on the haraterization of inlusive observables, whih are not sensitive to the geometri
struture of the nal state. In priniple, the shape of the nal state event ould be resolved at a ner
level of detail, by analyzing, for instane, the rapidity orrelations between the di-photon and a jet, or
other similar less inlusive ross setions, as in other ases [143℄. Obviously, these types of studies are
theoretially hallenging and require an exellent knowledge of the QCD bakground at NNLO for these
observables.
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5.7 Appendix
The deay rates into leptons for the Z and the Z ′ are universal and are given by
Γ(Z → ll¯) = g
2
192πc2w
MZ
[
(gZ,lV )
2 + (gZ,lA )
2
]
=
αem
48s2wc
2
w
MZ
[
(gZ,lV )
2 + (gZ,lA )
2
]
,
Γ(Z → ψiψ¯i) = Ncαem
48s2wc
2
w
MZ
[
(gZ,ψiV )
2 + (gZ,ψiA )
2
]
×[
1 +
αs(MZ)
π
+ 1.409
α2s(MZ)
π2
− 12.77α
3
s(MZ)
π3
]
, (5.53)
where i = u, d, c, s and Z = Z,Z ′.
For the Z ′ and Z deays into heavy quarks we obtain
Γ(Z → bb¯) = Ncαem
48s2wc
2
w
MZ
[
(gZ,bV )
2 + (gZ,bA )
2
]
×[
1 +
αs(MZ)
π
+ 1.409
α2s(MZ)
π2
− 12.77α
3
s(MZ)
π3
]
,
Γ(Z → tt¯) = Ncαem
48s2wc
2
w
MZ
√
1− 4 m
2
t
M2Z
×[
(gZ,tV )
2
(
1 + 2
m2t
M2Z
)
+ (gZ,tA )
2
(
1− 4 m
2
t
M2Z
)]
×[
1 +
αs(MZ)
π
+ 1.409
α2s(MZ)
π2
− 12.77α
3
s(MZ)
π3
]
.
(5.54)
5.8 Appendix. A omment on the unitarity breaking in WZ La-
grangians
In the framework of the Abelian A-B Model analyzed in Chap. 1, the presene of an untamed growth of
the amplitude for a 2-to-2 proess an be simplied as follows. In this simple model A is vetor-like and B
is axial-vetor like. We also have a single hiral fermion, with an unanelled BBB anomaly that requires
an axion-like interation bFB ∧ FB of the Stükelberg (b) with the B gauge eld for the restoration of
gauge invariane. The two ontributions to BB → BB are the BIM amplitude see Figs. 5.35, 5.36 for
the proess mediated by a B boson and a similar one mediated by a physial axion χ. If we neglet the
Yukawa ouplings (we take the fermion to be massless) the only ontributions involved are those already
shown in Fig. 5.27, diagrams (a) and (b), but with dierent ouplings.
Aµνµ
′ν′
BIM = (gB)
3∆λµν(−k1,−k2) −i
k2 −M2B
(
gλλ
′ − k
λkλ
′
M2B
)
(gB)
3∆λ
′µ′ν′(k1, k2) (5.55)
where MB =
√
M21 + (2gBv)
2
is the mass of the gauge boson in the s-hannel after symmetry breaking.
The exhange of the physial axion gives
Bµνµ
′ν′ = 4×
(
4
M
α1CBB
)2
ǫ[µ, ν, k1, k2]
i
k2 −m2χ
ǫ[µ′, ν′, k′1, k
′
2] (5.56)
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Figure 5.35: BIM amplitude for a toy model with a BBB anomaly and χ exhange diagram.
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Figure 5.36: Deomposition of the Stükelberg axion in a Goldstone boson and a physial axion.
where the overall fator of 4 in front is a symmetry fator, the oeient α1 =
2gBv
MB
omes from the
rotation of the b axion over the axi-Higgs χ, and the oeient CBB has been determined from the
ondition of gauge invariane of the anomalous eetive ation before symmetry breaking
CBB =
ig3B
3!
1
4
an
M
M1
. (5.57)
The anomaly diagrams are longitudinal, taking the DZ form
Aµνµ
′ν′
BIM (an) = (gB)
3 an
k2
(−kλ)ǫ[µ, ν, k1, k2] −i
k2 −M2B
(
gλλ
′ − k
λkλ
′
M2B
)
(gB)
3 an
k2
(kλ
′
)ǫ[µ′, ν′, k′1, k
′
2]. (5.58)
It is easy to reognize in this anomalous amplitude the same struture of the amplitude for the axi-
Higgs exhange in Eq. (5.56). If we add up these two amplitudes and impose the anellation of the two
amplitudes (whih is a ne tuning) we obtain the ondition
1
M2B
+
(2gBv)
2
M2BM
2
1
= 0 (5.59)
in terms of the mass of the B and the Stükelberg mass M1, whih does not have a real solution. This
is a simple example that onveys the issue of the presene of unitarity limit for (loal) WZ interations.
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